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Preface 


This work was first published in 1947 in German under the title “Re- 
chenmethoden der Quantentheorie”. It was meant to serve a double 
purpose: to help both, the student when first confronted with quantum 
mechanics and the experimental scientist, who has never before used it 
as a tool, to learn how to apply the general theory to practical problems 
of atomic physics. Since that early date, many excellent books have been 
written introducing into the general framework of the theory and thus 
indispensable to a deeper understanding. It seems, however, that 
the more practical side has been somewhat neglected, except, of course, 
for the flood of special monographs going into broad detail on rather 
restricted topics. In other words, an all-round introduction to the 
practical use of quantum mechanics seems, so far, not to exist and may 
still be helpful. 

It was in the hope of filling this gap that the author has fallen in 
with the publishers’ wish to bring the earlier German editions up to 
date and to make the work more useful to the worldwide community 
of science students and scientists by writing the new edition in English. 

From the beginning there could be no doubt that the work had to be 
much enlarged. New approximation methods and other developments, 
especially in the field of scattering, had to be added. It seemed necessary 
to include relativistic quantum mechanics and to offer, at least, a glimpse 
of radiation theory as an example of wave field quantization. The 
choice of the problems, included in the old days in a somewhat happy- 
go-lucky way, had now to be carefully reconsidered. 

Thus a total of about twice as many problems as in the last German 
edition has resulted. Not one of the original problems has been simply 
translated; not more than about fifty have only undergone reshaping 
from the earlier text; the bulk, however, is going to be presented here 
for the first time. Nevertheless, the general character has remained the 
same, with perhaps a slight tendency to arrive at even more applicable 
results and numerical values at the end of each problem. 

The more elementary problems, such as square-well potentials, have 
not been omitted but somewhat abridged. The general introduction to 
the German edition, some twenty odd pages surveying the basic equa- 
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tions and their meaning, has been discarded. Any student using the 
problems will be sufficiently well acquainted with the general framework 
to justify that omission. On the other hand, the extensive use of special 
functions made throughout the work seemed to make a mathematical 
appendix useful in which such formulae as occur in the problems have 
been collected and, in part, derived. 

With considerable hesitation but giving way to the publishers’ 
practical arguments the author has consented to having this edition 
divided into two separate volumes, hoping that no serious damage has 
thus been done to the intrinsic structure and continuity of the work. 
To facilitate its use, the complete index for both parts has been printed 
twice and will appear at the end of each volume. The numbers, there¬ 
fore, refer to the problems in question, not to pages. 

Hinterzarten, March 1971 

The Author 



Preface to the Paperback Edition 


More than three years have elapsed, since this work appeared as a 
two-volume cloth edition. Author and publisher have been much 
gratified to learn how well it was received by scientists in many coun¬ 
tries and how useful it proved to students of physics. To serve as a 
regular supplement to text books, however, it was hampered by its 
necessarily high price. Hence, the author has gratefully accepted the 
publisher’s suggestion of a much less expensive one-volume Springer 
Study Edition; the more so, since it has always been'his wish, as al¬ 
ready expressed in the former edition’s preface, to see the total work 
re-united in one volume. To save every conceivable additional cost, no 
corrections or alterations have been made; an errata sheet listing 
trivial errors, however, has been prepared, see p. XVI. Furthermore, 
the original pagination has been kept unchanged which, we trust, 
should cause very little inconvenience. 

Author and publisher very much hope that a more widespread 
distribution of the book will thereby result and that it will meet espe¬ 
cially the needs of the student. 

Hinterzarten, September 1974 

The Author 
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I. General Concepts 


Problem 1. Law of probability conservation 


If the normalization relation 


\d 3 xi//*il/= l (1.1) 

is interpreted in the sense of probability theory, so that d 3 xil/*ij/ is the 
probability of finding the particle under consideration in the volume 
element d 3 x, then there must be a conservation law. This is to be derived. 
How may it be interpreted classically? 


Solution. The conservation law sought must have the form of an 
equation of continuity, 

dp 

divs+—= 0 (1.2) 

dt 

with 

p = ij/*ij/ (1.3) 


the probability density, and s the probability current density. As p is a 
bilinear form of i// and its complex conjugate, Eq. (1.2) can be constructed 
only by a combination of the two Schrodinger equations 


h dil/ 

H 'l'= 

i dt 


, h dxj/* 

H r=-~- 

i dt 


with the hamiltonian 


H= - 


2m 


V 2 +F(r) 


(1.4) 


(1.5) 


the same for both equations. Thus we find 


il/*Hil/ — ij/Hil/* 


h dp 
i dt 


According to (1.2) it ought to be possible to write the left-hand side in the 
form of a divergence. Indeed we have 
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h 2 h 2 

i]/*HiJ/ — il/Hil/*= - (ij/* V 2 1 // — \)/ V 2 \j/*) =-div(i^*Vt/f — 

2 m 2m 

so that we may identify 

h 

s = -—-o/,*v ( 1 . 6 ) 

2m/ 

Classical interpretations may be arrived at as follows. If the quantities 
p and s are both multiplied by m, the mass of the particle, we obtain mass 
density p m and momentum density g : 

Pm — mp', g—ms, (1.7) 

and the equation of continuity may be interpreted as the law of mass 
conservation. In the same way, multiplication by the particle charge, e, 
yields charge density p e and electric current density j: 

Pe = ep; j = es, (1.8) 

and (1.2) becomes the law of charge conservation. 

It is remarkable that the conservation laws of both mass and charge 
are essentially identical. This derives from the fact that one particle by its 
convection current causes both. 

The expression for the total momentum of the Schrodinger field, 
derived from (1.6) and (1.7), 

f h f 

p = d 2 xg =— d 3 x{il/*Vil/ — il/Vi//*), 

J 2 ij 

may by partial integration in the second term be reduced to 

(1.9) 

corresponding to its explanation as the expectation value of the momen¬ 
tum operator (h/i) V in the quantum state i j/ (cf. Problem 3). 

Problem 2. Variational principle of Schrodinger 

To replace the Schrodinger equation 

h 2 

- V 2 il/ + V(r)ij/ = EiP (2.1) 

2m 

by a variational principle for the energy. 
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Solution. Since the constraint 

§d 3 xil/*ij/= 1 (2.2) 

holds for any solution i p of the differential equation (2.1), the energy 
will be found by multiplying (2.1) with i p* and integrating over the whole 
space: 

E = J d 3 xil/* | — V 2 ^ + F(r)^|. (2.3) 

A partial integration in the first term yields, according to Green’s law, 


I d 3 xil/*V 2 il/ = jdf-rY'l'- K*ViA*-V^ . (2.4) 

Now, the normalization integral (2.2) exists only if, at large distances r, 
the solution ij/ vanishes at least as 

\l/ccr~l- E ; e>0. 

Under this condition, however, the surface integral in (2.4) vanishes 
when taken over an infinitely remote sphere so that (2.3) may be written 


E — 


h 2 

d 3 x <— l/ + ij/* V(r)ij/\ 

\2m 


(2.5) 


This equation is completely symmetrical in the functions ij/ and ij/*, as 
is the normalization (2.2), so that it might equally well have been derived 
from the complex conjugate of Eq. (2.1), 


2m 


V 2 il/*+V(r)il/* = Eil/* . 


(2.1*) 


It would not be difficult to show that (2.1) and (2.1*) are the Euler 
equations of the variational problem to extremize the integral (2.5) with 
the constraint (2.2). We shall, however, make no use of the apparatus of 
variational theory and prefer a direct proof, instead. 

Let il/ x be a solution of (2.1) that belongs to its eigenvalue E x . It will 
give the integral (2.5) the value E x . Let us then replace i p x by a neigh¬ 
bouring function {J/ X +Sij/ with |<5i^| being small but arbitrary, except 
for (2.2) still to hold for i l/ x + di// as well as for \p x : 


Sd 3 x(ii/* x +sii/*M x +m= i 

and therefore 


§d 3 x(i]/ x dil/* + i//fdil/)+ $(Pxdil/*dit'/ — 0 . 


(2.6) 
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Setting \J/ X + Si]/ into the energy integral (2.5), the energy becomes 
£* + <52^ with 

f d 3 x{Av*rva*+v^v«n+nM**+«W 

J (2 m 



V dil /*V Si// +V dij/* Si// 


(2.7) 


Here the first-order changes stand in the first, and the second-order 
changes in the second line. By partial integration in the sense opposite 
to the one above we fall back, in the first line, on dij/ V 2 ij/f and S\J/*V 2 il/ x 
where (2.1) and (2.1*) may be used to eliminate the derivatives. E.g. we 
then have 





= E, 



* 

X ’ 


so that with the help of Eq. (2.6), the first line of (2.7) may finally be 
reduced to second-order contributions only: 

5E 1 = j <; 3 x|^|V^| 2 +(F-£ 1 )|#| 2 |. (2.8) 

Since no linear contribution in 6\j/ or Si//* remains, E x clearly is a maxi¬ 
mum or a minimum for SiJ/ = 0, i.e. for \f/ x being a solution of the Schro- 
dinger equation. Whether we get a maximum or a minimum will be 
decided by the sign of (2.8). 

To get some insight into this last question we make use of the set 
{i/^ v } of solutions to (2.1) to form a complete orthogonal system of func¬ 
tions, 

\d 3 x\J/* \j/ v = . (2.9) 


We then expand Si// with respect to this system: 

<5 ^ = ( 2 . 10 ) 

V 

Eq. (2.8) then renders 

d ' x {^; v«-ViK+^-Ej^.j 
^v J l 2m ) 

or, using (2.1) and (2.9): 

<5 ^ = EkJ 2 (£,-£J. 


( 2 . 11 ) 



Problem 3. Classical mechanics for space averages 


5 


If E x is the ground state, we have E ft ^E x for all states p, so that the sum 
(2.11) is positive. The variational principle therefore makes E x a mini¬ 
mum. No such general rule can be established for excited states where 
the sum (2.11) consists of positive and negative terms. 


Problem 3. Classical mechanics for space averages 


To show that Newton’s fundamental equation of classical dynamics, 



(3.1) 


with p the momentum of, and F the force acting upon the particle, still 
holds for the space averages (expectation values) of the corresponding 
operators in quantum mechanics. 

Solution. If the force F derives from a potential, F = — VF, and 
momentum is replaced by the operator (h/i)V, then the two space aver¬ 
ages in Eq. (3.1) are defined by 


P 

F 


f d 3 x ij/*{W F)i/f. 


(3.2) 

(3.3) 


Our task then is to prove that (3.1) is valid for the integrals (3.2) and (3.3) 
if ij/ and \j/* satisfy the Schrodinger equations 


h dip 
i dt 
h dil/* 

+ 7 ~di 


h 2 ) 

V 2 <A + ViJ/; 
2m 


h 2 

- W 2 i]/*+ V i]/*. 

2m 


(3.4) 


We start our proof with the time derivative of Eq. (3.2): 


P = 


h 

i 


d 3 x(iJ/*Vil/ + il/*V4'/) 


d 3 x{i]/*S7il/-ij/Wil/*) 


where the surface contribution of the partial integration in the last term 
vanishes and has been omitted. Replacing i[/* and ij/ according to (3.4), 
we may proceed to 
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P 


2m , 


d 3 x(V 2 (A*V^ + V 2 «AViA*) 


+ 


d 3 x(il/* FVi j/ + Vij/Vij/*). 


A partial integration, 


J^ 3 xV 2 ^*V«A= -\d 3 xVij/*W 2 il/ 


(3-5) 


shows that the two terms of the first integral cancel each other out. In 
the other integral of Eq. (3.5) we perform a partial integration in the 
last term, 

p=|d 3 x^*{FV(A-V(Fi/0}. 


Making use of 


we finally arrive at 


V(Fi lt)= VVij/ + il/WV, 


p= - \d 3 xil/*(S7V)iJ/ = F, 


as was to be proved. 


Problem 4. Classical laws for angular motion 


To show that the classical relation between angular momentum L = rxp 
and torque T=rx F (where p stands for linear momentum and F for 
force), 



(4.1) 


still holds for the space averages in quantum mechanics. 


Solution. As in the preceding problem, we start by constructing the 
space averages 


and 


L 



d 3 x t )/*(r x V)i p 


(4.2) 


T = — \d 3 xil/*(rx V V)ij /. 


(4.3) 


The wave functions, ^ and i //*, are again supposed to satisfy the Schro- 
dinger equations (3.4). 
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We begin the proof of Eq. (4.1) by differentiating L, Eq. (4.2): 

h C 

L=— d 3 x{i[/*(rxVil/) + il/*(rxWif/)}. 

1 % 

In the second term we use the identity 

t^*Vi (f = V(il/*\l/)-i[/Vil/* , 

to the first term of which we apply the general vector rule 

\d 3 xrxVf= 0 (4.4) 

with / = Thus we arrive at 

h C 

L=— d 3 xrx{i[/*Wil/ — iJ/Wil/*) 

i 

where we replace the time derivatives i [/* and i[/ according to (3.4): 

h 2 r 

L = - d 3 xrx (V 2 i//* Vi^ + V 2 ^Vi^*) 

2m J 

+ \d 3 xVrx(i//*Wil/ + il/Vil/*). (4.5) 

Now, in the first integral, the bracket 

vV*v^+v 2 ^v^* = v(v^*-ViA) 

is the gradient of the scalar function / = V i/>* • V so that, according 
to (4.4), this integral vanishes. In the second integral, the bracket is equal 
to V {\j/* \j/). We then use the identity 

«/r) = V(FiA* ^)-<A*<AVF 

and for / = Vij/* \f/ again the vector rule (4.4). Then the integral becomes 
finally 

J d 3 x.r x [FV(i p* iA)] = — J d 3 x rx(^*i|fVF), 
i.e. it becomes identical with the torque average (4.3), as was to be proved. 
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Problem 5. Energy conservation law 


If the energy content of a Schrodinger wave field is described by the 
space integral (2.5) of problem 2, the law of energy conservation should 
be of the form 

dW 

— + divS=0 (5.1) 

with W the energy density and S the energy flux vector. This law shall 
by derived by constructing the flux vector S. 

Solution. We have found in (2.5) that 


with 


E = jd 3 x W 


(5.2) 


W = 


h 2 

— Vij/* • S/\jj + t/f* Vijj , 
2m 


(5-3) 


where the first term is the kinetic, the second the potential energy density. 
According to Eq. (5.1) we need the derivative 


Since 

and 


W = — (Vt^*-V^ + V(^*-V«^)+ V(ifr* i//+ \]/* \J/), 
2m 


Vi£* Vi 1/ = V(i£*ViA) —V 2 ^ 

V«A* Vi£ = V(<£ Vt I/*) -il/V 2 il/* 

we can reshape the kinetic energy part of (5.4) and write 

. f h 2 1 h 2 h 2 

w = v< —o£*Vi i/+\J/Vijj*)} -1-<£vV 

(2 m J 2m 2 m 

+ i[/* V\j/ + i[/ Vi//* . 


(5.4) 


(5.5) 


In the last terms, use of the Schrodinger equations (3.4) permits us to 
replace space derivatives and potential by time derivatives. The resulting 
terms 

$* y = 0 

exactly cancel so that Eq. (5.5) indeed is of the form (5.1) to be proved with 

S = — — (^* Vi/' + ^Vi/f*) (5.6) 

2m 


the energy flux vector. 
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Problem 6. Hermitian conjugate 

The hermitian conjugate of an operator Q is defined by 

\dx(Qil/)* q> = \dx\jj* (p (6.1a) 

or, in Hilbert space notation, 

(6.1b) 

with ij/ and q> any two functions normalized according to 

<</#> = !; <V\<P> = 1. (6.2) 

This definition shall be translated into a matrix relation. What follows 
for the eigenvalues of a hermitian operator defined by Q = £2*7 

Solution. The matrix of an operator is defined with respect to a com¬ 
plete set of orthonormal functions, {u v } : 

<“vl“ M > = ^v (63) 

The arbitrary, but normalized functions \j/ and cp then may be expanded, 

(p = Y, b n u n- ( 6 - 4 ) 

V It 

Putting (6.4) into (6.1), we get 

E Z a * b H Q “v I u n > = Z Z a * b n < : «v I “it > 

fi V /tv 

and, since this is supposed to hold for any pair i //, q>, it must hold for each 
term separately, 

<Om v |w m > = <w v | Wjj> . (6.5) 

We now use the set {m v } for matrix definition, writing the right-hand 
side of (6.5) 

<11,10*1 

The left-hand side may be reshaped as follows 

(Quju^y = [dxiQuJpUp = { \dxu*(£2u v )}* = <nji2w v >* = £2% . 

Hence, it follows from (6.5) for the matrix elements of £2 and that 

(t2% = £2 %, ( 6 . 6 ) 

i.e. the elements of the hermitian conjugate (or adjoint) matrix are 
obtained by transposing ( fx-^v ), and taking the complex conjugate of, 
the elements of £2. 

It may be noted that from (6.6) we get immediately = £2. 
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For a hermitian (or self-adjoint) matrix £2 with £2 = £2 f , according to 
(6.6), we have 

®iiv = • ( 6 - 7 ) 

With fx = v this shows the diagonal elements to be real. That holds for 
any orthonormal set (i.e. for any coordinate system in Hilbert space), 
thus also if the set {w v } is so chosen as to make 

0„ v = (6.8) 

a diagonal matrix with the eigenvalues g)„. It follows that a hermitian 
matrix has real eigenvalues. 

NB. The last result is the reason for all operators corresponding to physical 
quantities (observables) being hermitian operators. 


Problem 7. Construction of an hermitian operator 


To translate the classical quantity xp x into a quantum mechanical 
operator. 

Solution, a) Since the operators x and p x do not commute but satisfy 
the commutation relation 

p x x-xp x = ~, (7.1) 

i 


which is easily checked in the Schrodinger representation 


we expect every operator 


h d 

Px “7 7 > 

l OX 


£2= (1 — oc)xp x + ocp x x 


(7.2) 

(73) 


to correspond to the classical quantity xp x . Let us first suppose the con¬ 
stant a to be real. It must now be determined in such a way that the 
expectation value of £2 in any quantum state described by a wave function 
^ is a real number: 

<0> = \cPxij/*£2il/ = real. 

Using (7.2) for p x , Eq. (7.4) in more detail becomes 

h f . ( dil/ d 

<fl> = — (Pxil/* <(1— a)x-^- + a — (xil/) 

i J ( ox ox 


(7.4) 
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Breaking up 

•A = f+*g 

into its real and imaginary parts, this leads to 


h 


df . dg" 


<G> = - <Px{x / —+ # — ) + ct{f 2 + g 2 ) 


+ h 


dx dxj 

>3 (,Sg sp 


The second integral is real. The first being purely imaginary must vanish 
in order to satisfy (7.4). Since 

\<Px(p+g 2 )=\ 

this condition may be written 

1 * Q 

- d 3 xx—(f 2 + g 2 ) = —a 

2 J dx 

or, by partial integration, 

oc = j (7.5) 

so that the symmetrical combination 

G = i(xp x +P x x) (7.6) 

is the correct, because hermitian, operator. 

If we admit complex values of a, any value 

a = ± + iP (7.7) 

with arbitrary real fi will do, because it leads to 

& = \{xp x +p x x) + ip(p x x- xp x ) (7.8) 


where we have just shown the first part to have a real expectation value, 
and where the second part will in consequence of the commutation 
relation (7.1) become the real constant jSh, independent of the special 
quantum state. This term therefore has no physical significance and 
may be omitted. 

b) Hermiticity of an operator may equally well be defined by the 
relation 

(u\Qv} — (Qu\v) (7.9a) 

or, in more detail, 

\(Pxu*Qv — $(Px{Qu)*v 


(7.9 b) 
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with two arbitrary functions u and v, both complex and only chosen so 
that the integrals exist. With Q the operator (7.3) and a real, this yields 


7 j* 

J 


h 

i 

or 


dv d(xv)~ 

(1 — a)x— + <x —— : 
ox ox 


h 

i 


du* d(xu*) 

a x (1— a)x——ha- 

ox ox 


cP 


XU* 


dv 

X dx + 


r „ r su> 

ixv = — d 3 x x -h aw* 

J J l Sx 


Reordering leads on to 


/* 


j 


cPxx — (u*v)= —2a 
ox 


cPxu*v 


or, by partial integration on the left-hand side, to 

— \cPxu*v = — 2a \<Pxu*v 

which, of course, yields the result of a = j, Eq. (7.5), again. 


Problem 8. Derivatives of an operator 


Let f(p,x) be an integer function of the operators p k , x k . Then the general 
relations 

^=-[/,ft] (8-1) 

ox k 

and 


d JL 

dPk 


= [/>**] 


(8.2) 


with the abbreviation 


n 

shall be derived from the commutation rules. 

Solution. The commutation rules are 

= |> ft ,x,] = 0; = (8.3) 

From these we construct (8.1) and (8.2) in four consecutive steps: 

1. Let / = p h then we have df/dx k = 0 and df /dp k = S kl . Hence, 
Eqs. (8.1) and (8.2) become [p k ,Pi] = 0 and [#,**] = d kl ; i.e. they are 
satisfied according to (8.3). In the same way, for / =x h df/dx k = S kl , 
df /dp k = 0, they may be proved to hold. 
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2. Let (8.1) and (8.2) hold for two functions / and g. Then they hold 
as well for any linear combination c l f + c 2 g with complex numbers c l 
and c 2 , in consequence of their linearity. 

3. With/and g, they hold for the product fg. For (8.1) this is easily 
checked by direct computation: 

i (/s)=/ £ + S'" - {/[w ’ J+ lfpM 

= - ^{fgPk-fPk9+fPk9-Pkfg}=-lfg,Pk] 

with the two central terms cancelling. An analogous computation is 
easily performed to prove (8.2). 

4. It then follows that the relations hold for any linear combination of 
products consisting of an arbitrary number of p k ’s and x fc ’s, i.e. for any 
integer function in these variables, as had to be proved. 


Problem 9. Time rate of an expectation value 

Let <A> be the expectation value of an operator not explicitly dependent 
upon time in a time dependent state i //. How does {A} change with time? 
What follows for <x fc > and </ fc >? 

Solution. The expectation value 

<A} = ^\A\il/} = \dzi]/*(t)Ail/(t) (9.1) 

has the time rate 

j t <A}=$ d 'c{i(f*Ail/ + il/*Ail/}. (9.2) 

The time derivatives of the two wave functions i ji and i {/* satisfy the 
Schrodinger equations 

h h 

- = = (9.3) 

i i 

with the hamiltonian operator H being hermitian: H — H + . Putting (9.3) 
into (9.2), we find 

-(A) = jldT{(H*t*)Ail,-ilf*AHt} 
or, in Hilbert space notation, 


(9.4) 
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In the first term of (9.4) we use the identity (cf. Eq. (6.1 b)) 

or 

(HiJ/\Ail/y = <il/\rf All/} = <il/\HA ipy. 

Eq. (9.4) then becomes 

j t (Ay = ^\HA-AHWy (9.5) 

or, briefly, 

j t <Ay = <[H,A-]y. (9.6) 


Applying (9.6) to the special operators A=x k and A—p k and using 
Eqs. (8.1) and (8.2), we find the canonical equations of classical mechanics 
to hold for the expectation values: 


d 

dt 




(9.7) 


Problem 10. Schrodinger and Heisenberg representations 

In the Hilbert space coordinate system chosen in the so-called Schro- 
dinger representation , the operators p k , q k do not depend upon time, but 
the state vector ^ does and satisfies the Schrodinger equation 

-~i[/=Hil/ (10.1) 

i 


with H(p k ,q k ) the hamiltonian of the system. Let H not depend explicitly 
upon time. It shall then be shown that a “rotating” Hilbert coordinate 
system with the state vector ij/ at rest (Heisenberg representation) follows 
by an unitary transformation U(t) and that the operators p k , q k in that 
frame depend on time according to the canonical equations 


Pk= - 


8H 

8q* 



( 10 . 2 ) 


Solution. Let all time-independent operators be denoted by a super¬ 
script 0 and let the time, when by “rotation” of the Heisenberg frame the 
coordinate systems begin to differ, be denoted by t = 0. Then any Heisen¬ 
berg operator Q(t) coincides with its Schrodinger form at * = 0,0(0) — Q°. 
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The state vectors in the Schrodinger frame, \l/(t), and in the Heisen¬ 
berg frame, i//°, then are connected by the relation 

ao.3) 

It should be noted that, within normalization, the choice of i^(0) = i/t° 
is still free. The normalization conditions, 

<t/#> = 1 and <^°> = 1 (10.4) 

then cause U to be a unitary operator satisfying 

U*U = 1. (10.5) 

This can easily be seen: 

ww)=<ur\ur>=<r\u'u\r> 

and that equals <^°|^°) if, and only if, (10.5) is satisfied. 

The operator U may be determined by putting (10.3) into (10.1), 

h . 

- U = H°U (10.6) 

i 

where we have now cautiously written H° instead of H, because in the 
Schrodinger frame an operator not depending upon time is used in (10.1). 
This differential equation, with the initial condition 1/(0) = 1, is solved by 

U(t)=e ^ H * (10.7) 

where the exponential is explained by its power expansion. 

Any operator, known in the Schrodinger frame, has to be constructed 
in the Heisenberg representation in such a way as to make its expectation 
value for any state if/ of the system independent of the special frame, i.e. 

m)\a°m> = <rm\r>' ( 10 . 8 ) 

This equation is obviously satisfied for, and only for, 

£2(t) = UHt)Q°U(t) (10.9) 

because 

<il/\Q°\il/} = <Uil/ 0 \n 0 \Uil/ 0 } = (\l/ 0 \U f (2°U\il/ 0 ). 

It should be noted that the operator H° commutes with U, according 
to (10.7), so that 

H{t)=U'H 0 U=U'UH° = H 0 
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is invariant under this transformation. It therefore is not necessary to use 
different notations, H° and H, justifying the notation, in (10.1) a posteriori. 

In order now to prove the canonical equations (10.2) let us construct 
the time derivative of (10.9), 

Cl=U i Q°U + U f C2°U. (10.10) 

From the equation adjoint to (10.1), 

+ -^ = H^ (10.1a) 

i 

(holding because H=H^ is a hermitian operator), we get, in analogy to 

( 10 . 6 ), 

+ -tf = HU* (10.6a) 

i 

and may thus replace the derivatives in (10.10): 

Cl = ^{HU*tl°U -1^0^11} = ^(HQ-QH). (10.11) 

This is an essential law: The time derivative of an operator Q, not explicitly 
depending on time, is its commutator with the hamiltonian: 

[H,Q\ = HQ-QH ); 

Cl = [H,(2]. 


( 10 . 12 ) 


The law (10.12), when applied to the operators p k and q k directly 
yields 

&=[#»&]• (1013) 

These algebraic relations may be reshaped using the relations derived in 
problem 8 from the basic commutation relations, 

dH dH 

[».fc]=s-. (10.14) 

oq k vPk 

thus directly leading to the canonical equations (10.2). 

NB. The hamiltonian H as well as the operators Q have been supposed not to 
depend upon time in the Schrodinger frame. If they do, additional partial derivatives 
with respect to time will occur. The whole formalism then will become more involved, 
e.g. U{t) will no longer be a simple exponential because in the power expansion H 
will occur at different times. 
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Problem 11. Time dependent hamiltonian 

Let H in the preceding problem depend explicitly on time (e. g. by the 
action of an alternating electric field). The unitary operator U{t) shall 
be determined in this more general case. 


Solution. Even with a hamiltonian H(p k ,q k ;t) we still have the Schro- 
dinger equation 


-*t=Hi t)m 

i 

(11.1) 

where now the transition to Heisenberg coordinates is 
unitary operator C7(/), 

performed by an 

T 

o 

(11-2) 

satisfying the differential equation 


h . , , 

~-U = Hit)Uit) 

i 

(11.3) 

with the initial condition 


17(0) = I- 

(11.4) 

Let us write for the sake of brevity 


i 

~T = k 

then 

(11.5) 

U = kHU 



is solved with condition (11.4) by the infinite series 

t t t' 

17(0= 1 + k \dt'H(t')+K 2 f df Hit') \dt"H{t") 

0 0 0 

+ k 3 \dt'H{t') )dt"H(t") f df'H(f')+- . (11.6) 

0 0 0 

This can easily be seen by differentation of the solution: 

t t t" 

U(t) = KH(t)+ k 2 H{t) f dt" Hit") + k 3 Hit) J dt"Hit") J dt'" Hit'")... 

0 0 0 

= k Hit)\ 1 + K j dt" Hit") + k 2 j dt" Hit") J dt"' Hit'") + ■ • • 

l 0 0 0 

= 1C if (0 [7(0- 

It should be noted that, in the integrals, t>t'>t">--> 0 so that the 
factors H, taken at different times, form a time-ordered product with the 
later factor always standing in front of the earlier one. 
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Problem 12. Repeated measurement 


The time-independent hamiltonian if of a system has eigenvectors |v> 
with non-degenerate eigenvalues hco v : 


H\v) = hco v \v). (12.1) 

Let an observable A be defined by the equally non-degenerate eigenvalue 
problem 

A\n> = a„\n) (12.2) 

in the same Hilbert space. Let the system initially have been in the state 
|v> and then let a measurement of the observable A be performed on this 
system. What is the expectation value of A and what is the probability of 
finding the value a m of A by this measurement? - If the measurement 
leads to the value a m and is then repeated a time interval t later, what is 
the probability that the value a m will again be found? 


Solution. The expectation value of A in the initial state is <v|,4|v>. 
With the expansions 


it becomes 

With 

this simplifies to 


|v>=I»<«|v>; <v|=X< v l"'><"'l 

n n' 

<vM|v> = £ < v l«'> <ri\ A \ n > <”l v > • 


nn' 


(ri\A\n) = a„d„„' 
<vM|v> = £a„|<v|n>| 2 . 


(12.3) 


The probability of finding the value a m as the result of the first measure¬ 
ment therefore is 

^=|<m|v>| 2 . (12.4) 

Afterwards, the system is no longer in the initial state |v>, but in the 
state |m>. Its further development follows from the Schrodinger equation 


ih 


d 

dt 


\ty=H\ty, 


(12.5) 


where |f> denotes the state vector at the time t, with the initial condition 


|0>= |m>. 

Since H does not depend on time, this leads to the solution 

|/> = e “* H |m> 


( 12 . 6 ) 
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or, if |m) is expanded in eigenfunctions of H, 

n 

and using 

--H 

e |/i) = e _i0> '*'|^>, 

it leads on to 

U> =Ze _ '~ M ‘ lA*> 0*|m>. (12.7) 

Using now the same consideration that led us to Eq. (12.4) we find that 
the probability again to measure a m at the time t is 

n,= |<m |(>| 2 (12.8) 

with 

<m|0=le- i ^|<m|/i>| 2 . (12.9) 


Problem 13. Curvilinear coordinates 


To transform the Schrodinger equation for a system of point masses 
to general curvilinear coordinates. 


Solution. The essential problem is the transformation of the opera¬ 
tor of kinetic energy, 


2 “ dxl 


(13.1) 


where has the same value for groups of three terms belonging to 
one particle. The expression (13.1) is the quantum theoretical translation 
of the classical expression 

7’clas S = iZ" l M^- ( 13 - 2 ) 

Let us use, instead of the x M ’s, coordinates 

= l/m^, (13.3) 

then 

(i3.4) 

Replacing now in £ space with the line element 

ds 2 = Y J d£,l 


(13.5) 
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the ^’s by general coordinates, q k , with the line element transforming 
into 

ds 2 = Z E dikdtfdq*, (13.6) 

t ft 

we find 

= (13.7) 

i ft 


Passing on to quantum theory, Eq. (13.1) is equivalent to 


(13.8) 

In differential geometry it is shown that, replacing the <^’s by the q iy s, 
the Laplacian transforms into 


V 2 = 



(13.9) 


where g is the determinant of the metrical tensor g ik , the g lk being its 
contravariant components to be obtained from 



0 


(13.10) 


with G ik the minor of g ik in the determinant g. Eq. (13.9) gives the solution 
of our problem, the kinetic energy operator corresponding to the 
classical expression (13.7) becoming 


T = 



(13.11) 


The computation of the potential energy will, of course, be obvious. 

NB. The method may even be applied in such cases where no substratum of 
rectangular point-mass coordinates exists. It then simply links the classical ex¬ 
pression (13.7) to the operator (13.11). This connection, however, is by no means 
obvious; cf. the remarks on the symmetrical top, Problem 46. 


Problem 14. Momentum space wave functions 

The Fourier transform / (k) of the wave function t)/(r) describes the 
momentum distribution in a quantum state. An integral equation shall 
be derived for f(k) in which the Fourier transform of the potential 
plays the role of kernel. 
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Solution. Between ij/(r) and f(k) there hold 
relations 1 

the two reciprocal 

Mr) = (2 n)~l f d 3 ke ik r f(k); 

(14.1) 

f(k) = (2 n)~^ J d 3 xe~ ik r il/(r). 

(14.2) 

Further let us write the potential 


V{r) = $d 3 kQ ikr W(k ); 

(14.3) 

then its Fourier transform is 


W(k) = {2ny 3 J d 3 xQ~ ik ' r V(r). 

(14.4) 


The space wave function i]/(r) is assumed to satisfy the Schrodinger 
equation 


— — V 2 il/+V(r)ij/ — Eij/. (14.5) 


Writing (14.1) for ij/ and (14.3) for V, we obtain instead 

h 2 


(2ny 


2m 


+ 


d 3 kc ikr k 2 f{k) 
j* d 3 k^d 3 k'e m+k ' )r W{k)f(k') 


-E d 3 kQ ikr f(k)\ = 0. 


In the double integral let us then use k" = k + k! instead of k as integration 
variable (and then again write k instead of k"). Then, as the integral will 
only vanish for any value of r if the integrand vanishes, we arrive at 



£/(*)= 


/* 

d 3 k' W(k — k')f(k'). 

* 


(14.6) 


This is the integral equation wanted, with W(k — k') as its kernel. 

The integral equation (14.6) can, of course, be established only if the 
Fourier transform (14.4) of the potential exists, i.e. if V(r) at large values 
of r vanishes at least as r~ 1_e with infinitesimal e>0. 


1 If (14.1) is used to define f(k), application of jd 3 xe ik r to (14.1) and use of 
the definition of the three-dimensional 5-function, 

S(k—k') = j* d 3 xe i(k ~ k ) r , 

lead easily to the inversion (14.2). —The same relation is used in deriving Eq. (14.8) 
below. 
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It should be noted that from the normalization 

J<P*Wr)| 2 = l ' (14.7) 

there follows 

Sd>k\f(k)\ 2 = l. (14.8) 

This can be shown by setting (14.1) into (14.7) for \[/: 

$ d 3 x\i//(r)\ 2 = (2n)~ 3 $ d 3 x$ d 3 k\d 3 k' e l{k ~ k)r f(k)f* ( k'). 

If here the integration over coordinate space is first performed 2 we almost 
immediately arrive at the expression (14.8). 


Problem 15. Momentum space: Periodic and aperiodic wave functions 

To deduce the probability interpretation of momentum space wave 
functions in the continuous spectrum by starting from periodic wave 
functions t f/(r) in ordinary space and investigating the limiting process 
for infinitely large periodicity cube. 

Solution. Let L be the period in each of the three space directions 
x,y,z. Then the Fourier series 

t)=V c k (t) e‘ (k ' r ~ ; a) = ~k 2 (15.1) 

k 2m 

includes terms only with components 

n f =0, +1, ±2,... (15.2) 

of each vector k. This means that in k space, for large L, a volume element 
d 3 k includes 



states of different fc’s. 

The normalization of series (15.1) can still be chosen by suitable 
choice of the coefficients c k . The square integral over the periodicity cube 
is 

| d 3 x\il/\ 2 = L- 3 Ylctc k ^- <B)t j d 3 x e ,(k ’" k) ' r 

(L 3 ) k k' 


2 Cf. however, the remark at the end of the following problem. 
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where the last integral vanishes if k'^k and becomes —l? if k' = k: 


\ d*x\W=Y}c k \ 2 . (15-4) 

a- 3 ) k 


Let P L now be the probability of finding the particle in the periodicity 
cube L 3 , then |c k | 2 P L will be the probability of finding there the particle 
with momentum hk, and |c k | 2 the probability that, if the particle is found 
within L 3 , its momentum will turn out to be hk. 

We now go on to infinitely large L. Then we may replace the Fourier 
sum (15.1) by a Fourier integral over k space which according to (15.2) 
and (15.3) may be done by using the rule 


I 



d l k. 


Eq. (15.1) then yields 


<AM) = 


i) 

(2 n) 3 


d 3 fcc(M)e i(fc ' r - t0 ' ) . 


(15.5) 


(15.6) 


This Fourier integral describes a wave function of finite values 
independent of L if, and only if, the quantity 



c(k)=m 


(15.7) 


has a finite limit for L-> oo. The wave function 


<AM) = 



(15.8) 


then may be normalized according to 


f 


d 3 x\xl/\ 2 = —Ur f d 3 k f d 3 k'f*(k)f (k r ) e i(t0 ““ )f [ d 3 xQ i{k '~ k) r (15.9) 
(2 7r) 3 J J J 


where the last integral runs over infinite space and can be evaluated: 

J d 3 x e i(fc ~ k) r =(2n) 3 d(k' — k), (15.10) 

so that we find for (15.9): 

\d 3 xW\ 2 ^d 3 k\f{k,t)\ 2 (15.11) 

which, by the way, is simply the same as translating the sum (15.4) with 
(15.7), according to the rule (15.5). Hence, the probability that a particle 
found anywhere has its momentum k within the element d 3 k becomes 


dP^d’kiAMl 2 - 


(15.12) 
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NB. Some caution is necessary if f(k) is not a continuous function of k, with 
respect to exchange of integrals. Let e.g. be 

f(k)=(2nfS(k 0 -k). (15.13) 

According to (15.8) we then have 

^(r,t)=e i<fc0 (15.14) 

The integrals (15.9) with exchanged order of integration and (15.11) would then be 
integrals over the square of a delta function and would be entirely meaningless. 
But if integration over ordinary space is performed last, Eq. (15.9) gives 

|d 3 x|^| 2 =Jd 3 x, 

which is consistent with the wave function (15.14). 



II. One-Body Problems without Spin 


A. One-Dimensional Problems 

One-dimensional problems, though in a sense oversimplifications, may 
be used with advantage in order to understand the essential features of 
quantum mechanics. They may be derived from the three-dimensional 
wave equation, ' 


v 2 .A+F(x,t)<A= 

2m 


h di]/ 
i dt ’ 


(A.l) 


if the potential depends upon only one rectangular coordinate x, by 
factorization: 


1 j/= e {(k2},+k3Z) (p(x, t ). 

The differential equation thus resulting for q>(x, t), 
h 2 d 2 (p h 2 , , 

may be further simplified by putting 


h d(p 
i dt 


h 2 

(p(x,t)=Q~ ia>at u(x,t); hco 0 = —(fcf H- /c|). 

2m 

We thus arrive at the one-dimensional wave equation, 


h 2 d 2 u h du 


(A.2) 


(A. 3) 


(A. 4) 


The exponential factors in (A.2) and (A. 3) describe plane-wave qualities 
in the directions perpendicular to the x-axis which, however, do not 
affect the behaviour of the wave function in x-direction. 
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Problem 16. Force-free case: Basic solutions 


The one-dimensional wave equation shall be solved in the case F=0 
and the physical significance of the solutions shall be discussed. 

Solution 1 . The wave equation 


h 2 d 2 \\/ h d\f/ 

(16.1) 

2 m dx 2 i dt 

permits factorization, 


i j/(x,t) = u(x)g(t). 

(16.2) 

because by putting (16.2) in (16.1) one arrives at 


h 2 u" h g 

- = - - - = ho, 

(16.3) 


2m u i g 


where ho) stands as abbreviation for the separation parameter. Splitting 
(16.3) into two separate equations we obtain 

g=-iog, i.e. g(t) = e~ iat (16.4) 


and 


ur + 


2 mo 

—:—u = 0. 

h 


(16.5) 


With real o, the wave function is periodic in, and \if/\ 2 independent of, 
time (stationary state); with o positive, the constant 


2mo > ... k i 

h 


(16.6) 


becomes positive too, and the solutions of (16.5) are as well periodic in 
space. 


It is an essential feature of quantum mechanics that time dependence is of the 
complex form (16.4); the real functions sin cot and coscot are not solutions of the 
differential equation (16.4). This behaviour, so different from classical physics, 
is a consequence of the Schrodinger equation being of the first order in time. 

The physical meaning of the parameter o may be further interpreted 
by considering the operator on the left-hand side of (16.1) to be the hamilt- 
onian, consisting only of the kinetic energy operator in our case. It 
follows that E = ho is the kinetic energy of a particle and must hence 
be positive real. Our solution therefore is an eigenstate of the hamiltonian. 


1 In the following we shall write ij/ again for the one-dimensional part of the 
wave function satisfying Eq. (A.4), and u for its space part. 
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Since k 2 is a positive constant, the complete solution of (16.5) or 


u"+k 2 u = 0 

(16.7) 

is 


u(x) = A Q ikx + Be~ ikx 

(16.8 a) 

so that the one-dimensional wave function 



il/(x, t) = A e ,<kx "' mt) + B e ~ i{kx+mt) (16.8 b) 

consists of two waves running in opposite directions, both with phase 
velocity v ph =o)/k. 

The physical significance of the space part (16.8 a) of the wave function 
becomes clear when we derive density 

p = \l/*ij/ (16.9) 

and flux 


h 

2 im 




(16.10) 


from (16.8 b). We find 


p = \A\ 2 + \B\ 2 + (A B* Q 2ikx + A* Be ~ 2ikx ); 
h h. 

s=-(\A\ 2 -\B\ 2 ). 

m 


The two waves, of amplitudes A and B, apparently correspond to 
two opposite currents whose intensity is given by their respective 
normalization constants and is proportional to k. The density shows 
interference of the two (coherent) waves causing a space periodicity. 

As long as no special reason (like boundary conditions) is given to 
achieve coherence, it will be reasonable to take either of the two waves, 
putting J3=0 and obtaining s>0, or A = 0 giving s <0. The result then 
corresponds to the linear motion of particles in one or the other direction. 
Admitting both signs of k, we may therefore summarize the final result 
as follows: 

i^(x,t) = Ce‘ (kx_a>t) ; 

. 2 mco 

E=ha >; k 2 = -; > (16.11) 

h 

, hk . 

P=\C\ s = — |C| 2 . 

m J 
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Elimination of oo yields 

h 2 k 2 

E = 

2m 

(16.12) 

so that 

p — hk 

(16.13) 

is the momentum, and 

C5 

II 

all? 

(16.14) 


the classical velocity of the particle. The latter is by no means identical 
with the phase velocity of the wave, 


oo E 1 



it is, however, identical with the group velocity 


v 


9 * 


d(o dE 
dk dp 


NB. The fundamental differential equation (16.1) may be interpreted as a 
diffusion equation with an imaginary constant of diffusion, D: 


d 2 \p dil/ 



Whereas factorization plays rather an important role in quantum theory but not 
in diffusion problems, the typical source-type solutions of (real) diffusion theory, 

+ oo 

1 f . m 1.x-j) 1 

Mx,t) = -= W£/(ae' 2ft 1 
" — 00 

are of no importance in quantum theory. 

Time reversal in (16.1) changes i]/ in i ft*. 


Problem 17. Force-free case: Wave packet 


A wave packet shall be constructed and its development as a function 
of time be investigated. 


Solution. We start from the special solution of the wave equation 
found in (16.11): 

i \l/(k;x,t) = C(k)e i(kx ~ mt) (17.1) 

with 

<0 = -^ 

2m 


(17.2) 
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and C(k) an arbitrary amplitude constant. Here, k still is a free parameter 
so that the complete solution of the wave equation is obtained as any 
convergent integral of (17.1) over k: 

+ 00 

i p(x,t)= J dki//(k; x,t). (17.3) 

— 00 


Eq. (17.3) describes the most general form of an one-dimensional wave 
packet. The amplitude function C(k) must, in order to make the integral 
converge, tend to zero at least as 1/k with \k\->co. Every suitable 
choice of C(k) yields a special solution. 

Let us now construct the wave packet so that, for an initial time 
t= 0, the probability of finding the particle it describes differs appre¬ 
ciably from zero only inside a small region around x = 0, and that the 
particle moves with momentum p 0 = hk 0 . This can be accomplished 
if we choose 


ij/(x,0) = ,4 exp 



+ ik 0 x , 


(17.4) 


because then the density 

p(x,0) = |<A(x,0)| 2 = |,4| 2 exp 



localizes the particle within |x|<a, and the flux (16.10) becomes 


s(x, 0) = -— 2 ik 0 \A | 2 exp 
2mi 


a 


h , 

= p-k o 
m 


so that the particle velocity is v 0 = — k 0 and p 0 — mv 0 = hk 0 the mo¬ 
rn 

mentum of the packet. Since the wave function represents one particle, 
the normalization condition 


holds, i. e. 


+ 00 

J dxp = 1 

— 00 


\A\ 2 = 


1 

uj/jr 


(17.5) 


The expression (17.4) may be decomposed into plane waves using 
(17.3) and (17.1): 

4- oo 

^(x,0)= J dkC(k)e ilcx . 

— 00 


(17.6) 
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This is a Fourier integral whose inversion is 


+ cx 

4 f 


C(k) = — dxij/(x, 0)e~ 


+ 00 

j* dxexpj^— ^2 + I (^o — k)x . 


This integral may be evaluated using the well-known formula 


I uu 

J dzQ ~ 22 = | /n. 


(17.7) 


The result, 


C ( k) = —= exp [—\ a 2 (k - /c 0 ) 2 ], 
]/2n 


(17.8) 


can easily be understood in terms of Heisenberg’s uncertainty rule: In 
the initial state, the coordinate uncertainty of the particle is, according 
to Eq. (17.4), of the order of Ax = a; as (17.8) shows, to this wave func¬ 
tion there contributes a spectrum of wave numbers k or of momenta 
p = hk around k = k 0 of a width Ak=\/a or Ap = h/a. Therefore, 
independently of the choice of a, there holds the relation 


Ax-Ap = h. 


(17.9) 


which is in fact Heisenberg’s principle of uncertainty. 

Having determined C{k) from the initial state at the time t — 0, we 
are now prepared to evaluate the full integral (17.3) at any time, viz. the 
integral 


i//{x,t) = 


]/2n 


d/cexp -\a 2 (k—k 0 ) 2 + ikx — i^-k 2 
[_ 2 2m 


The exponent is a quadratic form in k so that again reduction to the 
complete error integral (17.7) can be performed. The result is 


i//(x,t) = 


ht Xk 


T exp 


x 2 — 2 i a 2 k 0 x + i -— kl a 2 
2m 


2 a 2 (1 + i 


. (17.10) 
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A good understanding of this rather cumbersome expression can 
be obtained by again discussing density p and flux s, but now at any 
time. The former becomes 



As a function of x, the density p(x,t ) still is a bell-shaped curve, whose 

h 1c 

maximum, however, has now shifted from x=0 to x = —-t. The 


m 


maximum of the ‘wave group’ represented by (17.10) therefore prop¬ 


agates with a velocity v 0 


hk c 


m 


(‘group velocity’ = particle velocity). 


The denominator of the exponent in (17.11) shows that, at the same 
time, the wave packet has broadened from its initial width a at t = 0 to 


a— a 


1 + 


ht 


k ma ‘ 


^ —t 
ma 


at t = t. This effect can easily be explained from the spectral function 
(17.8): The wave number spectrumihaving the width Ak = l/a, theveloc- 

h h 

ities of the partial waves cover a> region of width Av = — Ak =-— so 

m ma 

h 

that the packet broadens by Ax = t Av = — t as derived above. 

ma 

The flux is obtained from (17.10) with the help of the relation 


1 • 

difr +l a 2 k 0 


1 + i 


ht 


<A; 


ma 


straightforward calculation yields by comparison with (17.11): 

htx 


1 + 


s(x,t) = p(x,t)v 0 


ma A kr, 


1 + 


ht 


,ma 


(17.12) 


It follows that we by no means have s=pv 0 for all times, as we had 
for f=0. This again is a consequence of the finite width of the velocity 
spectrum: At the packet maximum, x 0 = v 0 t, Eq.(17.12) leads to the 
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elementary relation s = pv 0 ; for x^x 0 we find s$pv 0 , and this is 
reasonable because at a point x < x 0 (x > x 0 ) there have arrived at the 
time t those parts of the packet whose velocity is smaller (bigger) than v 0 . 

It may finally be mentioned that the normalization condition 
J dx p = 1 holds for all times, thus reflecting the conservation of matter. 


Problem 18. Standing wave 


A particle is included between two impenetrable potential walls at 
x = — a and x= + a. (The walls idealize a strong repulsion of the par¬ 
ticle when it approaches these boundaries.) The eigenstates shall be 
determined and discussed. 

Solution. We have 

i/f(x,t) = u(x)e (18.1) 


for stationary states. The space function u(x) satisfies the Schrodinger 
equation 

tt" + fc 2 u = 0 (18.2) 

with 


2m E 


(18.3) 


thence follows its most general form 

u(x) = AQ ikx + Be~ ik *. (18.4) 


Finally, the potential walls are imposing boundary conditions 

u(a) = 0; u( — a) = 0 (18.5) 


which, combined with the normalization condition 


+ a 


J dx|u(x)| 2 = 1, 


(18.6) 


permit the complete determination of the eigenfunctions, always ex¬ 
cepting the constant phase factor which remains free in quantum me¬ 
chanics. 

From (18.5) put into (18.4), we find two homogeneous linear equa¬ 
tions for A and B, 

Ae ika + Be~ ika = 0, 

Ae~ ika + Be ika = 0, 
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permitting a non-zero solution only for vanishing determinant: 

= 0 orsin2fca=0. (18.7) 


gifaj g- ifca 


g - ika gika 


This eigenvalue condition is satisfied only for the eigenvalues of k, 


n 


n= ± 1, ±2, +3,. 


(18.8) 


The value k= 0, also satisfying (18.7), can be excluded since it con¬ 
tradicts the normalization condition (18.6). The eigenvalues of the energy 
follow from (18.3) and (18.8): 


2m 


h 2 n 2 - 

- - 5 n . 

8 ma 


(18.9) 


From (18.8) we have 
so that 


e •*-» = e 2 = i" 
B = (-l) n+l A. 


If n is an odd integer, B=A and the normalized eigenfunctions are 


u n {x) = a ^ cos k„x = a ^ cos 


nnx 
2 a 


n=± 1,±3,... (18.10a) 


If n is an even integer, B= —A and we have 


u„(x) — a ^ sinfc„x = a ^sin^^, n=+2, ±4,... (18.10b) 

2 a 

Since u m apart from an irrelevant sign in (18.10b), does not depend upon 
the sign of n, we can ignore negative values of n so that e.g. the four 
lowest states become 


n= 1, 

Ei 

h 2 7 1 2 

, , nx 

ii ' — r\ T r*r>c_ 

%ma 2 ’ 

— U LUo , 

2 a 

3 

II 

K> 

e 2 

-'T 

II 

i . 7CX 

u 2 = a * sm —, 
a 

3 

II 

U> 

e 3 

= 9 E u 

i 37tX 

a, = a 1 cos- 

3 2a 

n= 4, 

E* 

= 16 E u 

i . 2rox 
u 4 = a 1 sin- 


a J 


(18.11) 
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It should be noted that the eigenfunctions are alternate symmetric (n odd) 
and antisymmetric (n even) with respect to reflection at the origin. This 
property is called the parity of the state; in the case of symmetry we speak 
of positive, in the opposite case of negative parity. The plus and minus 
signs (u„ + , u„~) refer to this property. 

The first four eigenfunctions have been drawn in Fig. 1. 



Fig. 1. The first four eigenfunctions of the one-dimensional potential well 


Since the space part of the eigenfunctions is real, there can exist no 
resulting flux in any state. This is a consequence of \A\ — \B\ in Eq. (18.4), 
cf. the discussion in Problem 16: The A wave and B wave in (18.4) con¬ 
tribute opposite currents and momenta. The eigenfunctions of the 
hamiltonian belonging to sharp energy values therefore are not eigen¬ 
functions of the momentum operator 

_ h d 
P i dx 


Indeed, differentiation of the functions (18.10 a, b) does not reproduce 
them but exchanges cosine with sine solutions. The expectation value, 
however, of the momentum can be computed according to 


+ a 


<n|p|n> = 


h 

i 


dxu n (x) — u n (x) 
ox 


Since the integrand is an odd function of x, this integral vanishes for all 
states: <n|p|n> = 0, in accordance with the vanishing flux. 
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NB. The mathematical problem is very much the same as the classical one 
of the vibrating string, the only difference being that here eigenvalues of the 
energy and there eigenvalues of the frequency follow the quadratic law (18.9). 
The classical vibration energy has no analogue, however, in the quantum me¬ 
chanical problem since it derives from the possible excitation of the string vibra¬ 
tion to arbitrary amplitudes, whereas the amplitudes of our wave functions are 
fixed by the normalization condition (18.6), i. e. by the fact that the particle 
number is one. 


Problem 19. Opaque division wall 

In the preceding problem an opaque wall of infinitely small width but 
infinitely large height shall be introduced at x —0 and its effect upon 
the eigenstates investigated. 


-a o + * 

Fig. 2. Potential well with opaque wall 


Solution. The opaque wall dividing the whole region into two equal 
parts may be obtained by idealization of a barrier of finite width 2 s 
(between x——e and x = +e) and height V 0 . We introduce the abbrevi¬ 
ations 


2m E 



2m 

¥ 


(V 0 -E) = x 2 , 


(19.1) 


then we have a total of four boundary conditions at this barrier, viz. 
continuity of u(x) and m'(x) at x = ± s, besides the two boundary conditions 
u(±a)— 0. Satisfying the latter two and writing the solution in real form, 
we have 


A t sin k(x+a) —a<x<—e, 

Bq~* x + CG XX — £<X<+£, 


A 2 sink{x — a) +s<x<+a. 


u = < 


> 


(19.2) 
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Then the continuity conditions at x = ±e give 


u ( — e) — A 1 sin k{a — e) — BQ XE + CQ~' XE , (19.3a) 

u'( — e) = kA 1 cos k(a — e) = x( — BQ XE + Ce~ xe ), (19.3b) 

u ( + s) = A 2 sin k(e — a)—Be~ XE + CQ XE , (19.3c) 

u'{+s) = kA 2 cos k(s — a) — x( — Be~ XE +CQ xe ). (19.3d) 


Eliminating A x from (19.3a, b) and A 2 from (19.3c, d), there remain two 
relations 


_ B e 2 * E + C 'I 

kcotk(a-e) = x Bq 2** +c ; 

► 

B — Ce 2xE 

k cot k(a — s) = x -—. 

v ' J3 + Ce 2 * 6 J 


(19.4) 


The identity of the two left-hand sides leads to equality of the right- 
hand sides. These become equal if, and only if, B=±C. If B — + C, 
it follows from (19.3a, c) that A x — — A 2 and we obtain a solution of 
even parity; if B = —C, we find A x —A 2 and have odd parity. Hence 
again, as in the preceding problem, the eigenstates divide into two classes 
of different parities. 

We now go to the limit £->0, oo in such a way that xs — 0 but 

x 2 s — Q (19.5) 

remains finite. We shall then call Q the opacity of the wall since the larger 
Q, the more opaque it becomes. For even parity (B — C) Eq. (19.4) then 
leads by power expansion on the right-hand side to 

kcotka=—Q. (19.6 + ) 

For odd parity {B——C) we find in the same manner 

k cot ka~* — go . (19.6 - ) 

The second case is simplest. The eigenfunction has a zero at the wall, 
and the solution becomes 


u„ (x) = 


A sin k n (x + a), 
A sin k~(x — a), 


— a<x<0, 
0<x< +a, 


k„ a = nn; n— 1,2,3,...; 

u" (- x)= - u„" (x); \A\ 2 = —. 

a 


> 


j 


(19.7-) 
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The eigenvalue condition (19.6 + ), on the other hand, permits only 
numerical determination of the eigenvalues k+, except in the two limiting 
cases of an entirely opaque wall (£2-> oo) where it leads to the same 
eigenvalues as (19.6 - ), viz. fc* ~nn, and of the entirely permeable wall 
(£2=0) with /c„ + —(n—j)n. For finite opacity, the value /c„ + therefore lies 
between k~ and fc~_ u i.e. as in the preceding problem, here again levels 
of even and odd parities alternate. The eigenfunctions then may be written 


u„ + (x) = - 


■ A sin kn (xTu), — a<x<0, 


+ A sin k+(x — a), 0<x<+«, 

(n—j)n<k+ a<mv, n = l,2,3,...; 


u?(-x) = u+(x); \A\ 


2 _ 


ik: 


2 k+ a —sin 2k+ a 
There is a finite amplitude at x =0 and a break in the curve 


(19.7 + ) 


Qa 

n= 1 

n=2 

n = 3 

n = 4 

n — 5 

0 

1.571 

Al\2 

7.854 

10.996 

14.137 

i 

1 

2 

1.715 

4.765 

7.886 

11.018 

14.155 

1.835 

4.816 

7.917 

11.040 

14.171 

l 

2.023 

4.915 

7.979 

11.085 

14.208 

2 

2.282 

5.091 

8.097 

11.173 

14.276 

4 

2.568 

5.361 

8.305 

11.335 

14.408 

10 

2.866 

5.763 

8.711 

11.704 

14.734 

00 

3.142 

6.283 

9.425 

12.566 

15.708 


In the accompanying table, for a few values of the dimensionless 
parameter £2 a, numerical values of k„ a have been computed for the 
lowest states according to Eq. (19.6 + ). The levels thus obtained have been 
drawn in Fig. 3 where full lines refer to even and broken lines to odd 
parity. On the left-hand side of Fig. 3, £2=0, we have full permeability 
of the wall, i.e. the situation of Problem 18. The more opaque the wall 
becomes towards the right-hand margin of the figure, the more the even- 
parity levels are raised, whereas the odd-parity levels remain unaffected. 
This behaviour is reflected by the even-parity eigenfunctions, as an 
example of which the one for n — 1 has been drawn in Fig. 4. (The functions 
are not normalized.) For the impermeable wall (£2-» oo), the amplitude 
at x=0 falls to zero and both halves become independent of one another. 
Except for the sign in the left half, this result is identical with the first odd 
eigenfunction shown at the bottom of Fig. 4, so that in the limit £2->oo 
the energy levels become degenerate (right margin of Fig. 3). 
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Fig. 3. Level positions 
for different values of wall 
opacity. Full lines even, 
broken lines odd parity 



Fig. 4. Lowest eigenfunction for different 
wall opacities. Above 1 + , below 1~, as 
limiting cases 
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Problem 20. Opaque wall described by Dirac 6 function 

The potential wall of the preceding problem may equally well be described 
by a Dirac S function according to 

h 2 

V(x) = —QS(x). (20.1) 

m 

This shall be shown, and the boundary condition at the wall discussed. 

Solution. The Schrodinger equation 

u" + [fc 2 -2G<5(x)]u = 0 (20.2) 

shall be solved. First of all, we state that the differential equation (20.2) 
as well as the boundary conditions u( + a)=0 are invariant with respect 
to the parity transformation x-+ — x. The problem defined by both 
differential equation and boundary conditions can therefore be solved 
only by functions which are eigenfunctions of the parity operator 
(exchanging x with — x) as well. This can be seen as follows: any function 
u(x) may be decomposed into an even part /(x)=/( — x) and an odd 
part g(x)= — g( — x) so that 

u(x) = A f{x)+Bg(x); u( - x) = Af(x) -Bg(x). 

If u(x) is a solution of our problem, so is u( — x), and as there is no degener¬ 
acy involved, the solution is unambiguous save for a constant factor, 
say a. Hence, 

u( — x)-au(x) 
or 


Af(x)-Bg(x) = oc[Af(x)+Bg(x )]. 

Since / and g are linearly independent this holds if, and only if, A —a, A 
and B——(xB, i.e. either if a= 1, J3 = 0 so that u(x) is of even parity, 
or if /4 = 0, a= — 1 so that u(x) is of odd parity. 

We now consider the neighbourhood of the potential wall. Inte¬ 
gration of Eq. (20.2) across the wall, u being continuous, yields 


u'( + 0)-u'(-0) = 20u(0), 
i.e. the logarithmic derivative 

u'(x) 


L(x) = 


u(x) 


is discontinuous with a jump of 2Q at the wall: 

L(+0) —L(—0) = 2fl. 


(20.3) 

(20.4) 


(20.5) 
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Thus the rather cumbersome limiting process used in Problem 19 may 
be replaced by an admittedly rather artificial but very simple boundary 
condition at the wall. It should be noted that this boundary condition 
is derived from the behaviour of the differential equation in the wall 
neighbourhood only, so that it still holds for a superimposed non¬ 
singular potential V{x) and any boundary conditions elsewhere. 

We now turn to a brief discussion of the eigenfunctions. For a solution 
of odd parity, u~(x) has a zero at the wall: u~( 0) = 0. Then according 
to Eq. (20.3) the derivative will be continuous without any jump. Hence 
the odd solutions turn out to be unaffected by the wall, however opaque. 
This is in perfect agreement with the results derived in Problem 19, 
Eq. (19.7 -). 

A solution of even parity, on the other hand, necessarily must be 
of the form 


} — A sin k+ (x + a) in — a^x<0, 

+ A sin k+{x — a) in 0<x<+a 


(20.6) 


as given in Eq. (19.7 + ). From (20.6) we gather 


L( + 0) = — fc„ + cot k+ a; L(—0) = +fc„ + cot k+ a 


and according to condition (20.5) 

k+ cot fc„ + a— — Q , 

in agreement with Eq. (19.6 + ). The further discussion thus becomes 
identical with the one in Problem 19. 


Problem 21. Scattering at a Dirac 3 function wall 


A current of particles of energy E, arriving from the left, strikes a potential 
wall at x = 0 given by 


h 2 

F(x) = —Q5{x) 
m 


( 21 . 1 ) 


It shall be shown that the effect of the wall consists of the production 
of a “scattered” wave, starting from the wall in both backward and for¬ 
ward directions. 

Solution. Except for the infinitesimal neighbourhood of x = 0, the 
complete solution of the Schrodinger equation can be written 

e = 2mE 


h 2 


u(x)=AQ ikx +Be lkx ; 


k> 0 


( 21 . 2 ) 
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where A and B are different constants for x<0 and x>0 which can 
be adjusted to make (21.2) satisfy the boundary conditions. These 
lead to the more special form 


u(x) = 


Q ikx + B Q-ikx 

(1 +F)e ikx 


for x<0, 
for x>0 


(21.3) 


if the amplitude of the incident particle current is normalized to 1. 
Then B is the backward, and F the forward scattering amplitude. 

According to (20.3), the behaviour of u(x) at x=0 is determined by 

u(+0) = u( —0) and u'( + 0)-u'(-0) = 2Qu(0). (21.4) 


These relations yield B = F and 


so that finally 


ik(l+F)-ik{l-B) = 2Q(l+B) 


B = F = 


Q 

ik — Q 


(21.5) 


In the solution (21.3) we can distinguish three different currents: 
the incident one has been normalized to unity, the reflected intensity 
is |JB| 2 and the transmitted intensity |1+F| 2 . From (21.5) there follows 


o 2 k 2 

|1+F|2 = fi r +F (216) 

leading to the conservation law (equation of continuity) 

1 = \B\ 2 + \1+F\ 2 ; (21.7) 

i. e. the sum of reflected and transmitted intensities is equal to the 
incident intensity of the current. 

If the wall is very opaque (i2-»oo), Eq. (21.5) leads to B^ — l and 
1+F^0 so that we approach total reflection. If, on the contrary, the 
wall is almost completely transparent (&->0), we find 


and the scattered intensity becomes inversely proportional to the par¬ 
ticle energy. This does not, of course, hold for small energies ( k<,Q ) 
but only within the high energy limit. It is a special case of Born’s first 
approximation valid at high energies, and it should be noted that the 
condition for its validity is not (as is sometimes stated) that the kinetic 
energy remain large compared to the potential energy F(x) through¬ 
out, since in the present example the latter becomes even infinitely large 
at x=0. 

It is a special feature of the potential (21.1) that forward and back¬ 
ward scattering amplitudes are equal for all energies. 
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Problem 22. Scattering at a symmetric potential barrier 

A current of particles of energy E strikes a potential barrier V(x) re¬ 
stricted to the region — a^x^+a. The potential is supposed to be 
an even function of x: 

F(x)=F(—x). (22.1) 

The amplitudes of backward and forward scattered waves shall be 
determined in terms of the logarithmic derivatives, of the wave func¬ 
tion at x= ±a. 

Solution. The symmetry condition (22.1) has the important con¬ 
sequence that for every energy E there exists a solution of the Schrodin- 
ger equation of even parity, 

u+(x) = «+( — x); u+(x) = —u+( —x), (22.2a) 

and a solution of odd parity, 

u_(x) = —u_( —x); ul(x) = u'-( — x). (22.2b) 


Since both are, of course, linearly independent of one another, the 
general solution will be any linear combination of them. The two partial 
solutions u+ and u_ may be determined inside the interval —a<x<+a, 
in the worst case by numerical procedures starting from x = 0 with 


and 


u+(0)= 1; «+(0) = 0 

u_(0) = 0; uL(0) = 1 


in an arbitrary normalization of these two basic solutions. Thus we 
can compute their logarithmic derivatives at x = a which we shall 
write for convenience in a dimensionless form 


au' + (a)/u+(a) = L + ; au'-(a)/u_(a) = L_ (22.3) 

independent of their respective normalizations. The logarithmic deriv¬ 
atives au' ± ( — a)/u ± ( — a) at x=— a then follow from (22.2) to be — L+ 
and — L_. 

The solution, corresponding to a wave of unit amplitude incident 
from the left, can be written 


' Q ikx +Be~ ikx , 
u(x) = Q u+ (x) + C 2 «- (x), 
(1+F)e ik *, 


— oo <x< —a, 

— a<x< +a, 
+ a<x< + oo. 


> 


(22.4) 
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Continuity of u(x) and u'(x) at x= ±a yields four conditions, viz. 


e~ ika + Be ika = 

C 1 u+(«)-C 2 u_(a), 

(22.5 a) 

ik(e~ ika — Be ika ) = 

— C 1 u+(a) + C 2 ul (a ), 

(22.5 b) 

(1 +F)e ika = 

Q u + (a) + C 2 u_(a), 

(22.5 c) 

ifc(l +F)e ika = 

u+(a) + C 2 uL (a). 

(22.5 d) 


The sum of (22.5a) and (22.5c) gives 2 C 1 u+(a) and the difference of 
(22.5 b) and (22.5 d) 2C 1 u+(a). The ratio of both is 


—e~ ifca +(l +F+B)e ika 
L+=ika —zttt 


e ika + (l + F +JB)e 


ika 


(22.6 a) 


By the same procedure, with opposite signs, we find 


ika 


L_ = ika 


e +(1 +F —B)e 

-Q~ ika + (1+F-B)e ika ' 


(22.6 b) 


Solving (22.6 a, b) with respect to 1 + F + B and using the abbreviation 


ka — q 

we finally arrive at the amplitude relations 

L + +iq 


L- + 


L + —iq L_ — 


iq\ 

i<l J 


(22.7) 


(22.8 a) 


and 


1+F= — -e" 2 **!" —— - — ■ — 1. (22.8b) 

2 j L+—iq L_—iqj 

According to the equation of continuity, we expect the sum of reflected 
and transmitted intensities to be equal to the incident one. Indeed, from 
(22.8 a, b) there follow the formulae 


and 


\B \ 2 = 


|1 +F| 2 = 


{L + L_+q 2 ) 


2\2 


(L + +q 2 ) 2 + q 2 (L + —L_) 2 

q\L + -L_) 2 


(L + L_ +q 2 ) 2 + q 2 (L+—L-.) 2 
They evidently satisfy the expected relation 

|B| 2 + |1 + F| 2 =1. 


(22.9 a) 


(22.9 b) 


( 22 . 10 ) 


The problem of determining the scattering amplitudes in forward 
and backward directions has thus been reduced to finding the logarithmic 
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derivatives (22.3) at x = a of the even and the odd parity wave functions. 
This cannot, of course, be accomplished as long as no special form of the 
potential (22.1) has been introduced. 

In contradistinction to Problem 21, we no longer have B = F. 
Forward scattering prevails if 

<l\L+ —L_|>|L + L_ +q 2 1, 

backward scattering in the opposite case. 


Problem 23. Reflection at a rectangular barrier 

The general formulae derived in Problem 22 shall be applied to a potential 
barrier with 

2 m 

— V = kl in |x|<a, (23.1) 

fr 

and F=0 elsewhere. The transmittance of the barrier shall be determined. 

Solution. Inside the barrier, the Schrodinger equation becomes 

u" + {k 2 -k 2 )u = 0. (23.2) 

There are, therefore, solutions of different type for a kinetic energy below 
(k<fc 0 ) and above (k>k 0 ) threshold. We begin with the first case and 
write 


k.% — k 2 = x 2 ; u" — x 2 u=0. 

(23.3) 

Then the even solution is 


u + (x) = coshxx; u + (0)=l; u' + (0)=0 

(23.4 a) 

and the odd solution 


u_(x) = — sinhxx; u_(0) = 0; u'_(0)=l. 

Y. 

(23.4 b) 

Hence, 


L+ = au' + (a)/u + (a) = xa tanh xa ; 

(23.5 a) 

L_ = a u'_ (a)/u _ {a) = xa coth xa. 

(23.5 b) 


The transmittance of the barrier then follows from (22.9 b) by elementary 
reshaping: 

T = |l + F| 2 = - - (23.6) 

l+(—— ) sinh 2 2)«a 

\2kxJ 
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whereas the reflectance, according to (22.10), is given by 

R = \B\ 2 = 1-T. (23.7) 

In classical mechanics, the whole flux arriving from the left side would 
be reflected at the barrier so that \B\ 2 = 1 and |1 +F\ 2 =0. This happens, 
according to Eq. (23.6) if, and only if, xa-*ao, i.e. if there is a very great 
„potential mountain 14 above the energy level of the particles, the trans¬ 
parency of the barrier will become very small though still finite (“tunnel 
effect”). The transmittance of the barrier may then be written approximat¬ 
ely 

16 k 2 x 2 . 

T = —rj— q~ xa , (23.8) 

k 0 

its order of magnitude being mainly determined by the exponential 
factor. 

The exponent 

+ a 

4xa = 2 j*dxj/^(F-£) 

— a 

will be generalized to this integral form for any potential V(x), below (cf. Prob¬ 
lem 116). 

If, on the other hand, the kinetic energy exceeds the height of the barrier, 
the quantity x defined by (23.3) becomes imaginary. With the abbreviation 

K 2 = k 2 -k 2 0 =-x 2 (23.9) 


we may then write, instead of (23.6), 


1 

1 sin 2 2 Ka 

\2kKj 


(23.10) 


Though in classical mechanics there should be T = 1 and R=0 at 
these energies, the transparency following from (23.10) shows maxima 
of T = 1 only at 2 K a=n n (n = 1,2,3,...). Between these there are minima 
in the neighbourhood of 2Ka=(n+j)n which lie the closer to T=1 the 
smaller the factor in front of the sine in (23.10), i.e. the higher the energy 
above threshold. 

The general behaviour of T as a function of the energy (in units of the 
threshold height, say, U) is shown in Fig. 5 where T has been drawn 
as a function of E/U for the example 2k 0 a = 3n. The wave function has 
been explained in Fig. 6 where |u| 2 has been drawn vs. x. On the right- 
hand side of the barrier we simply have |m| 2 = |1+F| 2 , i.e. constant, 
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whereas on its left there is interference of the incident with the reflected 
wave. Fig. 6 shows this feature for k 2 = y, 2 = ^k 2 0 ,and different widths of 
the barrier. The broader the latter, the smaller is the intensity transmitted 
and the more pronounced the interference phenomena become. 



Fig. 5. Transmittance of potential barrier for E>U in dependence upon energy 


a-0 




a=5 


Fig. 6. Probability density |u| 2 in the current falling upon the barrier from the 
left, in the case E<U. The two vertical lines mark the width a of the barrier. 
The waves on the left are caused by interference between incident and reflected beams 
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Problem 24. Inversion of reflection 


Let a potential threshold F(x)>0 in the interval 0<x<a form an 
obstacle to a wave incident from the left (x < 0). It shall be proved that the 
coefficient of reflection is the same when the wave falls on the obstacle 
from the right (x>a), whatever the potential shape. 

Solution. Let u(x) and u(x) be two real and independent solutions of 
the Schrodinger equation in the interval 0<x<a with the Wronskian 

uv' — vu'= 1. (24.1) 

The wave function in the case of the wave incident from the left is then 
of the form 2 

f Q ikx +Re~ ikx , x<0, 1 

i j/= < Au(x) + Bv(x), 0 <x<a, > (24.2) 

[Ce* (x ~ fl) , a<x j 

and the conditions for continuity of \J/ and ij/' at x=0 and x — a are 

1 +R = A u(0) +Bv{ 0), 
ik(l-R)=Au'(0) + Bv'(0), 

Au(a) +Bv(a) = C, 

A u'(a) + Bv'{a) — ikC. 

From the last pair of equations, making use of (24.1), we find 

A= C[v'(a)-ikv(a)],\ , 

B=—C[u'(a) — iku(a)]. ) ' 

Putting these expressions for A and B into the first pair of the Eqs. (24.3) 

W6get 1 +R = (p 0a -iq)C; 1 — JR = (p a0 — ir)C (24.5) 

with the abbreviations 




(24.3) 


Poa~ u (0) v'(a) — v(0) u'(a ), 
p aO = M(«)u'(0)-u(a)u'(0), 
q — k [u(0) v(a) — v(0) u{aj ], > 

r=- [u'(0)u'(a) - i/(0)u'(a)]. 
k 

From (24.5) we finally find 

R = (Poa-Pao)-Kq-r ) 

(Poa + Pao)- i (q + ry 


(24.6) 


(24.7) 


2 We write for the space part of the wave function in this problem since u 
is used in another sense. 
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and the reflection coefficient becomes 

\ r \2 = fooq - P a o ) 2 + ( < ?- r ) 2 ' 
iPOa+Paof+^ + r) 2 ' 


(24.8) 


Now take the opposite case with the wave incident from the right- 
hand side. The wave function (24.2) has then to be replaced by 

'Ce~ ikx , x<0,' 

ij/ =< Au(x) + Bv{x), 0 <x<a, > (24.9) 

e -Mx-a) + fc e mx-a), a<% 

The conditions of continuity run as follows: 

1 + R = Au(a) +Bv(a), 

-ik(l-R) = Au'(a) + Bv'(a), 

^4u(0) +Bv( 0) = C, 

Au'{0)+Bv'(0) = -ikC. 


(24.10) 


They have the same structure as Eqs. (24.3) from which they can be 
obtained by exchanging the two arguments x=0 and x=a and re¬ 
placing k by — k. This transformation, applied to (24.6) renders 


POa^PaO’ PaO^Poa’ <1^ K * -* T, (24.11) 


i. e. the only difference in the final formulae (24.7) and (24.8) occurs 
by exchanging p 0a and p a0 . Therefore, since (24.8) is symmetrical in p 0a 
and p a0 , the reflection coefficient 

|£| 2 = |i?| 2 (24.12) 

is the same for waves incident from both sides, as was to be proved. 
This does not, however, hold for R, Eq. (24.7) which, written as a ratio 
R = oc/p of two complex numbers a and /? according to (24.7) is trans¬ 
formed into R= —<x*/p. 


Problem 25. Rectangular potential hole 


For a rectangular potential hole 


V{x) = 


— U |x|<a, 

0 elsewhere 


(25.1) 


the bound-state solutions and their eigenvalues shall be determined. 

Solution. Since for states of positive energy the general behaviour 
can be gathered without difficulty from the preceding problem, it suf¬ 
fices to discuss negative energies, i. e. bound states. 
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The potential is invariant with respect to inversion, V(x)=V( — x), 
so that the solutions have either even or odd parity (cf. Problem 20). 
Putting 

p.2 - h. 2 h2 

E == k 2 = k 2 -x 2 (25.2) 

2m 2m 

these solutions are 


even: 


u+{x) = 


\A + coskx, 0 <Lx<a, 

(yl + coskaQ x{a ~ x) , x>a, 
u+(-x) = u+(x), 


1 /A 2 + = y [ka+siakacoska] + — cos 2 ka; 
k yt 


V (25.3 e) 


odd: 


u_(x) = 


fy4_ sinfex, 


0<x<a, 


(/!_ sinfcae* (a x) , x>a, 
u_( —x) = —m_(x), 

l/A 2 - = [ka — sin/cacosfca] + —sin 2 fca. 

K % 


> (25.3 o) 


Here the amplitudes inside and outside the potential hole have been 
adjusted to make u(a) continuous. The normalization constants have 
been calculated from the condition 

j dx|u| 2 = 1. 


Continuity of vi at 

x = a adds another relation, viz. 


even: 

— ksinka= —xcoska 


or 

yc 

tan ka = — ; 
k 

(25.4 e) 

odd: 

kcoska = — xsin/ca 


or 

i k 

cot/ca =-. 

X 

(25.4 o) 
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Using (25.4) and (25.2), we can recast the normalization expressions so 
that we obtain the same equation 

1/A 2 ± =a + - (25.5) 

for both cases. K 

In order to find the eigenvalues from (25.4), we replace x on the 
right-hand side according to (25.2) and introduce the abbreviation 



n 

ii 

o 

(25.6) 

We thus obtain 



even: 

«a„* a =^r^ ; 

ka 

(25.7 e) 

odd: 

, ka 

tan ka = -. 

(25.7 o) 


]/ C 2 — (k a) 2 


For a given potential, C is a constant determining the size of the hole 
(C 2 oc Ua 2 ), and Eqs. (25.7e, o) can be used to find all values of ka and 
thus of the energy 



compatible with the size of the hole. 

Fig. 7 shows the function tanka vs. ka as well as the expressions 
on the right-hand side of (25.7 e) and (25.7 o). The solution of these 
eigenvalue equations is obtained from the intersection of the curves of 



Fig. 7. Graphical solution of Eqs. (25.7 e, o). The line tank a intersects the curves 
which represent the right-hand sides for different-values of the size parameter C. 
Curves at positive ordinates for even, at negative ones for odd parity 
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the last two with the tangent line. These curves, of course, still depend 
on the size parameter C. Starting with C— 1, e. g., we have the inter¬ 
section denoted by a in the even, and no intersection at all in the odd 
case. A hole of this size therefore contains no more than one eigenstate 
with even parity. In Fig. 8 a the hole has been drawn with its eigen- 



Fig. 8 a—f. Energy levels in potential holes of different sizes determined by the 
size parameter C. Full lines even, broken lines odd parity 


value. For a bigger hole, C= 1.5, the intersection in Fig. 7 occurs at 
the point j?; again we have only one even-parity state (Fig. 8 b), and 
Ep<E a because (ka) p >(ka) a . If we further increase the size, taking 
e. g. C=2, the intersection y leads to the lowest even-parity state 
(E y <Ep), but an odd-parity state is now added corresponding to the 
intersection at a' (cf. Fig. 8 c). Further increase gives a growing “capac¬ 
ity” for eigenstates to the hole (Figs. 8d, e, f), the number of states grow¬ 
ing linearly with C and forming an alternate series of even and odd 
states. The eigenfunctions follow the general rule that, the more zeros 
they have, the higher they lie in the energy scale. The four lowest states 
are shown in Fig. 9 for C= 5. 
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In classical mechanics, the particle might oscillate with any energy 
between the two walls at x=±a bounding the hole. Outside, it would 
have negative kinetic energy so that these regions would be inaccessible. 
In quantum mechanics, this condition becomes less rigorous. The prob¬ 
ability of finding the particle inside the hole, P h is less than unity: 

+ a 

p ‘=l dxM2 = l -m^y (25 - 9 > 



Fig. 9. Energy levels and eigenfunctions for C=5. Full lines even, broken lines 

odd parity 


so that there remains a finite probability that it will stay outside. For any 
interval outside, this probability decreases exponentially as e -2 * (W-a) 
with increasing distance |xj — a from the hole. 


Problem 26. Rectangular potential hole between two walls 

The solutions of the Schrodinger equation shall be determined for the 
potential drawn in Fig. 10. Special consideration shall be given to the 
limit l —►O for the states of positive energy. 

Solution. We begin with a brief discussion of the “bound” states, 
£<0. Using again the symbols k 2 , k%, and x 2 defined in (25.2) and 
normalizing so that 

J dx\u\ 2 — 1, 

-i 
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we may write the wave functions as follows: 
even parity: 

A+coskx, 0 <x<a, 

cos ka . , . . 

A +-—— --sinhjcl / —x), a<x<l, 

smh x{l — a) 


u + =■ 


In . , , , cos 2 kaV , „ . x(l-a) 

1/A+ = — Lfea+smfeacosfeaJ H-coth x(l — a )— 7 

k x 


sinh 2 x(l — a) 

(26. le) 


odd parity: 


u_ = 


sinfcx, 

sink a 
A~ 


sinhx(/— a) 


0 <x<a, 
sinhx(/ —x), a<x^l, 

sin 2 ka 


l/AL = y [ka — sinka cosfea] + ~ [cothx(/—a )—7 2 


x(l — a) 


L 


sinh x(/ —a) 

(26. lo) 



Fig. 10. Potential of Problem 26 


Here again, as in Problem 25, u(a) is made continuous, but continuity 
of u'(a) imposes another condition in either case, viz. for 


even parity: 


x 


tan ka = — coth x(l—a), 

K 


(26.2 e) 


odd parity: 


tan ka= -tanh x{l — a) 


(26.2 o) 
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from which the eigenvalues may be computed. We do not, however, 
follow this in detail. Suffice it to remark that if ' 

x(l — a) > 1 

the coth- and tanh-functions both rapidly tend towards unity. Eqs. 
(26.2 e, o) then pass over into the eigenvalue conditions (25.4e, o) of the 
preceding problem, and the normalization relations for l/A 2 ± of (26. le, o) 
into those of (25.3e, o). In the wave functions (26.le, o) themselves, for 
|x|</ so that x(l — x)> 1, one may write 

sinh *(/ — *) = cX(a _ x) 
sinh x(l—a) 

thus again falling back on the wave functions (25.3 e, o). 

It is of much more interest to study positive energies where for 
finite l there are discrete eigenvalues which with increasing l form an 
increasingly dense level system, in the limit oo passing over into a 
continuum. Writing for E > 0, 

h 2 K 2 

E = ~2m~’ K2= -* 2 = k2 ~ k l’ (26.3) 

the wave functions then become for 
even parity: 


r A + cos kx, 
w+ = < cos ka 
A+ sin K(l-a) 


sin K(l — x), 


0 <x<a, 
a<x<l. 


1 /A\ =-r [ka+sinkacoska] — C ° S 
k K 


cot K(l — a) 


odd parity: 


K(l — a) 
sin 2 K(l — a) ’ 

(26.4 e) 


u_ = 


fA— sin kx, 

sinka 
A_ 


sin K(l — a) 


sin K(l — x), 


0 <x<a, 
a<x<l, 


1 /A 2 . = [ka—sinka coska] — s * nka 

K A 


cot K(l — a) 


K(l — a) 
sin 2 K(l — a) 

(26.4 o) 
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Continuity of u(a) is performed in these expressions, but continuity of 
it' (a) again adds the eigenvalue conditions for 


even parity: tanka = — cot K(l — a), 

rv 


A/ 

odd parity: tan ka= — — tan K(l — a). 

A 


(26.5 e) 
(26.5 o) 


Making use of these relations, we may replace cot K(l — a) in the last 
bracket of the normalization expressions i/A\ thus obtaining 

l/A\ = -^-[ka + sinkacosfca] 

K 

/ k 2 . \ k 

+ (/ —a) I cos ka + sin kaj — sinfcacosfca (26.6e) 


and 


1 


l/A- = — [ka— sinkacoska] 

/ k 2 \ k 

+ (l — a)( sin 2 ka + cos 2 ka\ + sinkacoska. (26.6o) 

If /—♦ oo, the second term will grow beyond all limits so that 

1 /A 2 + = l (cos 2 ka + sin 2 kaj; 1/Ai =/ |sin 2 ka + cos 2 kaj. (26.7) 

The amplitudes outside the hole, however, can be determined from 
(26.4 e, o): 

sin 2 K(l — a) sin 2 K(l—a) 

A 2 cos 2 ka ’ A 2 sin 2 ka 

so that both wave functions, for x>a, become 

1 


u ± = 


VT 


sin K(l — x). 


(26.8) 


Here, l still enters the phase of the wave functions from which it can 
be eliminated by again using the eigenvalue conditions (26.5 e, o): 


/* 


even: 


Kl — tm 


-l 


+ tankatanXa 
_ 


(26.9 e) 


odd: 


Kl — tan 1 


ytan ka — — tan Ka j 

I K , \ 

' tanKa —— tanka 
k 


1 + —tanka tanXa 
k 


(26.9 o) 
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The most striking feature, however, of the system of wave functions 
is their level density to be derived from (26.5 e, o) for very large, but 
still finite values of l. The right-hand sides of these equations run 
through all real numbers between — oo and + oo at intervals of width n 
in the variable Kl. In each such interval there exists exactly one solu¬ 
tion to either equation so that we obtain alternating even-parity and 
odd-parity levels at an average distance AK = n/(2l) in the K scale. 
From (26.3) the average level distance in the energy scale becomes 





(26.10) 


The average distance of two consecutive levels therefore only increases 
as £$, and is inversely proportional to the length of the normalization 
interval. In the limit /-> oo therefore the discrete energy spectrum passes 
over into a continuous spectrum. 

The amplitude structure of the continuum is shown for k 0 a = C=2 
in Fig. 11. The dimensionless quantity A 2 l is a measure of the amplitude 
square inside the hole when normalization outside stays the same 


even odd 



Fig. 11. Virtual states in the continuous spectrum 


throughout and l is large. This quantity has been drawn according to 
(26.7) vs. (Ka) 2 , i. e. vs. energy in a dimensionless scale. It is clear that 
A 2 1 reaches a maximum of 1 at an infinite sequence of energies between 
which there are amplitude minima which are the less pronounced the 
higher the energy. (Note that the lower half of the ordinate scale has been 
omitted in the Fig. 11.) The states at energies of maximum amplitude 
still preserve a remnant of the eigenvalue structure at positive energies, 
because they correspond to the greatest possible concentration of the 
wave function inside the hole. They are therefore frequently introduced 
as virtual states (in contrast to the “real” eigenstates at negative energies). 
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Problem 27. Virtual levels 

A potential “cavity” between x=0 and x = a is bounded on its right- 
hand side by an opaque wall (cf. Problem 20) as shown in Fig. 12 so 
that a small coupling exists between the wave function outside and inside 
this wall. It shall be shown that, for large wall opacity, there exist narrow 
bands of energy in which the coupling becomes rather strong. Numerical 
example: Qa/n = 50. 


| 

I 


o 


Fig. 12. Potential cavity bounded by a permeable wall 


Solution. There is a continuous energy spectrum whose wave 
functions, normalized to unit amplitude outside the cavity, are 


w(x) = 


\A sinfcx, 0<x<a, ] 

|sin(fcx + <5), u<x<oo.j 


(27.1) 


At a wall of finite opacity Q, the boundary conditions according to Prob¬ 
lem 20 are 

«. I fl\ _ fl\* 1 

(27.2) 


or, with (27.1), 


«(a + 0) = u (a — 0); 1 

u'(a +0) = u'(a — 0) + 2 Q u{a) j 

sin(/ca + <5)= Asinka; 
kcos(ka + 3) = kAcoska + 2QAsinka. 

These two relations determine the phase angle 6 from 

Q 

cot(ka + S) — cotka = 2 — 

k 

and the wave amplitude A inside the cavity from 

, Q Q 2 , 

1/A 2 = 1 +4 — sin ka cos fea-l-4—^ sin 2 ka 
k kr 


or 


Q 


Q 2 


l/v4 2 = l-(-2 — sin 2fca + 2-^-(l —cos 2 ka). 
k k z 


(27.3) 

(27.4) 

(27.4') 
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For an impenetrable wall (Q->co), the amplitude A vanishes, i.e. 
a vibration outside would not then be able to extend to the inside of 
the cavity; the latter would be wholly decoupled from the outside. 
A large but finite value of Q, however, would allow for a small amplitude 
A~k/Q which might even become quite large if the trigonometric 
functions in (27.4) are close to zero. 

Let k be a number large compared to n, then the trigonometric 
functions will vary over an entire period within an interval in which 
Q/k remains nearly constant (viz., if kapln). Maxima and minima of 
A 2 can then, in a reasonable approximation, be found by differentiating 
(27.4') with respect to 2 ka, keeping Q/k constant: 


r em 2 ) 


Q Q 2 

. , . =2 —cos2ka + 2- T sin2ka = 

Ld(2M_W k k 


■■ 0 


leads to 


k 

tanlka— -. (27.5) 

Denoting the solutions of (27.5) by k„ and using the abbreviation 

kJQ-e, (27.6) 

we obtain 

2k n a = nn— tan _1 e„ (27.7) 

with integer n, and therefore 

p 1 

sin2fc n fl=( — 1)" +1 — -— : cos2k n a = ( —IP — 

V 1 + £ n ]/1 + £ n 

Putting this into (27.4'), the extreme values of 1 /A 2 become for even 
n = 2,4,6,... 


Inl¬ 
and for odd n = 1,3,5,... 

1/A„ 2 = 1 + 


|/f+j? e 2 


+ 


1 - 


V 1 + e n / 


|/l+ £ n 


1 + 


l/1 + S n' 


(27.8 a) 


(27.8 b) 


Since e„<^ 1, these expressions may be expanded in powers of s„: 

1 k 2 
l/A 2 = — £ 2 = -24 
" 4 " 4 Q 2 


for n = 2,4,6,... 


(27.9 a) 
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1 , 4 Q 2 

t£„ - - 7 T for n = 1,3,5,, (27.9b) 


neglecting terms of the order e* throughout. 

For even n, i.e. for ka being close to an integer multiple of n, we 
therefore obtain a maximum amplitude 


n,max , ^ 1 » 

K 


(27.10) 


and for odd n, i.e. if ka lies close to an half-integer multiple of n, a mini¬ 
mum amplitude 


An ’ min 2 Q <1 ' 


(27.11) 


Only around the energy values leading to (27.10) therefore there will 
exist appreciable coupling so that the outside wave function penetrates 
the barrier. In classical terms, this means the existence of resonance 
frequencies at which the cavity can be excited to eigenvibrations from 
outside. 

These resonances occur, according to (27.7), if k n a deviates only a 
little from nn with integer n, i. e. for such values of k that the wave function 
inside the cavity as given by (27.1) lies quite close to 

. nnx 

u„(x )=A sin- with u„(a) — 0, 

a 

the eigenfunction for an impenetrable wall (Q-+ oo). Hence, the resonance 
levels lie close to the energy eigenvalues of the cavity for Q->co. They 
therefore are called virtual levels of the system. 

For the numerical example Qa = 50 n = 157.08, the amplitude A 
between 2ka=19n and 2ka = 2ln is shown in Fig. 13. In this case, 
k/2Q^0A and it can easily be seen that A is generally of this order, 
except in a very narrow region a little below 2k a = 20 n, where it has a 
typical resonance. Series expansion of l/A 2 around the resonance energy 
defined by 

_. k 

2k 0 a=2nn — tan — 


yields approximately 


40 4 

1+^(2 ka- 


a — 2k 0 a) 2 


(27.12) 
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or a line-width of the order of 


Ak 


k 2 


AQra 


(27.13) 


It remains to discuss the phase angle from (27.3). A simple trigono¬ 
metric reshaping yields 


Q 1— cos2fca 

tan (5= — --. 

k Q . 

1 H—sin2fca 
k 


(27.14) 



Fig. 13. Resonance level: Wave amplitude in dependence upon energy 


If Q/k is very large, we can in general neglect the 1 in the denominator 
so that (27.14) becomes independent of Q \ 

c 1— coslka 

tan<5~-;-= —tanfca 

sin2fca 

which again corresponds to an impenetrable wall with the wave function 

u(x) = sinfc(x— a) 
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for x>a. Only in the vicinity of 

k 

sin2 ka= - 

Q 


(27.15) 


does this approximation no longer apply. There are two types of solution 
to (27.15), viz. where 2ka is either a little larger than (2n+l)n, or a little 
smaller than 2nn. In the first case, the numerator 1 — cos 2 k a is close 
to 2 and about constant. Then, tan <5 runs through a singularity or <5 
becomes an half-integer multiple of n, say, tc/ 2. The phase curve has a 
steady slope and shows no very peculiar behaviour in this region. If, 
on the other hand, 2ka lies in the neighbourhood of 2nn, the numerator 
has a zero quite close to, but not coincident with, the zero of the denomin¬ 
ator defined by (27.15) so that tan d, Eq. (27.14), passes infinity, i.e. phase 
angle n/2, and zero, i. e. phase angle n, within an extremely short interval 
of 2 k a. As we have seen above, resonances will occur in the regions 
close to 2ka=2nn and it is quite usual for vibrating systems to exhibit 
a phase jump of about n when passing through resonance. 



2ka 


Fig. 14. Resonance level: Phase angle in dependence upon energy 


As a numerical example, we have drawn in Fig. 14. the phase angle 
passing through the interval of 2ka shown in Fig. 13. If Q were infinitely 
large, one would obtain the broken line where a phase jump n at 2 k a = 20 n 
has been arbitrarily introduced; this with increasing energy would 
suddenly invert the sign of the normalization constant in the wave func¬ 
tion. It would, however, not have any physical significance because any 
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integer which is a multiple of n may always be added to the phase. 
For the finite value of £2 used above, however, the full curve in Fig. 14 
holds; this leads to a set of wave functions for varying energies, not 
departing very much in phase from those for the impenetrable wall but 
leading continuously through the resonance energy, so that the phase 
jump gains real significance. 


Problem 28. Periodic potential 

General conditions shall be derived for the wave functions and for the 
determination of the energy spectrum in a periodic potential. 

Solution. If F(x) is a periodic potential with period a, the Schrodinger 
equation is invariant with respect to all translations by integer multiples 
of a: 


F(x+a) = V(x); x-*x + na, n=0, ±1, +2,... (28.1) 

Let us denote two linearly independent solutions of the Schrodinger 
equation by u*(x) and u 2 (x), then u 1 (x+a) and u 2 {x+a) must also be 
solutions. Since any solution may be represented as a linear combination 
of Uy(x) and w 2 (x), this must also hold for u^x -fa) and u 2 (x + a), i.e. 

u 1 (x+a) = C 11 m 1 (x) + C 12 m 2 (x), | 
w 2 (x + a) = C 21 m 1 (x) + C 22 m 2 (x). j 

It now can be proved (FloqueVs theorem ) that among these solutions 
there are two, say i/q and \j/ 2 , with the property 

if/(x+a) = X\J/(x) (28.3) 

with a constant factor X. Then, of course, 

i//(x+na) — X n il/(x); n= 0, ±1, ±2,.... (28.3') 

The proof can be given by writing 

xj/{x) = A iq (x) + Bu 2 (x) (28.4) 

and using (28.2): 

t^(x + a) = (^C 11 +BC 21 )w 1 (x)+(v4C 12 + BC 22 )« 2 (x), 
the latter expression becoming Ai^(x) if 

ACn-j-jBC 2 i — XA\ ) 

AC l2 + BC 22 — xb. J 


(28.5) 
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This system of two homogeneous linear equations for A and B has a 
solution if, and only if, its determinant vanishes: 


Cn — A; C 2l 
Cl2> C 22 ~X 


0 . 


(28.6) 


That is a quadratic equation for A with two solutions und A 2 leading 
to two functions and ij/ 2 . 

From (28.3) it can be seen that the Wronskian determinant 

D = il/ 1 1 y 2 ~ ^2 >Ai 

satisfies the relation 

D(x 4- a) = Aj. A 2 D(x) . 


Since, however, according to Green’s theorem, D is a constant, inde¬ 
pendent of x, it follows that 

A 1 A 2 = 1. (28.7) 


Even more can be said of the two parameters A x and X 2 when con¬ 
sidering Eq. (28.3'). Let |A|>1, then the amplitudes of \p will grow 
beyond all limits for x-> + oo and decrease below all limits for x-» — oo. 
The opposite will hold if |A|<1. Such solutions cannot be normalized, 
not even in the wider sense of normalization of plane waves which we 
shall adopt here, so that physical solutions only exist if |A| = 1, say 

Aj. = e iKa ; A 2 = e~ iKa (28.8) 

with real K. Since e 2 "‘" = l, we can reduce K from all positive and 
negative real numbers to an interval 


n k 

-< K < + - (28.9) 

a a 


which gives the complete set of all wave functions possible. Hence, for 
all limited solutions i//(x), we have 



i]/(x+na) = e inKa ij/(x) 

(28.10) 

which can only hold if 


i j/(x) = q iKx u k (x) 

(28.11) 

with a periodic function 


u K (x) = u K (x + a). 

(28.12) 


This result is called Bloch's theorem. 

We now turn to discussing the energy spectrum. We build up \j/ 
of any two solutions and u 2 , as in (28.4), defined in the interval 
0<x<a. Then in the next period, a<x<2a, according to (28.10) we 
obtain 


i p(x) = e ,Ka [A iq (x — a) + B u 2 (x — a)] 


(28.13) 
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with the argument x—a falling into the first interval. At the juncture 
x — a the expressions (28.4) and (28.13) must coincide, and so must their 
derivatives, i. e., there will hold the two equations 


A (a)+B u 2 (a) — Q lKa [A u t (0)+ Bu 2 (0)]; | 
A u[ (a) + B u' 2 (a) — e lKa [A u[ (0) + B u 2 (0)]. j 


This homogeneous system for A and B can be solved if, and only if, 
its determinant vanishes: 


u^a) — e'^tt^O); u 2 (a) — e lKa u 2 (0) 
u{(a) - e iKa u[ (0); u' 2 (a) - e iKa u’ 2 (0) 


Expanding the determinant, we finally arrive at the relation 


cos Ka = 


[uj(0) u 2 {a) + Uj(a)u' 2 (0)] - [u 2 {0) u^a) + u 2 {a) u'^O)] 
2( u i u' 2 — u 2 u[) 


(28.15) 


where the denominator is the Wronskian, taken for any argument 
(omitted since the Wronskian is constant). 

Eq. (28.15) gives the condition for the existence of eigenvalues. It 
can be satisfied only if the absolute value of its right-hand side is < 1; 
in this case it enables K to be calculated. There are energy intervals 
which satisfy this condition alternating with intervals which do not. 
We therefore do not obtain sharp energy levels but an alternating 
sequence of allowed, and of forbidden energy bands. The band limits 
are obtained from (28.15) with cos Ka = +1. 

NB. Since u x and u 2 can equally well be replaced by any other set of two 
linear combinations, and v 2 , expression (28.15) may also be written in these 
functions. It must, however, lead to the same energy bands. This can readily be 
seen by inserting 

u 1 =c n v 1 + c 12 v 2 ; u 2 = c 21 t\ + c 22 v 2 

into (28.15); a simple calculation shows that the same expression results in the 
d’s as in the u’s if the determinant of the c ik does not vanish. 


Problem 29. Dirac comb 

Given a periodic potential formed by a sequence of Dirac functions, 
with a distance a between them: 

h 2 +0 ° 

F(x) = — Q V <5(x + na). 

™ „=-co 

The energy bands for this potential shall be determined. 


(29.1) 
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Solution. We start with the fundamental solutions 


U^x) = Q lkx ) U 2 {x) = Q~ lkx . 

If, then, 

u{x) = Ae ,kx + Be~ ikx in 0<x<a 

is a limited solution in the sense of Problem 28, we have 

u(x) = e ,Kfl [>le lfc( *~ a) + Be~ ifc(x ~ a) ] in a<x<2a. 

Now, at x=a, there hold the boundary conditions 

u(a+0) = u(o—0), ) 

u'(a+0) = u'(a — 0) + 2 Q u(a) j 

so that 

e iKa (A + B) = Ae ika + Be~ ika 

and 

i ke iKa (A — B) = ik(A e ika - Be " ika ) + 2 Q(A e ika + Be' ifca ). 


(29.2) 

(29.3) 

(29.4) 

(29.5) 

(29.6 a) 
(29.6 b) 


Eqs. (29.6 a, b) form a homogeneous linear system for A and B the 
determinant of which must vanish. Straightforward reshaping of the 
determinant leads to 


Q 

cos Ka = cos ka + — sin ka. 

k 

The bands of energy eigenvalues are therefore defined by 


Q 

cos ka + — sin ka 
k 


< 1 


or 


cos [ka — tan 


_i Qa ^ 

ka) 


|/l +{C2a/ka) 2 


the energy then follows from 


fi^ 

E = - - 2 ( ka ) 2 - 

2 ma 2 


(29.7) 


(29.8) 

(29.9) 


(29.10) 


In the following figures, the results for the numerical example 
Qa =4 are represented. The functions of ka standing on the left and 
on the right-hand sinde of Eq. (29.9) are shown in Fig. 15. Their inter¬ 
sections are set off by small circles, and the corresponding intervals in 
which the condition (29.9) holds are marked by heavy lines on the ka 
axis. The upper band limits appear at integer multiples of n where 
(29.7) simply leads to cosKa = coska. In Fig. 16 the band limits deter¬ 
mined in Fig. 15 are shown in the energy scale and the allowed bands 
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are marked by hatching. The bands become broader with increasing 
energy so that the spectrum approaches (but never quite reaches) the 
continuum: even at highest energies there always remain forbidden 
zones above the upper band limits at ka = nn. In Figs. 17 and 18, for 
the first three bands, the energy (in dimensionless scale) has been drawn 
vs. K a, with K a in ;Fig. 17 monotonously growing from band to band, 



Fig. 17. Energy as a function of Ka for the first three bands (one-dimensional 
Brillouin zones). Broken line: Parabola of free particle energies 
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and in Fig. 18 reduced to the interval — n<Ka< +n. The broken line 
in Fig. 17 is the parabola K = k which passes the upper band limits. 

Since all figures have been drawn for the example Qa= 4, they do 
not show the effect of wall opacity on the energy spectrum. For smaller 
values of Qa, the right-hand side of (29.9) would shift closer to 1 so 
that the corresponding curve in Fig. 15 would intersect the cosine line 
much nearer its maxima. This means, of course, that the forbidden 
zones become narrower. Since the upper band limits of the allowed 
bands at ka=nn are independent of Qa, it is only the lower band 
limits which move downward in Fig. 16 with decreasing Qa. If Qa = 0, 
the forbidden zones vanish, but so does the Dirac comb potential and 
we arrive at the force-free case with its unbroken continuous spectrum. 



Fig. 18. Same as Fig. 17, reduced representation 


If, on the other hand, Qa->co, the allowed bands degenerate to discrete 
levels at ka=nn. The walls then entirely separate each potential hole 
between two walls from its neighbours thus reducing the spectrum to 
that of Problem 18 (with wall width here a instead of 2 a in Problem 18). 

Literature. Kronig, R. de L., Penney, W.: Proc. Roy. Soc., London, 130, 499 
(1931). 



68 


One-Body Problems without Spin. One-Dimensional Problems 


Problem 30. Harmonic oscillator 


To find the eigenvalues and eigenfunctions for the oscillator potential 

V(x)=jma> 2 x 2 . (30.1) 

Solution. Using the abbreviations 


. 2mE , „ moo 

k 2 = -r- and X =- 

h 2 h 


the Schrddinger equation can be written 

d 2 u 


dx 2 


+ (k 2 — X 2 x 2 )u = 0. 


(30.2) 


(30.3) 


The solutions of this differential equation behave asymptotically for 
|x| > k/X as exp (±jXx 2 ). If therefore we split such a factor off the function 
u putting 

u(x) = e~^ A * 2 p(x), (30.4) 


the remaining function i>(x) which satisfies the equation 


v" — 2Xxv' + (k 2 — X)v = 0 (30.5) 

will either become proportional to e 2 * 2 or a polynomial. Solving (30.5) 
by the series 

J 00 

v(x)= £ djX j (30.6) 

j—o 

we find the recurrence relation 


<*j + 2 = 


X(2j+l)-k 2 

0 + 2 ) 0 + 1 ) a ‘ 


(30.7) 


For n-+ oo this leads to the asymptotic law a j+2 = {2XH)a j corresponding 
to the series expansion of e 2 * 2 . The solution (30.4) therefore cannot be 
normalized if the series (30.6) does not break off (polynomial method) 
which happens after the n-th power if a n+2 = 0, i.e. if 

k 2 = X{2n+l) 

or, using (30.2), if 

E = hco(n+%); n= 0,1,2,.... (30.8) 

The eigenfunctions u„(x ) then can be determined from (30.7) and 
normalized by the condition 

+ oo 

| dxu„(x) 2 — 1. 


— OO 


(30.9) 
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The first few eigenfunctions run as follows: 

u 0 = C 0 e~* 2x \ " 

u i = C 1 xe - ^* 2 , 

M 2 = ^ 2 (l — 2Ax 2 )e~$ Jix2 , 

U3 = C 3 (x-|Ax 3 )e"^ Ax2 , 

«4 = C 4 (1 — 4Ax 2 +f X 2 x*)q~^ X x2 , 
u 5 = C 5 (x—%lx 3 +tsA. 2 x 5 )q~^ 2x2 , _ 
with normalization constants 


(30.10) 


C„ = 



c„; 


c 0 =i; 




The eigenfunctions have been shown in Fig. 19. 



(30.11) 


j 



Fig. 19. Harmonic oscillator eigenfunctions, drawn over the potential and its 

energy levels 


It will be seen that the eigenfunctions have either even or odd parity. 
This follows from the symmetry of the potential, V( — x)=V(x), that 
makes u„(—x) a solution of the differential equation together with 
u„(x) to the same eigenvalue (30.8). As there is no degeneracy, the two 
solutions can differ only by a factor / fixed by the normalization to 
|/| 2 = 1. Since by twice reflecting the coordinate x at the origin we are 
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brought back to the original solution, we find f 2 — 1 or /= ±1 which 
leaves us with either even or odd parity solutions. „ 

This fact is borne out if we introduce instead of x the variable 

y = Ax 2 (30.12) 

in Eq. (30.5); we then find v(y) to satisfy the differential equation of the 
confluential hypergeometric functions, 

yv " + {\- y ) v ' + (ji-l) v=0 

which with the abbreviation 


1 k 2 _ 1 E 

a ~4~42Ico 
has the complete solution 

v = A 1 F 1 (a,j; y ) + By * l F l (a+£, j, y) ■ 


(30.13) 

(30.14) 


Since the confluent series 1 F 1 is an integral function, the A part of this 
solution is even, and the B part odd in the variable x. In the infinite point 
(y= oo) both parts of v diverge as i.e. u cannot be normalized if 

the series does not either vanish or break off. Since a confluent series 
breaks off if its first parameter is a negative integer, there are two possible 
cases. If 

a=—n or E 2ri = h(o(2n+j) (30.15a) 


the first series breaks off, and we find an eigenfunction 

u 2n( x ) = A iFi(— n,j;lx 2 )e (30.16a) 
If, on the other hand, 

a+j=—n or F 2 „+ 1 = hco(2n+§) (30.15b) 

the second series breaks off, and the eigenfunction becomes 

u 2n+i(x) = Bx 1 F 1 ( — n,j;Ax 2 )e~^ 2x2 . (30.16b) 

This completely corroborates the eigenvalue formula (30.8) and the 
eigenfunctions (30.10). 

The polynomials defined by Eqs. (30.16 a, b) are known under the 
name of Hermite polynomials and defined either by 

► (30.17) 

j 
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or by 


H n (0 = (- l)"e« 2 


d"e “« 2 

dl n 


(30.18) 


The eigenfunctions in the normalization (30.9) are then given by the 
general formula 


«■(*) = 





(30.19) 


The normalization factor of Eq. (30.19) can be determined in the fol¬ 
lowing way. If we write 


we have from (30.9): 

— OO 


Replacing one of the two factors H n (£) by the representation (30.18) 
of this function, 


C„ 2 (-1)" 


+ oo 

/* 

dtHJ® 

— oo 


<fe "« 2 

d? 



and then performing n consecutive partial integrations we arrive at 

+ oo 

di? v 


— 00 

As //„(£) is a polynomial in £ of degree n, by n differentiations all terms 
vanish except the contribution of the highest power in H n , 


i. e. 


and 


H„(0 = (2 £)" + •••, 


nr 


Cl-= 


in agreement with Eq. (30.19). 
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Problem 31. Oscillator in Hilbert space 


To construct the system of eigenvalues and eigenvectors of an harmonic 
oscillator in its Hilbert space using the operators 


b = 


(p — icomx ); 


b + 


(p + icomx ). (31.1) 


j/2 mhco ]/l mhco 

Solution. Setting the operator b and its hermitian conjugate i> t in 


the hamiltonian, 


we get 


„ 1 2 171(0 2 
H = 2^ P + T" X ’ 


H = %h(o(bb'+b'b). 


(31.2) 

(31.3) 


Further it can easily be seen that, from the canonical commutation 
relation px — xp = h/i, there follows 

bb'-b'b = 1. (31.4) 


Eqs. (31.3) and (31.4) form the mathematical basis for the construction 
of the Hilbert space. 

Let us suppose that there exists at least one ket vector \\J/ X y to an 
eigenvalue X of the operator b + b: 

b + fc| ^>=A|^> (31.5) 

which we shall suppose to be normalized: 

<W^>-1. (31.6) 

If then we multiply (31.5) with the bra vector 

<'l'x\tfb\ii/ x y = x, 

we may, on the left side, apply the definition of a hermitian conjugate 
operator, 

<z|L + |<j0> = <L*|<jt>>; 

the result is 

= ( 31 - 7 ) 

The vector |b therefore is normalized to X which—as a norm—must 

then be real and positive: 

X ^ 0, (31.8) 

with X — 0 only if b|^ A ) = 0. This holds for any eigenvalue since we 
have so far nothing else to distinguish the chosen X from any other 
eigenvalue. 
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Another eigenvalue is found by multiplying Eq. (31.5) with b from 
the left and rearranging it by means of the associative law and the 
commutation rule (31.4): 

b(b f b) = (bb')b = (tfb+l)b 

so that 

(b f b + l)b\il/ x } = Xb\il/ x y 
or 

(b'b)\bif, x > = (X-i)M x >. 


Thus \bij/ x y turns out to be an eigenvector of the operator b f b that 
belongs to the eigenvalue X — 1. It is not yet normalized, as shown by 
Eq. (31.7), the normalized eigenvector being 


|ih-i> 


]/X 




(31.9) 


This principle of construction may be repeated, producing a descend¬ 
ing sequence of eigenvalues: 


l< K-n> = 


1 

\/X(X-l)(X-2)...(X-n + l) 


b n l<h>. 


(31.10) 


These eigenvalues, for all n>X, are negative, in contradiction to (31.8). 
Only if the eigenvalues are integers can this be avoided, the sequence 
(31.10) then breaking off at |i^ 0 > because, according to (31.9), b\il/ o } = 0. 

An ascending sequence of eigenvalues can be constructed by re¬ 
peated application of the operator b f according to 


bHb'b) = b'(bb f - 1) = (tfb)b f - 
so that there follows from Eq. (31.5): 

(fo + b) |b + ih> = (A +1) lb 1- i // x }. 

Again, the vector \b* if/ x } is not yet normalized: 

<b f il/ x \b f il/ x ) = (bb' f il/i\il/ x } = <(1 +b*b)il/ x \il/ x } = X+l. 


We therefore find 


I<Aa+i) — 


1 


|/I+T 

and the ascending sequence becomes 

1 


I b^ x } 


(31.11) 


I <h + «> = 


}/(A+l)(A + 2 )...(A + n) 


h +n |^>. 


(31.12) 
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We now gather up our results. The eigenvalues of b*b are the 
integers n=0,l,2,.... It then follows from (31.4) that btf has the same 
system of eigenvectors, but with eigenvalues n+1. The hamiltonian, 
Eq. (31.3), therefore satisfies the relations 

H\i/, n >=±ha>(2n+lM n y, n= 0,1,2,.... (31.13) 

These are the well-known oscillator eigenvalues, determined in Prob¬ 
lem 30 within the framework of Schrodinger theory. 

The Hilbert vectors | \J/ n } are not eigenvectors of the operators b 
and b * whose matrices, however, can easily be constructed in the Hilbert 
coordinate system of the \i//„y. We find from (31.9) 

<(fr.-i|f#„> = l/n (3U4) 

and from (31.11) 

= l/n+T. (31.15) 

All other matrix elements vanish in consequence of the orthogonality 

of the \ip„). The latter can easily be checked: 

<'l'm\b f bil/ n y = = <bil/ m \bilt„y, 

<b*bil/ m \il/ n y = m<il/ m \il/ n y = (bil/ m \bil/„y. 

Hence, the difference, 

(u —m)<^ m |^„> =0 

so that either n = m or = 0. The matrices (31.14) and (31.15) 

can be written as follows: 


/ 0 

0 

0 

0..A 


1 o 

Vi 

0 

0 ...\ 

m 

0 

0 

0 ... 


0 

0 

^2 

0 ... 

0 

V* 

0 

0 ... 

; b f = 

0 

0 

0 

]/3 ... 

0 

V.... 

0 

1/3 

0 ... 
.y 


w 



. / 


Literature. Becker, R., Leibfried, G.: Z. Physik 125, 347 (1949). 


Problem 32. Oscillator eigenfunctions constructed 
by Hilbert space operators 

To find the oscillator eigenfunctions by translating the operators b and 
b f of the preceding problem into the Schrodinger language. 
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Solution. In (31.1) we have introduced b and b + as linear combina¬ 
tions of the operators p and x. In the Schrodinger language, x is a 
classical variable and 


P 


h d 
i dx 


(32.1) 


a differential operator. It is convenient to choose an unit length, 

1 = 


mco 


(32.2) 


and to write all relations in the dimensionless variable 

Z = x/l 

instead of in x. Then we get 


b = 


+ b ' J/2 ( di + i j 


(32.3) 


(32.4) 


The lowest eigenstate is, according to the preceding problem, defined 
by bil/ 0 = 0 or 

(d 




+m 0 (a=o. 


(32.5) 


This is a differential equation, the complete solution of which 

*„=C 0 e-*P, 

has still to be normalized by choosing the integration constant so that 


+ oo 


+ oo 


Thus we find 


<'l'o\'l'o> = J dxij/l = l | dt# 0 (£) 2 = 1. 




(32.6) 


The complete sequence of eigenfunctions then may be constructed 
by applying b t : 


<An + l = 


“T£ + fW- 


(32.7) 


|/2(n +1) V ^ 

They therefore follow by repeated differentiations from (32.6). If we write 

(32.8) 

then, according to (32.7), the function //„(£) will become a polynomial 
of degree n in the variable We find from (32.7) the recurrence relation 


^n + l Hn + i — 


]/2(n + l) 


C n (H' n -2£H„). 


(32.9) 
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If we choose the normalization constants so that 

& 

C n+l = _l=^ C n , (32.10) 

j/2(n +1) 

then (32.9) becomes simply the recurrence relation of the Hermite poly¬ 
nomials, 

viz. 


Comparison with (30.19) shows that, apart from the factor i, Eq. (32.10) 
is satisfied by the normalization factor derived there: 





with A=l// 2 . 


The factor i is, of course, quite arbitrary since the norm leaves a phase 
factor undetermined in each eigenfunction. 


Problem 33. Harmonic oscillator in matrix notation 


To derive the matrices p mn and x mn of momentum p and coordinate x 
for the harmonic oscillator defined by the hamiltonian 


H = 


2 M 


P 2 + 


Mor 


x 


(33.1) 


in the Hilbert coordinate system diagonalizing H. What are the energy 
eigenvalues? 

Solution. We have for a starting point the diagonality of the 
hamiltonian, 

u 1 v i Mco 2 ^ ^ s ^ 

H m n « ,, ^PmkPkn "i ~ Z-i^mk^kn = E„S m rt’ (33.2) 

2 M k 2 k 

with E„ the energy eigenvalues. Furthermore, we have the relations 
(cf. Problem 8) 

(33.3) 
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or, with dH/dx=Mco 2 x and dH/dp = p/M, in matrix notation 

M (O X mn ~ 7 ~ ^ {H m k Pkn Pmk^kn)y 

n k 


1 

M Pmn 


i- ^,(H m kXkn X m kHkn) 
n k 


which, by using (33.2), reduce to 


Moj 2 x mn 

M Pmn 


^ i E m E n)Pmm 
+ J i ( E m- E n) X mn- 


(33.4) 


These two homogeneous equations for x m „ and p mn are compatible 
only if both matrix elements vanish, or if the determinant vanishes, 
i. e. if 

(£„-£„) 2 = (ft<u) 2 . (33.5) 


Ordering the eigenvalues so that 

• <E l <E 2 <E 3 <- 

the difference of two consecutive values therefore is ha> and 

E n = ha>(n+e); n =0, ±1, ±2,... (33.6) 


with e a constant common to all eigenvalues. Then, only elements 
p„ „ ±1 and x nn±1 differ from zero, and (33.4) establishes the relation 

Pn, n ±i = +iMcox„, n±1 . (33.7) 

We now try to obtain still more information on the hamiltonian. 
We start with the matrices for p 2 and x 2 . According to (33.7) we have 

(p 2 )nk = Pn,n + 1 Pn + l,k Pn,n — 1 Pn—1 ,k 

with only for k = n,n+2,n—2 not vanishing. The same holds for the 
matrix elements of x 2 . Putting this into (33.2), we obtain the off-diagonal 
elements of the hamiltonian, 


_ 1 _ M(o 2 

**n,n + 2 2M ^"> n + 1 ^” + 1 > n + 2 ^ O Xn,n + 1 •*'n + l,n + 2 


-X-n.n + l -*n + l,n + 2 


1 - 2 M(0 2 

-2M Mm+ — 
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and the same holds for the matrix elements ff„ „_ 2 , in perfect agreement 
with the diagonality of H underlying Eq. (33.4). The remaining diagonal 
elements become 

E » = 2M^ n * +lPn+1 ’ n + Pn ’ n - lPn - 1 ’ n) 

Mco 2 ( ( ^ 

I ^ n "b 1 1 t n ^ ^n t n — 1 — 1, u) y 


where according to (33.7) both lines are equal thus yielding 

E„ — Mc 0 2 (x n „ + 1 Xn + i^ + Xn ,,-! x„_ l n ). (33.8) 

Eqs. (33.8) and (33.6) give a relation between the matrix elements of x. 
Another relation follows from the fact that x is a hermitian operator: 

x n ±t, n = <n±i (33.9) 


so that we get 

hco(n+e) = Mw 2 (|x n>n+1 | 2 + |x n _ 1>B | 2 ). (33.10) 

Using the abbreviation 


Mco 

~h~ 




= f(n) 


(33.11) 


this equation may be written 

n + £ = /(n+l) + /(n), 

a functional equation to be solved by, and only by, 

f(n) = i(n+e~j). (33.12) 


This can easily be seen by supposing f(n) to be a power series in n. 
It follows from (33.11) that 


■*-n,n +1 


!h U 

2M(o\ n + e + 2> 


(33.13) 


We are now able to fix the constant e. The right-hand side of 
Eq. (33.10) cannot be negative; the same therefore must hold for the 
energy value on its left-hand side. Suppose that n=0 is the smallest 
value of n; it then follows that 


*-i.o = 




(33.14) 


must be zero. Were it not so, Eq. (33.10) might be used as a recurrence to 
compute x„_ l n values down to n= — oo, in contradiction to n+s>0. 
The relation (33.14) determines 


(33.15) 
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and thus the energy eigenvalues (33.6), 

E„ = h(o(n+±), (33.16) 

as well as, according to (33.9) and (33.13), the matrix elements, 


* 71,71 + 1 


2 Mco 


(n+1); 


* 71 , 1 


2Ma> 


n. 


(33.17) 


Problem 34. Momentum space wave functions of oscillator 


To determine the oscillator wave functions in momentum space. 
Solution. With 


K(x) = 


mat 


x 


(34.1) 


this is clearly a case where the Fourier transform of V does not exist, 
so that we cannot use the integral equation (14.6). Instead we fall back 
upon the definitions 

u(x) = (27i)-i J dke ikx f(k); 


- 00 
+ 00 


/(k) = (27 t)-* J dxQ~ ikx u(x). 


Putting (34.2) into the Schrodinger equation 


d 2 u 2 m 
dx 2 + h 2 


E — 


mco* 


= 0 


we obtain by differentiations 
d 2 u 


+ oo 


dx 2 


(2 n) 


-i 


dkk 2 e ikx f (k) 


and by two consecutive integrations in part 


+ 00 


x 2 «= -M - * f dke ikx f"(k). 


Thus (34.4) becomes 


+ 00 


(2n)~ 


dke lkx t — k 2 f(k)-\ 


2mE 


m+ 


'mco y 


(34.2) 

(34.3) 

(34.4) 


rm= 0 . 


(34.5) 
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Using the abbreviations 




men 




hco 


(34.6) 


already used in the oscillator treatment of Problem 30, we then gather 
from (34.4) and (34.5) an analogous behaviour of the oscillator problems 
in coordinate space and momentum space: 


Coordinate space 

Momentum space 

u"+(2/iA—X 2 x 2 )u = 0 


X 

II 

«x 


~ + {2/i~x 2 )u = 0 

£ + (2n-k 2 )f = 0 
dk 2 v 


Therefore, / is the same function of k as u is of ic, save of normalization. 
Since from 

+ 00 

j dx\u(x)\ 2 = 1 

— 00 

there follows 

7 dk\m\ 2 =i, 

— 00 

as has been shown at the end of Problem 14, we find 
u(x) = $ u(5c); f(k) = X ~« f(k) 

with / the same function of k as u is of 5c, the latter having been 
determined in Problem 30. 


Problem 35. Anharmonic oscillator 


To approximate the energy levels of the anharmonic oscillator 


V(x) = ^mm 2 x 2 + £j (jj + e 2 fjj 


l = ]/h/‘ 


mco 


(35.1) 


by a perturbation method, in first and second order of the approximation. 
Solution. The level of the harmonic oscillator with energy 


= hco(n+j) 


(35.2) 
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with the normalized eigenfunction 

u n °(x) = ( 2 "n!/l^r*e-* i! tf it ({); {= x/l (35.3) 

is, in first approximation, shifted by the diagonal matrix element of 
the perturbation energy, 

= 7 dxM» + 6 2 r)KW] J - (35.4) 

— 00 

As [u„ 0 ] 2 is an even function of x, the potential term gl £ 3 does not 
contribute to A {1) E„. The remaining shift 

d (1) £„ = g2 + f dtt*[u° n (OT 

— 00 

can be evaluated in a similar way as the normalization integral by 
leaving one of the two factors //„(£) in the integrand as polynomial 
and writing 

H.K) = <- ire^e"? (35.5) 


for the other. Then, by n consecutive partial integration steps, we arrive at 


+ oo 


■■ 62 f 

2"n!|/^ J d Z 


The polynomial of degree n+4 to be n times differentiated begins with 
the terms 




1 /n> 


3 /n> 


^ K +7 K" 


2 \2 


4 \4, 


(35.6) 


so that 






With the well-known integrals 


+ OO +00 +00 

Sd(e-t‘ = yn; f J rf{{*e-« 1 = Jv4 (35.7) 

— oo — oo — 00 

we then finally arrive at the result 

d (1) £ n = f £ 2 (2 n 2 + 2 n +1). (35.8) 

The result of this first-order perturbation calculation may be quali¬ 
tatively interpreted as follows. A small additive term e* £ 3 in the potential 
originates a little asymmetry of the parabola F(x), though not yet 
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changing its width at lower energies. The motion of the oscillating 
mass therefore remains limited within a domaiji of the same breadth 
as in the harmonic oscillator so that there is no reason why the energy 
should undergo an alteration. Addition of the term e 2 £ 4 , however, 
raises (lowers) both sides of the parabola symmetrically for e 2 >0 (e 2 <0) 
even at smallest energies, thus narrowing (widening) the width of the 
parabola and of the domain of motion so that all energy levels will 
be raised (lowered) in agreement with the sign of (35.8). 

In second approximation, another energy shift, 


^ (2) £ n = E 

m 


\(n\e 1 ^ + e 2 ^\m}\ 2 

J7 0 170 

h n 


(35.9) 


has to be added to (35.2) and (35.8). For the oscillator only the following 
off-diagonal matrix elements do not vanish and are evaluated in the 
same way as the diagonal contribution (35.8): 


<n|£ 3 |n+l> = 3 


'»+l\f 


<n|{ 3 |n-l> = 3 - 


n\ | 


and 


<n|£ 3 |n+3> = {|(n + 3)(n + 2) (n + l)}±; 

<n|£ 3 |n—3> = {£n(n—l)(n—2)}± 

<n|£ 4 |n+2> — j/(n + 2) (n+l)(n + §); 

<n|£ 4 |n-2> = |/n(n—l)(n—i); 

<n| |n + 4> = * |/(n + 4) (n + 3) (n + 2) (n+1); 
<n|^ 4 |n-4>=i]/n(n-l)(n-2)(n-3). 

With these matrix elements, the general formula (35.9) leads to 

11\ 


> (35.10) 


(35.11) 


A™E„= 

' hco 4 


n z +n + 


30 j 


e 2 


1 


hco 8 

If, in second approximation, we write 

* V 


(34 n 3 + 51 n 2 + 59 n + 21). 


(35.12) 




, -1 4 21 + P- B<‘> 
K hcoJ hco 


' o y 
S 2 

,hco> 


(35.13) 


with the abbreviations 

4 2) = ¥(n 2 + n+M); 

J5‘ 1) = |(2n 2 + 2n+l); 

B< 2) = i (34 „ 3 + 51 n 2 + 59 n + 2 i), 


(35.14) 
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then we obtain coefficients as shown in the table and can easily compute 
the energy levels. The latter have been shown in Fig. 20 for the per¬ 
turbation e^ 3 as a function of the dimensionless parameter ejhco. 


n 

4, 2) 

B U> 

B ( 2) 

0 

ii 

3 

21 

8 

4 

8 

1 

71 

15 

165 

8 

4 

8 

2 

191 

T 

39 

4 

615 

8 

3 


75 

4 

1575 

8 


Since there is no first-order effect the curves are parabolae with the 
vertex at =0. The negative sign of the perturbation is caused by 
the broadening of the potential parabola for higher values of ^ where 


Perturbation e-i £ 3 



0 0.05 0.10 

_£f__ 

hoj 


Fig. 20. Energy levels for the asymmetrical anharmonic oscillator. There are only 
contributions in second perturbation approximation. The line V ma Jh(o gives a 
rough li m it for the suitability of the approximation 
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it can no longer be neglected. The broadening becomes increasingly 
important at higher energies where even the second-order theory be¬ 
comes less and less reliable. At £= — a maximum of the 

potential curve of height V max = (hco) 3 /( 54ef) will occur so that the 
levels die out at higher energies, an effect which is not reproduced by 
our approximation. 

Generally speaking, the curves show that the higher the energy of 
a level the smaller are the values of the perturbation parameter e^/hco 
up to which reliable results may be obtained by the approximation. 
This is corroborated in full by Fig. 21 where the linear first-order effect 
is shown by broken lines, the second-order correction by the full curves. 
The latter are certainly no longer reliable as soon as they begin to fall 
after having passed the energy maximum. 



/ Perturbation c 2 £ 4 



Fig. 21. Energy levels for the symmetrical anharmonic oscillator. The broken lines 
correspond to the first approximation only, full lines include the second 
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Problem 36. Approximate wave functions 


A particle moves along the x axis between two rigid walls at x = ±a. 
No other forces than those at the walls act upon it. The wave functions 
of the ground state and the first excited state shall be approximated by 
the simplest normalized polynomials giving accurate account of the 
zeros. Exact and approximate energy values shall be compared. 


Solution. Let u 0 and u t be the exact wave functions and E 0 and E t 
the respective exact energy levels of the two states under consideration. 
Then we have (cf. Problem 18) 


1 

nx 

h 2 

n 2 

(36.1) 

]/a 

cos — ; 
2 a 

0 2 ma 2 

T 

1 

1 fa 

. nx 
sin —; 
a 

E - h2 

1 2 ma 2 

■ 7 1 2 . 

(36.2) 


The simplest polynomial approximations with the same zeros are 


and 



(36.3) 


M, = 


(l 05 
16a 


x 

a 


(36.4) 


All the wave functions (36.1) to (36.4) have been normalized according to 


+ a 

J dxu 2 = 1 . 


— a 


The maximum of u 0 at x = 0 is 1 (in units of a *), that of u 0 at the same 
place (jf)*=0.970 is only 3% smaller. The two maxima of ^ lie at 

x=±k and amount to ± 1 , whereas those of tii lying at x = ±-^~ a 

1/3 

=0.577 a and amounting to ±( 35 )* = ±0.986 are even better in height 
but shifted in position. 

The energy can in all cases be determined from 


+ a 



a 


Elementary integrations yield the approximate values 


E 


0 


h 2 5 
2ma 2 2 


and Ei 


h 2 21 
2 ma 2 2 


(36.5) 
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Comparing the numerical values of (36.1), (36.2) and (36.5) in units of 
h 2 /(2ma 2 ), we obtain 

E 0 = 2.4674, E 0 = 2.5000, 

E 1 = 9.8696, JEi = 10.5000. 

The approximate energies lie throughout above the exact values; E 0 is 
very close to E 0 whereas E t compared to E l seems a little less good. 
However, even here, the error does not amount to more than 6 percent. 


Problem 37. Potential step 


To determine the coefficient of reflection for a wave normally incident 
upon a potential step defined by 

+ tanh^-j. (37.1) 

2a) 

Solution. The potential increases continuously from the value K=0 
at X— — go to the value V—V 0 at x= + oo, the main rise occurring 
in the interval — 2 a<x<+2 a: 

F(-2a) = 0.119 V 0 ; V( + 2a) = 0.881 V 0 . 


V(x) = - V 0 i 1 


The wave function describing a wave coming from the left side must 
asymptotically become 


u = e 


u = 


ikx + Re 

Ce~ Kx 

Ce ikx 


— ikx 

if E<V 0 
if E>V 0 


for x-> — oo; 
for x—> + oo, 
for x-> + oo. 


The quantity |i?| 2 then is the coefficient of reflection. 
In order to solve the Schrodinger equation 


d 2 u 

dx 2 


+ 



2m 

V 



u=0 


(37.2) 


(37.3) 


with the potential (37.1) we use instead of x the variable 

y=(l +e x/a ) _1 

and the abbreviations 


2 ma 2 


X 2 


2 ma 2 


Vo- 


(37.4) 


x 2 = k 2 a 2 


(37.5) 
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With 


d 

dx 


l+tanh^ = 2(1-y) 
a dy 2 a 


we then arrive at the differential equation 


d 2 u du 


' X 2 



(37.6) 


This equation has poles at y — 0, 1, oo and therefore leads to hyper¬ 
geometric solutions. Putting 

u(y)=y v (l-yrf(y) (37.7) 

with 

v 2 = X 2 -x 2 ; fi 2 = —x 2 (37.8) 

a simple calculation leads to the standard form of the Gaussian equation, 
j(l- y)f" + [(2 v +1 )- (2 fi + 2 v + 2) y ] f- (n + v)(fi + v +1)/ = 0 (37.9) 
whose special solution 

f(y) = C 2 F 1 (n+v,n+v + l,2v + l;y) (37.10) 


with a constant C still to be fitted we now show just to satisfy the boundary 
conditions (37.2). 

If we start with the limit x-+ + oo or the solution 

(37.10) becomes /(0) = C or 

u(yHC/^Ce" vx/a . (37.11) 


Now two cases have to be distinguished. 

a) X>x, v>0 is real. The expression (37.11) vanishes exponentially 
as would be expected in the case E < V 0 . We obtain 

v 2 2. tn 

u-+Ce~ Kx with K 2 = — = (F 0 -E). (37.12a) 

cr Jr 

b) A<x,v= —ik'a is imaginary. Then 

u-*CQ ik x with k' 2 = ^ (E — V 0 ). (37.12b) 

h 

On the other hand, for x-> —oo or y-»l, 1— y~e +x/a ->0 we apply 
the well-known transformation rules for passing over from the argument 
y to 1 — y of the hypergeometric function, 
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2 F l {n + v,p + v + l,2v + l;y) 

r(2v+l)r(-2/t) 


r(v-/i)r(v-/i+ 1 ) 


2 F 1 (jj.-\-v,fi + v+1,2 fx+ 1; 1 — y) 


+(1 -^" V^fvirlt+v+i) *■ - 2 " +1 > 1 -y>- 

With 1— y = Q x,a this leads to 


f n2v+i)r(-2 A i) r(2v+i)r(2/t) 

\f{v — [i)r(v — fj,+ 1 ) F{fj. + v)r(pi + v-\- 1 ) 


or, with 


fj.= +ix, n/a = ik 


(37.13) 


we arrive at the form (37.2) of our solution with 

r(v- / t)r(v-/t+ 1 ) 

r(2v+i)r(-2/t) 

and 

„ _ r(+2 /i) r(v—fi) r(v—fi+1) 

r(—2/t)r(v+/t)r(v+/t+1) ‘ 


(37.14) 

(37.15) 


Again, we distinguish the two cases E^V 0 . 
a) E< V 0 ; fx = ix is imaginary; v>0 is real. Numerator and de¬ 
nominator of (37.15) are complex conjugates so that 


W 2 = l. 

This is the case of total reflection. 

b) E> V 0 ; fi = ix and v = —io are both imaginary. Only the factors 
r(±2fx) are complex conjugates and do not contribute to \R\ 2 . Since 


nz)--r(2+i) 

z 

we find 


\R\ 2 = 


(v + //)T(v-^+1) 


(v— n)r(v+ti+1) 2 


x- 


,X + <Tj 


r(l—i(x + a)) 2 ) 2 
r(l+i(x-a)) j 


) 


Here the elementary formula 


|r(i+ii ;)| 2 


nt] 

sinh7i>7 
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may be applied so that we finally arrive at the reflection coefficient 

formula r . , , 

.2 )Sinh7t(x —a) j 


\R \ 2 = 


(37.16) 


(sinh7c(x + <r)J 

or, using the wave numbers k on the left and k' on the right-hand side 
of the step, c • u n i m 

(37.17) 


(sinh7r(k + k')aj 


NB 1. If a is very small, i. e. in the limit of a discontinuous potential jump 
at x=0, the last expression simply becomes 

y. 

\k + k'J 


|K | 2 


(37.18) 


In this case, of course, it is no longer necessary to use hypergeometric functions 
but the two asymptotic conditions (37.2) will each exactly hold for one whole 
half-space: 

u = e ikx +Re~ ikx for x<0, (3? 19) 

u = Ce Ul ' x for x>0 

in the only interesting case b). Continuity of both, u and u', at x=0 then yield 

l+R — C; ik(l — R) = ik'C 


with the solutions 


C = 


2k 


R = 


k-k' 


k + k” “ k + k'' 
The continuity of flux at the point of jump requires 

k(l-R 2 ) = k'C 2 ; 

this condition is satisfied by the expressions (37.20). 


(37.20) 


(37.21) 


NB2. The point in introducing the new variable y, Eq. (37.4), is to render 
the coefficient functions in the differential equation rational and so to fall back 
upon a well-known class of differential equations. This purpose can also be 
attained by other transformations, e. g. 

y = (l + e -x/a ) -1 . (37.4') 

Eq. (37.4) is chosen in such a way as to make the particular solution (37.10) suffice 
for the boundary conditions of our special problem to be satisfied, which with 
(37.4') would not be possible. It is, however, instructive to perform the calculation 
using (37.4'). 


Problem 38. Poschl-Teller potential hole 

To solve the Schrodinger equation for the potential 


K W -iv.j2^ + M 

2 smrax cosax 


2 2 


v o = 


hr cn. 


m 


(38.1) 
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with x> 1 and 2>1, in the region bounded by the singularities of 
F(x) at x = 0 and at x=n/2ct. 

Solution. The potential (38.1) is shown in Fig. 22 for 2 = 2 and 
several values of x>\. For x — X, a potential hole symmetrical about 
x . 

ax = — is obtained; if x>X the hole becomes oblique with its minimum 

shifting to larger x values; if 1 <x<X, the minimum shifts to the other 
side so that the singularity at x = 0 becomes less and less pronounced 



0 3t 3t 

4 2 


ax —— 

Fig. 22. Three different Poschl-Teller potentials for 2=2 and xgA. Only for 
x=A the potential hole is symmetrical 

until, at x= 1, it vanishes. In that case, the potential holes between 
ax= — 7t/2 and 0, and between 0 and +k/2 unite into one large hole. 
The latter, however, may be reduced to the case x = X by the identity 



replacing a by joc, and V 0 by \ V 0 . 

The potential (38.1) is, of course, periodical. This is of no particular 
importance for the solutions of the Schrodinger equation since the 
barriers put by the singularities between the holes are impenetrable. 
We therefore may pick out a single hole, say, the interval 0<x<7t/2a, 
and solve the Schrodinger equation for this interval with boundary 

conditions n 

u = 0 for x = 0 and x = —. 

2 a 


(38.2) 
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Introducing the new variable 

y = sin 2 ax 

the Schrodinger equation is transformed into 


y{ 1 - y) u" + (i - y ) u' + -J- ( ^ - 


, , \ (k 2 x(x-l) 2(A-1) N 
4 \a 2 y 1 -y j 


(38.3) 


u = 0 (38.4) 


where 


k 2 = 


2mE 


This differential equation has three regular singularities at y — 0,1, oo 
so that it can be reduced to the hypergeometric equation by putting 


u = y"(i-y) v /(y) 

with fitting values of p. and v. Choosing 


(38.5) 


y. A 

^ 2 ’ V= 2 


(38.6) 


we indeed arrive at 


y(i-y)f' + 


>c + —j — y(x + A +1) 




(38.7) 


The general solution of this equation is 

f=C 12 Fi{a,b,c;y) + C 2 y l ~ c 2 F 1 (a+l-c,b + l-c,2-c;y) (38.8) 

with the parameters 


1 


1 


a = - x + A + - , b = -[x + 2- 


C = x + |. (38.9) 


We have yet to determine the integration constants Q and C 2 in 
(38.8) by taking account of the boundary conditions (38.2) which, in 
the variable y, run 

u(0) = 0; u(l) = 0. (38.2') 

At y=0, the two hypergeo metric series are =1 so that 

X 1 — X 

u^y’ i (C 1 +C 2 yt-*) = C 1 y 2 + C 2 y 2 . 


Since x>l, the second term becomes singular so that there follows 
C 2 — 0. At y= 1 we use the transform 
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2 F 1 (a,b,c;y ) 

r{c)r(c-a-b) 

~ r(c-a) r(c-b) 

I nma+b-c) ,, 

«r(i) 

As c — a — b=j— A, the second term contributes to u in the vicinity 
of y= 1, 

, v+c _ a _ fc r(c)r(a + b-c) 


2 F l (a,b,a + b- c+1; 1—y) 

(l-y) c_a_fc 2 ^i(c-a,c-h,c-a-h+l; 1-y). 


u=-- + C 1 (l-y) 
with the exponent 


F(a)r{b) 

v + c — a—b = j( 1 — A)<0 


leading to a singularity and thus preventing the satisfaction of the 
boundary condition if neither a= —n nor b= — n (n=0,1,2,...) so that 
the f- fact or of the second term vanishes. If 


a= —n (38.10) 

Eq. (38.9) leads to a positive 

b = x + A + n; 

if, inversely, b=—n, we find a = x + A + n, and since the wave function 
is invariant under exchange of the parameters a and b, both conditions 
lead to the same solution. Inserting a from Eq. (38.9) into (38.10), we 
then obtain the eigenvalues 

k 2 = a 2 (x + A + 2n ) 2 or E„ = j V 0 (x+ A + 2n ) 2 (38.11) 

and the wave functions 

m„(x) = C x sin*ax cos A ax 2 Ei(— n,x + X + n,x+j; sin 2 ax) (38.12) 

with the constant Q still to be fixed by normalization. In Fig. 23 the 
lowest eigenvalues have been shown for A = 2 as functions of x. Com¬ 
parison with the potential curves of Fig. 22 shows that the narrower 
the hole the higher lie the energy levels, as is to be expected. If 2n>x+A, 
Eq. (38.11) tends towards the eigenvalue formula k 2 =4 a 2 n 2 (n = 1,2, ...) 
of a potential well. This too is reasonable, since the continuous curvature 
at the bottom of the potential will be of less and less influence with 
increasing height. 


NB. Around its minimum, the potential curve may approximately be replaced 
by a parabola, i. e. by an oscillator potential. Confining ourselves to the case 
x=A with the minimum at ax=n/ 4, and using the variable 

n 
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we find 

V = 4 V 0 A(A - 1) ft + a 2 z 2 + 0(z 4 )]. 
Putting the factor of z 2 equal to |mto 2 , we arrive at 


(o = 2|/2A(A —l)^a 



Fig. 23. Energy levels in Poschl-Teller potentials for A=2 in dependence on the 

asymmetry parameter x 


and, neglecting the deviation of the potential from the parabolic shape, 


£ B = fico(« + i) + 2V 0 k{X-\) 
or 

EJV 0 = 21/22(2 — l)(n + i) +2 A(2— 1). 


This approximation holds, of course, only if |z| at the classical turning points (z,) 
is much smaller than 1/a or if 


a 2 z, 2 = 


n +1 


|/2A(A —1) 


1 . 


This result will hold exactly in the limit a->0, A-*ao, with Aa 2 rem a ining finite. 


Literature. Poschl, G., Teller, E.: Z. Physik 83, 143 (1933). — Rosen, N., 
Morse, P. M.: Phys. Rev. 42, 210 (1932). — Lotmar, W.: Z. Physik 93, 528 (1935). 
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Problem 39. Potential hole of modified Poschl-Teller type 


To solve the one-dimensional Schrodinger equation for the potential 
(Fig. 24) 



A(A-1) 
cosh 2 a x 


(39.1) 


ax 



Fig. 24. Modified Poschl-Teller potential hole 


with A> 1. For positive energies the coefficients of reflection and trans¬ 
mission are to be found; for negative energies the eigenvalues shall be 
determined. 


Solution. In the Schrodinger equation 
u" + lfc 2 + « 2 ^- 1 )l 


u = 0, 


cosh 2 ocx 

with k 2 =2mE/h 2 , we introduce the new variable 

y = cosh 2 ax. 

We then get 




k 2 A(A—1)1 


4a 2 


4y 


u = 0. 


Splitting off a fitting power of y by setting 

u = y xl2 v(y) 

we arrive at the hypergeometric differential equation 

1 


T(1-T)^ + ^U + 


(A + l )yj,;'-iA 2 +^ 


(39.2) 


(39.3) 


(39.4) 


v = 0. 


(39.5) 
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With the abbreviations 



(39.6) 


the complete solution of (39.5) may be written 3 

p(x) = A 2 Fj (a, b, 1 - y) + B(l - yf 2 F l (a +±, b + \ ; 1 - y), (39.7) 

so that at x =0 or y— 1 the wave function approaches 

u(0) = A + B(l-yf. (39.8) 

We shall pick out a fundamental system of two real standard solutions, 
u e and u 0 , even and odd in x, 

«.(-*) = u e (x); u 0 (-x)=-u 0 (x). (39.9) 

With B=0, A= l we find the even standard solution, 

u e (x ) = cosh A ax 2 F 1 (a,h,|; — sinh 2 ax) (39.10a) 

and with A = 0, B — i the odd standard solution, 

u 0 (x) = cosh 2 a x sinh a x 2 Fi (« + i, h+ 1 , f» — sinh 2 a x). (39.10 b) 
These solutions we shall discuss in detail. 

To answer the above questions, we first need the asymptotic be¬ 
haviour of (39.10 a, b) at negative infinitely large values of the argument 

— sinh 2 ax-» — 2 ~ 2 e 2ot|x| ; 


the well-known formulae yield 

Mg(x)-+ r I r ( b ~ a ) 


+ 


r(a)r& 

and 

u 0 (x)-> ±2" a+1) e u+1)aW r 


,2 

r(a — b) *y 2 b 2 ba|x|\ 

:a)m-b) j 


2 2a Q~ 2aa \ X \ 


(39.11a) 



l"(fr a ) 2 2a+1 c~ (2fl+1)g|jc| 


2/ (r(h+i)r(l-a) 


. _ L a _o26 + l g-(26 + l)a|x| I 

^na+±)ni-b) j 


(39.11b) 


3 The solution is wanted for 0<|x|<oo or 1 <y < co. The hypergeometric 
equation 


y(l — y)v" + [c—(a+b + i)y]v'—abv = 0 


runs in the variable z = 1 — y, 

z(l — z)v" + [c' — (a + b+l)z]v'~ abv = 0 

with c'=a+b + l — c. Eq. (39.7) reduces to the usual form in the variable z. The 
domain wanted inzis — oo<z<0. 
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where the ± signs correspond to x^ 1. If the energy is positive, accord¬ 
ing to (39.6), a and b are complex conjugate so that 


and 


u e (xHF^K 


F(-ifc/a)e a 


i- log 2 


-ik\x\ 


X k \ 1 —A . k 


r \2 l 2oc 


+ ■ 


r(ik/a)e * 


-i —log 2 


X k\ /l—A . k 


2olj 




r l 2 +I ' 2 a 


2 a, 


(39.12 a) 


±r\ 


i 


r( — ik/a)e “ 


i—log 2 


ik |*| 


r X + l . k 


A . k 


+ ■ 


2 2a 
■K 

f(i k/a) e a 


i — f 11 — — — i 


■k, „ 

- 1 —log 2 


2 2a 




'A + l . k 


X . k 


2 +i Ya) r V~2 +i 2a J 


y. (39.12 b) 


With the abbreviations 


(pe = arg 


r(ife/a)e a 


. fc , , 

I—log 2 


A k \ /1 —A . k 


r \2 +i 2<x 


2 a> 


and 


<^ 0 = arg 


r(tfe/a)e “ 


i-log 2 


A — 1 k 


X . k 


i~mi~+i 


2 a 


2 2a, 


(39.13 a) 


(39.13b) 


the two functions become 


U e ->C e COS(fc|x|+<j!> e ); ±C 0 cos(/c|x|+<jo 0 ) (at x^O), (39.14) 

with amplitude factors to be computed from (39.12 a, b) but of no interest 
for our purpose. 

We now compose a linear combination of the two fundamental 
solutions, say, 

u = Au e + Bu 0 
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which for x>0 is 
A 


B 


u = — C e (Q iq> ‘ e ikx +e~ i<fia e~ ikx ) + — C 0 (e iVo e ikx +e~ iq, °e~ ikx ) 


and for x<0, 


A B 

u =-C e (e i<l,a G~ ikx +e~ iVa e ikx ) - — C 0 (e i<Po e”■ ifcx + e" 1>0 Q ikx ). 


We want a solution of the asymptotic form 

(e ikx + Re~ ikx for x<0, 
[re ,7cx for x>0, 


(39.15) 


i.e. 


A B 

— C e Q lq>a + —C o G l(f0 — T, 

A B 

-C e e- ,fl> « +-C 0 e- , ’ ,0 = 0, 
2 2 

A B 

— C e e lVa - C 0 g Wo =R, 

2 2 

A B 

-C e G- l « a --C 0 s- l «° = 1. 


From the second and fourth of these equations, AC e and BC„ can be 
determined, and then T and R computed from the first and third ones: 


T =i(e 2i% - e 2 ^ 0 ); R =i(e 2i,p ' + Q 2i<po ). 


(39.16) 


From these amplitudes there follow the intensity coefficients of trans¬ 
mission, 


|r| 2 = sin 2 (<p e —<p 0 ), 

and of reflection, 

|K| 2 = cos 2 (<p e -<p 0 ). 


(39.17) 

(39.18) 


They satisfy the conservation law 

|T| 2 + |JR| 2 = 1 


and depend upon only the phase angles and not upon any normalization 
factors in the eigenfunctions. 

To compute the coefficients (39.17) and (39.18) let us go back to Eqs. 
(39.13) which, with the abbreviation 


k/2<x=q. 
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yield 


<P e -(p 0 = Mg r(iq + ^ + -0 + argJ^ig + l - j 
-arg ffiq + yVarg ffiq + 


From the general relation 


r(z)F(l-z) 


n 


sin nz 


there follows 


Putting 


we have 


arg T(z) — arg F(1 — z*)= — arg sin 7t z. 


A i 

iq H-1— = Zi and + 

2 2 


(39.19) 


(39.20) 


1 A A 

iq+ 2~2 = 1 ~ Z * and *« + 1 “ y = 1_z * 

so that pairs of arguments may be combined in (39.19) according to 
(39.20) thus leading to 


<p e -(po= -arg sin7t l 


<A +1 \ (X N 

—-b iq ) + argsin7rl — + iq 

^ 2 / V2 > 


-l( n ^ , \ rc/l , \ 

= tan M tan — tanh nqj + tan cot — tanh nqJ 


or by an elementary reshaping, 


<Pe-(Po =tan 


t Jsinh7tk/a] 
1 sin7tA j 


(39.21) 


If the depth parameter A is an integer, the denominator vanishes so 

that (p e — (p 0 — ~ and, according to (39.17) and (39.18), \ T\ 2 = 1, |K| 2 = 0. 

In these cases the entire incident energy will be transmitted for all 
energies of the particles and nothing will be reflected (which is obvious 
for A = 1). On the other hand, in the limit fs = 0(i.e.7ifc/a = 0) the numerator 
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in (39.21) vanishes so that for non-integer values of X we get <p e — (p 0 =0 
and total reflection: |T| 2 =0, |jR| 2 = 1. For all values of X we may write 


with 


\R\ 2 = 


1 

T+7 ; 



(39.22) 


smhnk/a 

sinnA 


and find the reflection coefficients shown in Fig. 25 for two energies 
corresponding to k /2 a = 0.1 and 0.2. The same picture would be repeated 
in any interval n<X<n +1 of integer n. 



Fig. 25. Coefficient of reflection, at two different energies, as a function of hole size 


Bound states. Eigenvalues exist for negative energies. Let us put 
k=ix so that 


E = 


h 2 x 2 

2m 


(39.23) 


and the parameters (39.6) become real, viz. 



(39.24) 


Then we may again use the asymptotic formulae (39.11 a, b) in which, 
however, the first term now behaves as e* |x| and the second as e~*H 
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A normalizable solution is therefore possible for x>0 if, and only if, 
the factor of the first term vanishes. Since the E functions are now all 
taken for real arguments where poles exist at negative integers 
— n (n — 0,1,2,...) the eigenvalues follow from 


1—A x 
2 2a 


— n or—= A —1—2 n 
a 


for even, and 


Ax x 

1 — — H- — —n or — = A-2—2 n 

2 2a a 


for odd eigenstates. Hence the energy terms become, with a slight change 
in notation, 


fl 2 

E n —-(A — 1 — n) 2 ; n<A-l (39.25) 

2m 


x—► 

12 3 4 5 



Fig. 26. Energy levels in modified Poschl-Teller holes of different size. The broken 
line represents the depth of the potential hole 


with even/odd states for even/odd n — 0,1,2,_ These eigenvalues 

are shown in Fig. 26; it should be noted that for integer A there is always 
one eigenvalue (w = A — 1) lying at zero energy. 
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Problem 40. Free fall of a body over earth’s surface 

A particle moves in the homogeneous gravitational field over the earth’s 
surface, the latter being assumed to elastically reflect the particle (e.g. 
a steel ball dancing over an horizontal plate of glass). This basic problem 
of classical mechanics is to be treated according to quantum theory. 

Solution. The dancing of the ball corresponds to a stationary state. 
With x the height over the earth’s surface, and V(x) = mgx the gravitation 
potential in its standard form, the Schrddinger equation 

h 2 d 2 u 

- — —2 + (mgx-E)u = 0 (40.1) 

2m ax 


is to be solved for x>0. The assumption of elastic reflection at x = 0 
leads to the boundary condition 

u(0) = 0 (40.2 a) 

to be supplemented by 


u(oo)-»0. 


Using the abbreviations 

2 m 2 g 1 2mE X 

h 2 = F’ ~tf~^T 2 

and the variable 


£ = 



(40.2 b) 


(40.3) 


(40.4) 


where l is a characteristic length and t, dimensionless, Eq. (40.1) becomes 

d 2 u 

~T7i ~ £“ = 0, (40.5) 

dC 

and the boundary conditions (40.2 a, b) 

u(—A) = 0; u(oo)-»0. (40.6) 


The interval of classically permitted motion lies between the two classical 
turning points at £= — A and £ = 0 (Fig. 27), i.e. entirely at negative 
values of £. 
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The differential equation (40.5) is solved by Bessel functions of the 
order 1/3. The solution satisfying the boundary-condition u(oo)=0 is 
the Airy function (Fig. 28) 4 , 



Fig. 27. Gravitation potential over Earth’s surface with the ten lowest energy levels 



Fig. 28. The Airy function 


W (a=c-Ai£. 


(40.7) 


For positive values of £ (to the right of the turning point at £ —0 or x =A 
in Fig. 27) this function may be expressed in terms of the modified Hankel 
function 



n 



for £>0. 


(40.8) 


* The Airy function is well tabulated today, and so are its zeros. Cf. e.g. 
Abramowitz, M., Stegun, I. E.: Handbook of Mathematical Functions. New York: 
Dover Publ. 1965. — The accompanying table of zeros has been taken from 
this source. 
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The asymptotic behaviour follows from the general formula 


KM- 


z—*co 


so that 


«(0-C 


i e for £-» + oo. 


(40.9) 


In the classical interval, i.e. for negative values of £, the Airy function 
is represented by Bessel functions, 

Ai (-0 = 


or 


«tt) = jl/l!ri(ll{l } )+^- + (!l{lb} for f<o. (40.10) 

According to the other boundary condition (40.6), this function must 
vanish at £=— X. Since X is the energy eigenvalue (in suitable units), 
the eigenvalues follow from either 


Ai( —A) = 0 (40.11a) 

or 

r i (pi)+^- i (^ } )=o. (40.iib) 

Table of zeros 


Ai(—AJ=0 

n 

x„ 

1 

2.338 

2 

4.088 

3 

5.521 

4 

6.787 

5 

7.944 

6 

9.023 

7 

10.040 

8 

11.009 

9 

11.936 

10 

12.829 
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The first ten zeros are given in the accompanying table; the corresponding 
energy levels have been inserted into Fig. 27, above. For higher levels, 
1 , we may use the asymptotic relations 



leading to 


«(0 


1/3^ 


ia 


cos 




for large negative values of £, and to the eigenvalue condition 


(40.12) 


(40.13) 


supplementing the table for n> 1. The latter relation leads on to 


E 


n 



for n> 1. 


(40.14) 


NB 1. The asymptotic formulae (40.9) and (40.12) are in perfect agreement 
with those to be got by applying the WKB approximation, cf. Problem 115 
where the analytic continuation of the wave function across a classical turning 
point is discussed without having recourse to the Airy function. 

NB 2. The characteristic length in this problem, l, may be computed for any 
mass. For an electron we get Z=0.088 cm, and smaller for bigger masses (lccm~$). 
The basic energy constant of Eq. (40.14), 

h 2 

£ = 2 l^p¬ 


is e= 1.03 x 10~ 25 erg for electrons and smaller for bigger masses. These orders 
of magnitude give a fair impression of the vanishing quantum effects in macro¬ 
scopic bodies. The wavelength of the wave function (40.12) then becomes extremely 
small so that only average values of u 2 , taken over many wavelengths, retain 
any meaning: 

3_|C| a Kr *JC| 2 . 1 


u 2 = 


6 n 


6 % 


IX — — 

A l 


With h = U the summit point of the classical motion, 

— 2 1 

U 2 PC , 

|/ft —X 

and that exactly corresponds to the classical predictions, u 2 dx being the prob¬ 
ability of finding the particle (dancing, in the stationary state!) in the interval dx. 
As this probability is proportional to the time of stay, dt, in this interval, we have 

u 2 dxccdt 
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or the velocity v—dx/dtcc\/h — x, in complete agreement with classical me¬ 
chanics, giving 

v = \/2g(h-x). 

It is remarkable how great are the mathematical difficulties of this problem which, 
in classical mechanics, is one of the most basic and simple ones. 

NB3. The zero-point energy, E 1 =eX 1 , is of the order e. T his fol lows very 
simply from the uncertainty relation, Ap-Ax=h, with Ap~]/2mE and the 

E 

(classical) interval of motion being Ax = —. We then have 

mg 

Ap • Ax = ]/2mE • — = h, 
v mg 

or 3 _ 

E = ]/j h 2 mg 2 = e, 

in the order of magnitude expected. 


Problem 41. Accelerating electrical field 

Let a current of electrons of initial energy E be emitted from a metallic 
surface, in positive x direction, and an accelerating electrical field & 
be applied in the same direction. The classical formula 

%mv 2 = E + e$ x, (41.1) 

with v the velocity at the distance x from the emitting surface, shall be 
corroborated by quantum mechanics. 

Solution. As V(x)= —eS’x, we have to solve the Schrodinger equa¬ 
tion 

h 2 d 2 u „ 

— -- —^ — e$xu = Eu (41.2) 

2m dx 2 1 

for x>0 (Fig. 29), looking for such solutions which represent waves 
running in the positive x direction. In a similar way as in the preceding 
problem we now use the characteristic length / and the dimensionless 
energy parameter X, defined by 

2meS 1 2mE X 

and the dimensionless variable 

„ x 

{ = t + a. 


(41.4) 
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Then, we get the differential equation 



+ £« = 0 


(41.5) 


to be solved for <*;>A//. The solution, corresponding to an outgoing 
wave, is 


u(0 = C 



(41.6) 



Fig. 29. Acceleration of electrons in homogeneous electrical field 


Its asymptotic behaviour follows from 

"¥'(*)-> |j 

to be 5 



exp 


ilz — 


5tt 

12 j 


Sit i 


2t ( l 


«(£)-► Ce 12 r i e 3 . (41.7) 

In order to corroborate (41.1) we now compare the particle flux, 


h 


du du*'' 


s = 


- - u 


with the particle density, 


2 im\ dx 


p = u*u, 


dx /’ 


(41.8) 

(41.9) 


5 Note that (41.7) is identical with the WKB approximation. Here, as in the 
preceding problem, we have not used the Airy function, because no difficulties 
of analytic continuation occur, and furthermore, because the solution sought in 
this case is a linear combination of the Airy functions of the first and second kind, 

__ _ in 

u = C|/ne 6 {Ai(—£)—iBi(—£)}. 
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the ratio of both giving the particle velocity v. From (41.7) we get 


du 

dx 

so that, from (41.8), we find 
h 


f 1 
— TT + * 1 
v 4 £ 


I U 


s = 


or 




S tl r~ h 1 /x + kl 

v = — = —j]/Z = - - - 

p ml m 


u*u 


If 


which, using (41.3), may be reshaped into 


v = 


fa eg ( 


m 


X 


x + 


6 $ . 



'2 

m 


x + E, 


in perfect agreement with (41.1). 

In this proof we have used the asymptotic form of the wave function, 
i. e., we have supposed £>1 or x>l. The characteristic length l may 
be determined from (41.3); for a reasonable field strength i= 300 volts/cm 
(or 1 electrostatic unit), and for electrons we find 1=3.69 x 10~ 6 cm. The 
condition x$>l is therefore generally very well satisfied. 


B. Problems of Two or Three Degrees of Freedom without 
Spherical Symmetry 

Problem 42. Circular oscillator 

To study the motion of a point mass in the two-dimensional potential 

V= ™co 2 (x 2 + y 2 ). (42.1) 

Solution. The problem may be dealt with in rectangular or in polar 
coordinates with 

r 2 = x 2 + y 2 (42.2) 

and the results of both ways compared. 

a) In rectangular coordinates, the Schrodinger equation permits 
factorization of the wave function, 

u(x,y) = f(x)-g(y); 
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each of both factors then satisfies an one-dimensional oscillator equa¬ 
tion (cf. Problem 30), 


with 


/" + (fe? - A 2 x 2 ) / = 0; g" + ik\ - A 2 y 2 ) g = 0 


_ h 2 k 2 , moo 
k\ + k 2 = k 2 ; E = ——; A = ■ 


2m 


h 


Hence, we have the eigenvalues 


or 


k\ = 21(n l +%); 
E = ha)(n 1 +n 2 + 1); 


kj = 2A(n 2 +j) 
n u n 2 = 0,1,2,... 


(42.3) 


with wave functions 

u„ i „ 2 (x^y) = fn l ( x )fn 1 (y) 

where the /„. denote one-dimensional oscillator functions as given in 
(30.10) with normalization constants (30.11). The energy levels are 
degenerate, because the sum 

n i + n 2 — n (42.4) 

determining the energy may be decomposed into two integers in n +1 
different ways; the general solution therefore is obtained by any linear 
combination n 

u n (x,y)= £ A„J ni (x)f n - ni (y) (42.5) 

fii = o 

with 

i M„l 2 = 1. (42.6) 

«i = 0 

b) In polar coordinates, the potential depends upon r only, thus 
permitting factorization: 

u(r,cp) = v(r)e iMv ; M = 0, ± 1, ±2,.... (42.7) 

This leads to the differential equation 

(v" + y v' - ~ ^ + (fe 2 - A 2 r 2 )v = 0 

where the first bracket is originated by the Laplacian. Putting 


v = r |M| e 2 F(r) 

the differential equation 

F „ + p|M| + l _ 2 A^ F _[ 2 A(| M | + 1) _ fc2 ] F = 0 


r 
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is obtained for F(r) which by using, instead of r, the variable 

t = Xr 2 

is transformed into the Kummer equation 

d 2 p dF ir. , k 2 ~l „ 

( - j? +[(|M| + l)- t ]-- I ^(|M| + l)--jF = 0 

whose solution regular at t =0 is the confluent series 


F(t)= 1 F 1 (a,\M\ + l;t) 

where 

« = |( |M| + 1)-^. (42.8) 

For large values of t this function would diverge as e ( , thus preventing 
normalization. If, and only if 

a=—n r with n r = 0,1,2,..., (42.9) 

the confluent series becomes a polynomial and the wave function can 
be normalized. We then have the solutions 

-X r 2 

u nr , M (r><P) = C nr , M r ' M 'e 2 l F i (-n r9 \M\ + U Ar 2 )e iM ” (42.10) 
and 

E = ha>{\M\ +1 + 2n r ). (42.11) 

As in Eq. (42.4), we may put 

\M\ + 2n r = n 


and again find degeneracy of the same multiplicities as above. 

c) Comparison. Each solution (42.10) is an eigenfunction of the two- 
dimensional angular momentum operator 


with the eigenvalue hM: 



(42.12) 


On the other hand, the product solutions in rectangular coordinates 
are not angular momentum eigenfunctions, except that of the ground 
state. One may, however, look for such values of the constants A ni in 
(42.5) so as to construct linear combinations of degenerate product 
functions leading to the type (42.10). A few examples, covering the three 
lowest energy states, are given below and may be checked by direct 
computation. 
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11=0 (ground state, non-degenerate); n r = 0,M = 0,n=0. E = ha>. 

" /J _i r 2 

“o.o ( r ’<p)= /-e 2 " =« 0 W«oCy)- 
I n 

n=l (two degenerate states); n r =0, M=± 1, n=l. E=2hco. 

X --r 2 1 

«o.±i( r »?) = 2 e±l * = -F{«iW«o(y)±*«oW«i(y)}- 

1/2 

n = 2 (three degenerate states); n r =l, M= 0 and n r =0, M —±2. 
E = 3ha>. _ 


«i.o( r >P) = [/~^ 1_Ar2 ) e 2 

= 4= {«2 ( x ) M o (j') + M o ( x ) u 2 (j 7 ) }; 
1/2 


«o.±2fo<P) = jj^ Xr2Q 2 e±2i,> 

1 / _ 

= Y {tt 0 u 2 (^) — u 2 ( x ) M 0 (y) ± ^ 1/2 U! (x) Ui (y)} . 

NB. The problem should be compared with that of the spherical oscillator, 
Problems 65 and 66. 


Problem 43. Stark effect of a two-dimensional rotator 

A rigid rotator with the moment of inertia <9 and an electrical moment 
p is rotating in a plane. The perturbation of its energy terms by an 
homogeneous electric field & in x direction shall be investigated. 

Solution. The unperturbed rotator satisfies the Schrodinger equation 

h 2 d 2 u 


20 dcp 2 


= Eu 


with eigenfunctions 


|m>=—-e im *; m = 0,±1,±2, 

i/2 K 


(43.1) 


(43.2) 


and eigenvalues 


E m =- 

m 20 


(43.3) 
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The perturbation potential is 

V((p)= — p&cos(p; (43.4) 

it has a minimum (— pS) at (p = 0 and a maximum (+p<f) at (p = n. 
Its first-order effect upon the energy shifts the eigenvalue (43.3) by 


diE m = (m\V\m)= - (j) 

Since this integral vanishes, 

di£ m = 0, 


d(pQ im<p COS (p Q im(p . 


(43.5) 


there will only be a second-order Stark effect, proportional to S’ 2 , 

„ Km'|F|m>| ! 


1 


JEL — E„. 

m m m 


(43.6) 


The off-diagonal elements of V occurring in this sum are 


& f 

(m' | V\rn) =-() dq>e 

2n . 


i(m — m')<p 


COS<j0 


= (437) 
The sum (43.6), therefore, consists of two terms m' = m ± 1 only: 

Jr 1 ,„20f 1 1 } 

2 m ~~\P S h 2 { m 2 -(m-l) 2 + m 2 -(m + l) 2 f 


or 


A 2 E m = ^ 2 


p 2 © 1 


h 2 4m 2 —1 


(43.8) 


The eigenfunction in this approximation can be determined from 
the general formula 


l x.L.V'1 

“m = N>+ 2J m > 


E m -E m . 


(43.9) 


again the sum reduces to only two terms: 

1 


if. l 

u m = — + 

\/2n l 2 


2m +1 


gi(m+ 1 )</> _ 


1 


,S(m- 1 )<p 


2m — 1 


. (43.10) 
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In the same approximation, then 

K\ 2 = l - t -t~tCos 9 (43.11) 

Am 2 — 1 

shows a variation along the circle. In the case m = 0 we have 

|uJ 2 = l+2p<?cos<j£>, 


i. e. the probability to find the dipole in field direction (<p = 0) is a maximum, 
in the opposite position (cp = n) it is a minimum. This clearly corresponds 
to the classical static orientation of a dipole. On the other hand, if ra^O, 
the sign of the additional term in (43.11) changes and we get the opposite 
behaviour. Even this may be understood by the classical model: when 
the dipole rotates, it passes the angles around q> = 0 with the potential 
minimum at a higher speed than those around the opposite direction. 
Therefore, if a statistical series of snapshots is obtained, the rotator will be 
found around <p = 0 less frequently than around <p = n. 


NB 1. The states |m> and |— m> are degenerate. It is, however, not necessary 
to start with linear combinations, 

| £, M> = «*, M l m > + /*4.|m||- m >> £=1,2, 

instead of with the functions |m> and | — m> themselves, because the matrix 
elements < —m|F|m> of the perturbation potential vanish so that there can be 
no coupling between such pairs of states. 

NB 2. If a magnetic field perpendicular to the plane of rotation is applied, 
it will cause another potential energy term 

v maq =-Jt*e 

where Ji is the magnetic moment connected with angular momentum, 

e 


Jf=- 


L. 


2 Me 

Hence, with M the mass and e the charge of the rotator, 

e 


Fma9 2 Me 


eh 


-t J— = ip with. 
i dq> d<p 2Me 


The Schrodinger equation (43.1) then has to be replaced by 

,du 


h 2 d 2 u 

--J + l/l 


20 dtp 2 ' ^ dq> 
with, again, the solutions (43.2), but the eigenvalues 


= Eu 


no longer degenerate with respect to the sign of m (two-dimensional Zeeman 
effect). 
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Problem 44. Ionized hydrogen molecule 

To approximate the dissociation energy of Wj + H + by an electron 
eigenfunction built up as a linear combination of 

| a) = — e" vr “ and | b) = — Q~ yrb (44.1) 

]/n \fit 

with r a and r b the distances of the electron from the two protons fixed a 
distance R apart (Fig. 30). The parameter y may be used as a Ritz parameter. 



Fig. 30. Coordinates for molecule 


The equilibrium distance R is to be determined and the zero-order energy 
of the relative vibration of the two protons may afterwards be taken 
into account. 

Solution. We start with the two protons fixed at a distance R (Born- 
Oppenheimer approximation of fixed nuclei); then the Schrodinger 
equation for the electron motion, in atomic units, runs 

Hu= - - V 2 u - (- + -)u = E e u (44.2) 

2 \r a rj 

with E e the energy of the electron. The energy of the molecule for fixed 
nuclei then is 


^mol — — + E e . 


(44.3) 


We apply a variational method, making the latter expression a minimum: 

1 

E mol = (u\H\u) H— = Minimum (44.4) 


with the constraint 


<u|u> = l. 


(44.5) 
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Using a linear combination 

u = <x\a}+f}\b ) (44.6) 

where | a) is the same function of r a as |b> is of r b , we have with normalized 
functions, 

Ola) = (b\by = 1; <a|b> = < b\a > = 5 (44.7) 

where S is called the overlap integral. More explicitly, we then have instead 
of (44.4) and (44.5), 

E mo i={ct 2 + p 2 )(a\H\a) + 2ccp(b\H\ay + 4 = Min. (44.8) 

A 

and 



and that the symmetrical solution belongs to the lower energy level 
thus leading to the ground state of the molecule. We shall therefore 
restrict our further considerations to Eq. (44.10). 

Using the special normalized functions |a> and |h> defined by 
Eq. (44.1), we find by direct evaluation 


H\ay = \- ^y 2 + ~— 1 - -}l«> 

so that 

<a|ff|a> = — | dxe~ 2yra \ — -y 2 + — - -j, (44.12) 

n J i 2 r a r b j 

v 3 f fl v — 1 l) 

(b\H\ay = — dre- y(r “ +rb) \ - -y 2 + -->. (44.13) 

x J t 2 r a r b J 

Introducing the abbreviations 

^3 n q — 2yr a 3 V Q~y(r a +r b ) 

V = — dx -; $ = — \dx - (44.14) 

« J r b n J r b 
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and, corresponding to the definition (44.7), 



y 3 

S = — 
n 

| dxQ~ y{ra+rb) 

(44.15) 

we get by elementary considerations 



<a|H|a> = 

-±y2+y(y-l)-% 

(44.16) 

and 





<b\H\a} = 

-h 2 s+(y-1)* 

(44.17) 

so that 





P 1 2 

y(y-l)-^ + (y-2K 1 

(44.18) 


E mo i= ~2 y + 

1 +S + R' 


It remains to evaluate the integrals S, and S. The integral c €, the 
so-called classical interaction integral, describes the Coulomb repulsion 
by proton b of the electron charge centred according to the wave function 
|a) about the proton a. It can be computed by expanding (cf. Fig. 30) 


1 

r b 


< 


- E 

- E 

r an =o 



P„{cosS a ) 


P n ( C0S '%) 


for r a <R, 


for r a >R. 


Only the term n=0 of this series then contributes to W which may be 
evaluated by elementary integrations: 

<^ = i[l_(l + y R)e~ 2yR ']. (44.19) 

R 

The integral $ is called the exchange integral. It has no classical equivalent 
and is a consequence of the symmetrization of the eigenfunction (ex¬ 
change of the places at a and at b of the electron). It can be evaluated in 
prolate ellipsoidal coordinates over the two protons as foci, putting 


R 

2 


(<;+*), 



and using besides t; and rj the angle (p about the molecular axis as the 
third coordinate. Then the volume element is 


dx = 



(£ 2 —ri 2 )d£drid(p 
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and integration is to be performed within the bounds 1<£<oo, 
— l<»/<+l, 0<(p<2n. The same integration method may be applied 
to the overlap integral S. The results are 

<f = y(l +yR)Q~ yR (44.20) 

and 

S = (l+yR+^y 2 R 2 )e~ yR . (44.21) 

If we now write down the energy £ mol according to (44.18) we get 
a function of the two parameters y and R. It is more convenient to use, 
instead, y and 

p = yR (44.22) 

as Ritz parameters to minimize the energy. Using besides S, Eq. (44.21), 
instead of ^ and S the expressions 


<T = -[l-(l + p)e~ 2p ] 
P 


(44.23) 


and 


r = (l+p)e~ p (44.24) 

which all three depend upon only the parameter p, we arrive at 

1 .2 , y(y-i)-yV’+y(y-2)r , y 


E mo[ =~2 y + 


1 + S 


(44.25) 


This is of the form 


E mo i=f(p)y 2 +g(p)y 


so that from 


ai ^=2yf(p) + g(p)=0 


we may determine the optimum 


0iP) 
2 f{p) 


yielding 


F = - 

mo1 4 fip )' 

We then have to determine the minimum of this expression as a function 
of the only variable p. 
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The numerical computations are not difficult but a little tedious. 
The main results have been assembled in the accompanying table. 


Table of results 


yR=p 

y 

~Emal 

R 




1.200 

1.5 

1.113 




1.216 

0.573 

1.645 

2.3 

1.235 

0.5848 

1.86 

2.5 

1.240 

0.5865 

2.02 

2.8 

1.228 

0.5827 

2.28 


1.216 

0.578 

2.47 

3.5 

1.180 

0.560 

2.96 


The minimum can be fixed even more accurately than shown in the 
table, if an energy parabola is put through the three points at p = 2.3,2.5 
and 2.8. We find by interpolation 

£ mol = 0.0380(1? - 2.08) 2 - 0.5866, (44.26) 

i.e. the energy minimum lies at the equilibrium distance 

K o =2.08 a. u. = 1.10 A 

and has a depth of 

V 0 = —0.5866 a.u. 

In order to find the dissociation energy D we have to take account 
of the zero-point energy 5 ft to of the molecular vibration in the nuclear 
oscillator potential (44.26) and to subtract from the binding energy of 
the molecule that of the hydrogen atom, equal to — 

D = -i- (F 0 +± ft w) = 0.0866-iftet) = 2.36 eVto. 

The zero-point energy may be roughly computed by considering only the 
harmonic approximation (44.26) to the potential with the obvious 
identification ^Mto 2 = 0.0380 (cf. Problem 30) and M the reduced mass 
of the vibration, i.e. one-half the proton mass. This leads, in atomic 
units, to ft to=0.00913 and thus to a zero-point energy of 

iftto=0.00457 = 0.124 eV. 

We thus arrive at a dissociation energy of D = 2.24 eV. This approximation 
is to be compared with the experimental value of 2.65 eV. It seems a 
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rather good approximation considering that we have made a theory 
to approach not D but V 0 ; the experimental value of V 0 would be 
V Q = —0.6017, so that our theoretical value of V 0 = —0.5866 is wrong 
by only 2.6 per cent. 


Problem 45. Oblique incidence of a plane wave 


A potential step may be idealized to 


fO for x<0, 
(F 0 for x> 0 . 


The laws of reflection and refraction shall be derived for an obliquely 
incident wave, and the intensities of reflected and refracted particle beam 
determined. Special consideration should be given to the case of total 
reflection. 


Solution. We shall use throughout the abbreviations 

2 mE l2 2 m(E-V 0 ) ^ 2 

h 2 h 2 


(45.1) 


Let us first suppose V 0 < E, i. e. K to be real. (This includes the case 
of negative V 0 .) In the half-space x<0 the solution of the Schrodinger 
equation is, in standard normalization, 

u = Q ikr +RQ ikr (x<0) (45.2a) 

with k = (k x ,k y ,k z ) the wave vector of the incident, R and k=(k' x ,k! y ,k' z ) 
amplitude and wave vector of the reflected wave. In the half-space x>0 
we just have the transmitted wave 

u=Te iKr (x>0) (45.2 b) 

of amplitude T and wave vector K=(K x ,K y ,K z ). Here we have 

k 2 = k' 2 = k 2 ; K 2 = K 2 . (45.3) 


At the surface x=0 the two functions u and du/dx of the variables 
y and z must be the same if computed either from (45.2a) or (45.2 b). 
It follows that their phases 

k y y + k z z = k' y y + k! z z = K y y + K z z (45.4) 

as well as the amplitudes of u and du/dx, viz. 

1 +R = T- k x +Rk' x = TK X (45.5) 

must be equal. 
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We first investigate Eq. (45.4). The discussion is very much simplified 
if the z axis is chosen so that k z = 0, i. e. perpendicular to the plane 
of incidence. Then, according to (45.4), k' z and K z also vanish so that 
both vectors, k' and K lie in the y, z-plane. This is shown in Fig. 31, 
where the angles a, a', /? are defined. They permit to write the y com¬ 
ponents of (45.4) in the form 

/csina = fc since' = K sin/?. 


X 


Fig. 31. Definitions of wave vectors and angles for oblique incidence 



Hence, there follows the law of reflection, a = a', and the Snellius re¬ 
fraction law, 


sin a _ K 
sin/? k 


(45.6 a) 


allowing the definition of a refractive index, 

(45.6 b) 

in the same way as in optics. 

From Eq. (45.5) we obtain the amplitudes T and R, viz. 



» K *~K 

K-K x 

T . K-K 

K-k x 


Kcos/?—fccosa sin(a — /?) 

— fccosa — K cos/? sin(a + /?)’ 

— k cos a — k cos a 2 cos a sin /? 

— fccosa — K cos/? sin(a + /?) 


(45.7) 


These amplitudes gives access to the intensities which we define as 
current densities of the three waves, 


h 

s = - (u* Vu — mVm*). 

2 im 


(45.8) 
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In the half-space of incidence (x<0) there follows from (45.2 a) 

Vn = ikQ ikr + Rik'e ik r ' 

and thence by straightforward calculation the vector 


s = ^{k + R 2 k + R(k + k)cos{k-k) r} 


with components 


s x = — k cosa (1 — R 2 ); 


m 


\ 


s v = — ksintx{l+R 2 + 2Rcos(2kxcostx)}. 
y m 


(45.9) 


On the other side of the potential discontinuity (x>0), we get from 
(45.2 b), 

s = -T 2 K 
m 

with components 


■fc it 

s x = -Kcosp-T 2 ; s y = — K sin ■ T 2 . 


m 


m 


(45.10) 


Continuity of the flux requires that s x is the same on both sides of 
the discontinuity, or that 

fccosa(l — R 2 ) = KcospT 2 . 

Using Eqs. (45.6 a) and (45.7) it can easily be shown that this is indeed 
an identity. The component s y , on the other hand, is not subject to 
any such condition except, of course, that it cannot depend upon y. 
It is interesting, however, that it depends upon x in consequence of 
the interference between incident and reflected waves. This periodic 
variation with the distance before the step nowhere leads to a change 
of sign since the curly bracket in (45.9) oscillates between (1— R) 2 and 
(1 + R) 2 , both positive. 

If an average is taken over a domain of several wavelengths, the 
contribution of the interference terms will cancel out so that the three 
currents incident, reflected, and transmitted, become 

s 0 = — k; s r = — R 2 k; s t = -T 2 K. (45.11) 

mm m 

The absolute values of these vectors being called intensities, the ratio 
s r /s 0 = R 2 becomes the reflection coefficient of optics, and s t /s 0 = nT 2 
the transmission coefficient. 
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Total reflection will occur for V 0 >E, i. e. if K, Eq. (45.1) is imaginary, 

K = ix. 

Since Eq. (45.4) still must hold, so that K y = k sin a and K z = 0, it fol¬ 
lows that 

K 2 X = K 2 -K 2 -K 2 = —(>c 2 + k 2 sin 2 a) 

is negative, K x =i% x being imaginary. Eq. (45.5) then may be written 

1+1?= T; k x + Rk' x = Tix x . (45.5') 

The law of reflection is the same as before. There is, of course, no law 
of refraction now, and instead of (45.7) we get 

R _ '* x -k cosa T= — 2kcos« 

— fccosa —i*:*’ — fccosa — ix x 

Thence |jR| 2 = 1, so that the reflected intensity equals the incident one, 
in agreement with the behaviour of any waves in the case of total 
reflection. 

NB. The considerations of this problem have the same structure as those of 
optics. The theory of a light wave, incident upon a refracting surface, is much 
more complicated, however, because of the vector character of light, whereas here 
we are simply dealing with scalar waves. Eq. (45.7) corresponds to Fresnel’s for¬ 
mula for the electrical vector component perpendicular to the plane of incidence. 


Problem 46. Symmetrical top 

The rotations of a large class of molecules may be dealt with by treat¬ 
ing the molecule as a rigid body, neglecting vibrations of the nuclei 
or electronic motion. Let the molecule have the shape of a symmetric 
top with the moments of inertia C about its figure axis, and A about 
all axes perpendicular to it through the centre of mass. The Schrodinger 
equation for free rotations shall then be derived from the classical 
hamiltonian, and the energy eigenvalues be determined. 

Solution. If the position of the figure axis is described by polar 
angles 9 and , and rotations of the top about this axis by an angle i]/, 
the classical expression of the kinetic energy is 6 

Tciass = i {>1 (<p 2 sin 2 9 +$ 2 ) + C{<p cos 9 + \J /) 2 }. (46.1) 


6 For derivation of this expression, see textbooks of classical mechanics, e. g. 
the author’s Lehrbuch der theoretischen Physik, vol. II, pp. 50, 75. 
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The three Eulerian angles 3, (p, \j/ are generalized coordinates and, since 
T class is a quadratic form in $, <p, \f/, the method for its translation into 
quantum theory given in Problem 13 may be applied. The metrical 
tensor there defined has the covariant components 

099 = 09<p — 0, 

g q> » = 0, g V(p = A sin 2 S + C cos 2 S, 

0^9 = 0</'<?> = ^ cos S, 

with the determinant 

g = A 2 C sin 2 $. 

The contra variant components then follow from g ik =G ik /g: 


09 ■/» —0, I 

g^ = C cos > (46.2) 

0w = C J 

(46.3) 


»“=+ o, 

A 


1 


n V>9 _ ft a V<f> — - 

9 9 A sin 2 S ’ 

q ^=0 = - C °- Sl9 

9 g A sin 2 # ’ 


0** = O, 


cos 9 


0 W = - 


A sin 2 5 ’ 


> (46.4) 


0-7=; + 


1 cos 2 $ 


C A sin 2 $ 


According to (13.11), the operator of kinetic energy may then be ob¬ 
tained by straightforward computation. We find 


h 2 f 1 d_( . _d\ _1_ 

2 A {sin# 55\ Sm d#/ + sin 2 $ d(p 2 

(A cos 2 5\ d 2 | 

~\C + sin 2 $) dxjj 2 ) ' 


2 cos# d 2 
sin 2 5 dydifr 


(46.5) 


The Schrodinger equation for the force-free spinning top then becomes 
simply 

Tu = Eu (46.6) 

since there is no external potential energy, so that T is identical with 
the hamiltonian. 

Eq. (46.6) with the operator T, Eq. (46.5), may be solved by fac¬ 
torization; 

u = f{S)e HMv+K,l,) . (46.7) 

Since the angles q> and i// both run through an interval 2 tt, the quantum 
numbers M and K must be integers to make u unique. They can very 
simply be interpreted; hM is the component of angular momentum in 
the direction of the space-fixed z axis (polar axis) and hK in the body- 
fixed direction of the figure axis. 
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With (46.7) for the wave function, we obtain for /(9) the differential 
equation 

M 2 2MKcos3 




+ 


2,4[sin$ti$\ d3J sin 2 3 sin 2 # 

K 2 } f-Ef. 


/ A cos 2 # N 
V C + sin 2 3 , 


Using the abbreviation 


X = ~E~K 2 
h z 


and introducing the variable 


1 3 

s = — (1+ cos9) = cos 2 0<s<l, 


(46.8) 


(46.9) 


(46.10) 


the differential equation (46.8) is transformed into 

s(l ~ s) Ts [ S(1 “ s ) s (! ~ s ) “ ?( M + K ) 2 + s ] / = °- (46.11) 

Instead of the quantum numbers M and K we then use the positive 
numbers 

P = ?\M+K\; q = j\M — K\ (46.12) 

with 

i(M + K) 2 =p 2 ; MK = p 2 -q 2 . 

Then, by writing 

f(s) = s’(l-s)'F(s), (46.13) 

Eq. (46.11) is transformed into the differential equation of the hyper¬ 
geometric series: 

s(l— s)F" + [(2p+l)-(2p + 2q + 2)s]F'-[{p + q)(p + q + l)-X]F=0 

(46.14) 

solved by the function 

F = 2 F l {p + q+l+J,p + q-J,2p+V, s) 
regular at s = 0 (<9 = 7 t) with 

X = J(J + 1) 

or, according to (46.9), 


E= jA AJ+l)+ j(h~i) K2 - 


(46.15) 

(46.16) 

(46.17) 



124 One-Body Problems without Spin. Problems of Two or Three Degrees of Freedom 


The second solution of (46.14) would be singular at s—0, viz. Fccs~ 2p 
and f acs~ p and can thus be excluded. 

It should be emphasized that J so far is just another abbreviation 
and need not be an integer so that (46.1) as yet does not describe well- 
defined energy levels. We have, however, not yet used the second 
boundary condition. At s=l (5 = 0) the hypergeometric series (46.15) 
makes Foc(l — s)~ 2q and /oc(l —s)~ q singular if the series (46.15) does 
not break off. This is the case only if either the first or the second para¬ 
meter in (46.15) is a negative integer, and since the first per definitionem 
is positive, it follows that 

p + q — J=—n, n= 1,2,3,... (46.18) 

will make F a polynomial of degree n and the wave function finite at 
all physical angles. Now it follows from (46.12) that p + q is a positive 
integer equal to either \K\ or |M|, according to which of the two is 
bigger, so that J = n+p+q is an integer never smaller than the bigger 
of the two. This is reasonable if J is the total angular momentum of 
the top (which we have not yet shown), because a vector can never be 
smaller than any of its components. It is these results only which make 
Eq. (46.17) finally an eigenvalue formula. 

That J really is the total angular momentum quantum number can 
most easily be seen from the classical expression 



which, of course, corresponds to (46.17). 

NB1. The eigenfunctions are, in standard notation, written 

&mk — 2 “ e Wq>+K ' l ' ) d J MK (9) (46.19) 

with 

= Nmk sP (! -s) q 2 F 1 {p + q + J+l,p+q-J,2p+l-s). (46.20) 


They are normalized so that 


and 

the latter leading to 


j dS sin5 j dq> j di// |®Af X | 2 = 1 
o oo 

J49sin9|4£ x | 2 = 1, 
o 


/27TT 1 /(J+p + q)\(J+p-q)\ 
MK 2(2p)! / (J- p+q )\(J-p- q )\ 


(46.21) 

(46.22) 

(46.23) 
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These functions are remarkable from a mathematical point of view as the matrices 
Q) 1 with the elements S> J MK form a 2J+1 dimensional representation of the 
rotational group in 3-space. See also Problem 55. 

NB 2. The method by which the operator T, Eq. (46.5), has been constructed 
has by no means been proved to be applicable to the rigid body, since in Prob¬ 
lem 13 only the use of generalized coordinates for a system of point masses had 
been treated. What is even worse, there can be no rigid body in quantum mechanics 
because rigidity means a constraint to the internal motion of the constituents 
which leads to an infinitely large zero point energy. Only by a correct separation 
of these internal motions from the rotations of the system can the problem be 
solved. This has been done 7 in a paper by S. Fliigge and A. Weiguny (Z. Physik 
171, 171, 1963) where the separation and the limiting process to infinitely small 
vibrations of the constituent particles about equilibrium positions have been 
performed. 

The expression (46.5) and the quantum theory of the symmetrical top had, 
of course, already been found much earlier, their first treatment being due to 
F. Reiche, Z. Physik, 39, 444 (1926). 


C. The Angular Momentum 


Problem 47. Infinitesimal rotation 


To show that, under an infinitesimal rotation of the coordinate system, 
a scalar function f(r) transforms in a way simply connected with 
angular momentum operators. 

Solution. Let us describe the coordinate rotation by 


r' = Rr ; R = l+A 


with R being a 3 x 3 matrix with 


A = 



-e,\ 
0 e x 
0 / 


(47.1a) 


(47.1b) 


Then the three infinitesimal quantities Ej are the angles of rotation with 
respect to the three axes x,y,z. We remark that the inverse trans¬ 
formation is obtained either by inversing the signs of all three Ej or 
by using the transposed matrix A. Hence, 


A= -A. 


(47.1c) 


7 The problem was first attacked by Welker, H.: Z. Physik 101, 95 (1936). 
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A function /(»*) will, under the transformation (47.1 a-c), turn into 
a function fir') of the new coordinates. The latter function can be 
expressed in terms of the original coordinates r by a Taylor expansion, 

f , (r') = f'(r)+(trV)f'(r) (47.2) 


with dr — r' — r=Ar, and higher-order derivatives neglected. Now, one 
finds from (47.1b) that 


so that (47.2) becomes 


Ar = 


e z y — e y z\ 
— e z x + s x z 

\ z y x-£ x yl 


(47.3) 


fir') = fir) + jfe y~e y z)-!^ + {-s z x + e x z)-^ + (8 y x-s x y)-^. 


fir). 


Ordering the terms with respect to the e/s and introducing the angular 
momentum operators 

L * = l( y Tz~ z £) etccyclic (474) 

we get, with £ = (e x ,£ r e z ), 

/'(<0 = /'W - J (£•!.)/'(<■)• (47.5) 


Since the last term is infinitesimal, the infinitesimal difference between 
/'(»*) and f'{r') may there be neglected so that (47.5) may be rewritten 
in the form 

/'to- |l+^ («■-Ol/'M- (47.6) 

So far, no use has been made of the function / being a scalar, i. e. 
of its invariance under rotation: 

fir') = fir) (47.7) 

which permits reducing Eq. (47.6) entirely to the original coordinates r 
in the form 

/'W={l + |(e t)|/W. (47.8) 


Problem 48. Components in polar coordinates 

To use the solution of the preceding problem in order to find the angular 
momentum components in spherical polar coordinates by infinitesimal 
rotations about the x, y, and z axes. 
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Solution. Writing ^ instead of /', Eq. (47.6) may be written in the 
form 


Hr') = 



M r )- 


(48.1) 


We first perform a rotation about the z axis. It corresponds to a trans¬ 
formation r' — r, 9' — 9, (p r — (p — s z . Thus it follows by Taylor expansion 
that 

M r> ) = M r )+W ~ <p) = 11 - «* M r ) ■ 

On the other hand, according to (48.1), 

,/,(,■') = ji-A e z L z j \J/(r), 


so that there follows by comparison, 


L 


z 


h d_ 
i 5<jo’ 


(48.2) 


Next, we rotate the coordinate system by s x about the x axis. Then 
again, r’=r, but both 5 and (p will be changed into 


9' = 9+39‘, <j o' = (p + S(p. 


In rectangular coordinates, according to (47.1a, b), this rotation is 
described by 

x' = x; y' = y+e x z ; z' = z-e x y. 

Now, 


and 


z = rcos5; y = rsin5sin<p 
z' = r cos 9' = r(cos9 — 39sin 9), 


whereas, on the other hand, 

z' = z—e x y = r (cos 9— e x sin 9 sirup) 

so that by comparison we arrive at 

39 = e x sin<p. (48.3) 

In the same way from, on the one hand, 

y' = rsin5' sin^' = r(sin5sin<p + <55cos5sin<j[> + <5<j!>sin5cos q>) 

and, on the other hand, 

/ = y+E x z — r (sin 9sin<p + e x cos 9) 
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we obtain 

S3 cos 3 sin (p + Sep sin 3 cos q> = s x cos 3 
and, using (48.3) for S3, 

Sep = e x cosq>cot3. 

We then have, with (48.3) and (48.4), the Taylor expansion 


and from (48.1), 

i^(r') = iA(r) - jS x L x il/{r) 
n 

so that by comparison it follows that 

h( . d d\ 

L x = - -ysixup— + costpcotS— j. 



= ij/(r) + e x I sin (p — + cos q> cot 3 


(48.4) 


(48.5) 


Lastly, we rotate the coordinate system by s y about the y axis. 
Again we have changes in 3 and q> to be described by a S3 and a Sep 
which, of course, have now another meaning determined from 

x' = r sin 3' cos (p' — r (sin 3 cos q> + S 3 cos 3 cos (p — S q> sin 3 sin (p) 

= x — £ y z = r(sin 3 cos (p — e y cos #) (48.6a) 

and 

z' = r cos 3' = r (cos 3 — S 3 sin 3) 


= z + e y x = r(cos$ + e y sin# cos (p). 

(48.6 b) 

From (48.6 b) we obtain 


S3 — —e y cosq> 

(48.7) 

and then from (48.6 a) 


S cp = s y sin (p cot 3 . 

(48.8) 

Therefore, 
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which, according to (48.1), must agree with 


i K r ') = 'l'(r) ~ — s y L y \J/(r) 


so that 


h ( 8 3' 

L = -— cos (p - H sinm cot 5 —— 

i \ 33 3q >, 


(48.9) 


It is usual to combine (48.5) and (48.9) to the more convenient ex¬ 
pressions 

+ h . / 3 3\ 

r^ +i L,= - T e-(-,- + cot »-); 


l 


h _. / 3 3' 

L —L x — iL — -e 1<P \ i -f- cot9 — 

y i \ 33 d<p y 


(48.10a) 

(48.10b) 


Eqs. (48.2) and either (48.5), (48.9) or (48.10a, b) form the solution to 
our problem. 


Problem 49. Angular momentum and Laplacian 

To express the operator L 2 in spherical polar coordinates and to com¬ 
pare it with the Laplacian and the kinetic energy operators. 

Solution. Using the operators L + and L~ defined in (48.10a,b) we 
may write 

L 2 = i(L + L-+L~L + ) + L 2 . (49.1) 

Now, 

A , . / 3 3\ id 3\ 

L L = -h 2 Q l,p [ —i~ —b cot$ —— )e lq, \ i— + cot9— ). 

\ 33 d(pj \ 83 d(pj 

Using first the commutation relation 

3 _. / 3\ 

dq> \ d(pj 

in order to eliminate the exponentials, and then 

8 _ 1 3 


we arrive at 


— cot 5 
83 

sin 2 9 

+ cot 3 ——, 
33 

J 8 2 

3 

3 2 

— h 2 [ —- 

+ cot3—~ 

+ cot 2 3 —— 

\33 2 

83 

3(p 


+ i ■ 


(49.2) 
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The operator L L + can in the same way be determined with the oppo¬ 
site sign of the last term, so that according to (49.1) 


or 


L2= -* 2 & + co,9 ^ + ( 1 +co ‘ 29 ) i} 

L2 =- ft2 {ii^^( sin9 S + ^^}' (49 - 3) 


In the latter form, the bracket is identical with the angular part of the 
Laplacian so that we may write 


d 2 2d 
dr 2 r dr 



(49.4) 


The kinetic energy of a particle, as we know from classical 
may be written 


2m 



mechanics, 


Since it corresponds to the quantum mechanical operator 
Eq. (49.4) leads to 




2m 


V 2 , 


(49.5) 


i.e. to the radial part of the Laplacian. The operator corresponding to 
the classical radial momentum p r then follows by factorization of (49.5): 





(49.6) 


which indeed by iteration renders (49.5). The operator p r can be shown 
to be hermitian (cf. Problem 59) and to obey canonical commutation 
with r. 


Problem SO. Hilbert space transformations 

To show that any quantum mechanical operator F transforms under 
infinitesimal rotation into 

F' = UFU* (50.1) 

with U being the unitary operator 

U=l-UsL). 
h 


(50.2) 
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The commutators of Lj with x k , with p k , with L k , and with L 2 shall be 
deduced from this transformation relation. 

Solution. From Eq.(48.1) we know that every.wave scalar ij/ or <p 
will transform into = or (p' = Uq>, U being defined by (50.2). 
Any measurable quantity, i.e. any matrix element, derived from an 
operator F must be invariant with respect to the choice of coordinates 
so that 

W\r\<p'> = <*\F\<p>- (50.3) 

Replacing i p' and <jo', we obtain 

<<A'W> = <SJ*\F'\Uq>> = WV'FUWy, (50.4) 

so that by comparison with (50.3) there follows Eq. (50.1). 

Introducing (50.2) into (50.1), we may write, in consequence of the 
infinitesimal character of the transformation, 

F = F- fi [L,F] (50.5) 

using the standard abbreviation 

[a,6]‘= —(ab — ba). 
n 

Hence, with F being rectangular coordinates x,y,z, we find on the 
one hand 

x'=x-6-[L,x]; y'=y-e-[L,y]; z' = z- £ [L,z] 

and on the other hand we know that, according to Eq. (47.3), 

x' = x + z z y-e y z, 

/ = -s z x+y + e x z, 
z' = e y x-e x y + z. 

Comparison of (50.6) and (50.7) yields 

[L x ,x]= 0; [L y ,x]=+z; [L 2 ,x]=-j; 

= l L > 0 ; l L z ,y] = +x; 

[L x ,z] = +y; [L y ,z]=-x; [L z ,z]= 0. 

As for every vector the transformation formulae of its components 
have the same structure as (50.7), the same commutation relations with 
the components of angular momentum must necessarily hold, e.g. 

lL x ,Px] = 0; [ L y , Px ]= Pz ; [ L z , Px ]=-p y etc. (50.9) 


(50.6) 


(50.7) 


(50.8) 
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Since angular momentum itself is a vector, too, the same must hold 
for its own components, i.e. 

[L X ,L X ] = 0; [L y ,L x ] — L z ; [L Z ,L X ]=-L y etc. (50.10) 

A scalar operator, on the other hand, does not change under rotation, 
e.g. (L 2 )'=L 2 so that it follows from (50.5) that it commutes with the 
angular momentum components: 


and in the same way: 


[L,L 2 ] = 0 


[L,r 2 ] =0; [L,p 2 ] = 0 etc. 


(50.11) 

(50.12) 


Problem 51. Commutators in Schrodinger representation 

To verify directly in Schrodinger representation that for a system of 
N particles there will hold the commutation relations 

[I*,y]=-Z; [L x ,L y ]=-L z (51.1) 

with L the angular momentum of the whole system, and X, Y b Z the 
coordinates of its centre of mass. 

Solution. We have 

£ = ££,; j-l,2,...,N (51.2) 

j M j 

with rrij the particle masses and M the total mass of the system. We 
then obtain 

[L x , 7] = Yj 'L m kl L jx,ykl ; 

j k 

[ L x.y=ncv L b]' 

j k 

The operators L jx operating only on the coordinates of the /th particle 
commute with all operators connected with the other particle coor¬ 
dinates so that the double sums reduce to simple ones: 

[L„r] (51.3) 


(51.4) 
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We can now evaluate each term by directly performing the differen¬ 
tiations involved: 

t = (y k - z k iy k <A) 


( # #\ , 
- y \ y 'eT t - Zk W k r ~ Zk * 


and 


[L kx ,L ky ]ll/ = y j(y k 


d d \f dij/ By 

dz k dyj\ 8x k dz v 


- z k 


dx k 


dzj 

di//' 


y k - 


d ij/ 


h f di// 

-^7- x k — 

* \ ox k dy k/ 


\ dz k 

= -Lkz'J' 


dyj 


Inserting these results in (51.3) and (51.4) yields 


and 


[r»r] = -jjl, m k z k= ~ z 


thus proving the relations (51.1). 


Problem 52. Particles of spin 1 

To show by an infinitesimal coordinate rotation that a vector field if/ 
is suitable to represent particles of spin 1. 

Solution. If, as in Problem 47, the rotation is described by 

r’=(l + A)r, (52.1) 

the vector field will undergo the same transformation as the vector r 
so that 

nr') = (l + A)j,(r). (52.2) 

On the other hand, we know from the solution of Problem 47 that by 
Taylor expansion of each component i^J(r') at r we obtain 
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We shall solve the problem by comparison of these two expressions. 

To this purpose, we use the description of, A given in Eq. (47.1b) 
which we decompose into 8 

'0 0 0 10 0 —1 \ / 0 1 0 \ 

A — s x 0 0 l+ £y 0 0 0 + -1 0 0 (52.4) 

\0 -1 0 \l 0 0 \ 0 0 0/ 

or, in a more appropriate form, 

A = j (52.5) 

ft * 

with 

0 0 0\ 0 0 i \ 10 -i 0\ 

S x =h 0 0 -i ; S y =h 0 0 0; S z = h i 0 0. (52.6) 

\0 i 0 \-i 0 0/ \0 0 0) 

Then Eq. (52.2) becomes 

^-(l+^S.W (52.7) 

Combination of Eqs. (52.3) and (52.7) allows to eliminate 

|l - j £e k L k j^'(r) = jl + j ^e ft S: ft |^(r) 
or 

^' (r) = {l+^Ie^}(Kr) (52.8) 

with 

J k = L k + S k . (52.9) 

It follows therefore that the three matrices S k are the spin com¬ 
ponents, J being the total angular momentum and L its orbital part. 
It can easily be shown by direct calculation using the definitions in 
(52.6) that the S k s obey the commutation relations of angular momenta, 

[S ; , S fc ] = -S l {j, k,l = x,y,z or cyclic). 

Each of the three matrices (52.6) has eigenvalues +1,0,—1 since it 
differs from the 2 x 2 Pauli matrix o y of eigenvalues +1 and — 1 only 
by the insertion of one line and one column of zeros (save of a sign 

8 The three matrices in (52.4) are the generators of the rotational group SO(3) 
in 3-dimensional representation. 
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in S y ) which simply adds the eigenvalue 0 to those of a y . Hence, the 
spin component in any direction has eigenvalues + h, 0, — h. The ab¬ 
solute square, finally, becomes 


f 

10 0 0) 


o 

o 


1 0 o\] 

S 2 = S 2 x + S 2 + S 2 z =h 2 l 

0 1 0 
\o o i) 

+ 1 

0 0 0 
l« 0 1] 

+ 

0 1 0 
\o 0 0/J 


or S 2 =2h 2 . According to the general formula S 2 — h 2 s(s+ 1) this yields 
the spin 5=1 for the vector field. 


Problem 53. Commutation with a tensor 


To determine the commutation relations of a symmetrical tensor with 
the components of angular momentum by using an infinitesimal co¬ 
ordinate rotation. 


Solution. It has been shown in Problem 50 that every quantum 
mechanical operator transforms under infinitesimal rotation according 
to 

F=F-e[L,F]. (53.1) 

The transformation being defined by r' = Rr, a tensor is defined by the 
transformation properties of its components, 

n, = £ Z R„K, T r ,=(R TR) a (53.2) 

II V 

so that under infinitesimal rotation R = 1 + A, A = — A, we have 


T'=(1+A)T(I-A)=T+(AT-TA). (53.3) 


Comparison with (53.1) leads to 

s[L,T] = TA-AT (53.4) 

which is the basic formula for the solution of the problem. 

We restrict the calculation to a rotation about the x axis, 


Then, 


A — £ r 


'0 

0 

\0 


0 

0 

-1 


0 

1 

0 



f° 

-T 13 

T l2 \ 

1 0 

0 

0 1 

TA = s x 

0 

-t 23 

T 2 2 j AT=£ x 

T 3 1 

T 32 

T * 3 


io 

~ t 33 

t 32 I 

1-^21 

~ t 22 

-T 23 l 
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so that for a symmetrical tensor the difference 


TA-AT=e , 


/ 0 ; 

- T 

\ T 


13 ’ 


12 > 


-T i 3 ; 
—2 r 23 ; 

T22~T 33 ; 


T22 ~ t 33 
2T 23 I 


(53.5) 


again turns out to be symmetrical. This, according to (53.4), must equal 
£ x [Lj, T], hence 


[L 1? T X1 ] = 0; [L lf T 12 ] = - 7\ 3 ; [L lf T 13 ] = r 12 ; 

[L l5 T 22 ] = — 2 T 23 , [L l5 T 23 ] = T 22 — T 33 ; [T l5 T 33 ] = 2T 23 . 


(53.6) 


The commutators of L 2 and L 3 may be found either by rotations about 
the y and z axes or, more easily, by cyclic permutation of symbols in 
(53.6), i. e. 


[L 2 ,T 22 ] = 0; [L 2 ,T 23 ]=-T 12 ; 

[T 2 ,T 33 ]= — 2T 13 ; [T 2 ,T 13 ]= T 33 — T lt ; 

and 


[T 2 , T 12 ]-T 23 ; 
[T 2 ,Th] = 2T 13 


(53.7) 


[L 3 , T 33 ] = 0; [L 3 , T 13 ] = - T 23 ; [L 3 , T 23 ] = T 13 ; 

[L 3 ,T 11 ]=-2T 12 ; I;l 3 ,T 12 ] = T 11 -T 22 ; [L 3 ,T 22 ] = 2T 12 


(53.8) 


It should be noted that all three L fc ’s commute with the trace of the 
tensor: 

[L, tr T] = 0. (53.9) 

This may be understood from the decomposition of a symmetrical 
tensor 

T=0+i(trT)7 


with tr 0 — 0. trT therefore is a scalar (a tensor invariant) and it has 
been shown at the end of Problem 50 that a scalar always commutes 
with L k . 


Problem 54. Quadrupole tensor. Spherical harmonics 

The quadrupole tensor Q defined by 

Qik — Qki = 3 x i x k—r 2 S ik (54.1) 

is a symmetrical tensor with trace zero and therefore has five linearly 
independent components. These may be expressed (except for a factor 
r 2 ) as linear combinations of the five spherical harmonics of order 2. 
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Using the commutators found in Problem 53, the commutators of 
angular momentum operators with spherical harmonics shall be deter¬ 
mined. 


Solution. The spherical harmonics 7 2 m with m = 0, ±1, +2 can be 
expressed in rectangular coordinates 9 : 


r 2 Y 2 , 0 =C(3 z 2 — r 2 ); r 2 Y 2y±1 = ±C]/6(x±iy)z; 
r 2 Y 2y±2 = C%\/6(x±iy) 2 ; C= 


(54.2) 


16 7T ’ 




These well-known definitions permit the spherical harmonics to be 
expressed in terms of the quadrupole tensor components: 


1-2 ^2,0 — ^-6335 ^2,±i— i^l/f( 6 i 3 623)’ 

1-2 ^ 2 , ±2 ~^ j/? H ( 6 it 62 2 ) i f 612 } • 


(54.3) 


Here we may introduce Eqs. (53.6)—(53.8) in order to find the com¬ 
mutators. 

We start with (53.8) since the spherical harmonics refer to z as polar 
axis about which L 3 is the angular momentum component. 

^.n.o]“C[L 3 ,fi 33 ] = 0; 

^ 2 [^z» ^2,±l] = ^l/f {[^3>6l3]i z [^3»623]} 

= C|/J(—623+f6i3) = i zz " 2 r 2 .±i; 

f 2 [ L z , Y 2 ±2 ] = C|/f {^[_L, 3 ,Q ll ] — i[T 3 ,Q 22 ] + /[L 3 ,(2 12 ]} 

= C]/§ { — 6 i 2 — 612 ±*( 6 n — 622 )} = + 2 ir 2 Y 2 ±2 . 

These three commutators may be gathered up in one relation 


lL z ,Y 2ym \ = imY 2 , m . (54.4) 

This result becomes rather obvious in the Schrodinger representation 
h d 

with L z = -and T 2 m xe ,m<p : 

1 0(p 


0 3 

n _ _ Q im <p _ Q im <p — = i m Q im< p . 

L J dcp d(p 

We now use Eqs. (53.6) and (53.7) to construct the commutators with 


L + =L r + /L v 


and L =L x — iL y . 


9 The choice of the front sign is arbitrary, but the different signs for Y 2 yl and 
F 2> _ t simplify the final results. 



138 


One-Body Problems without Spin. The Angular Momentum 


We have, 

L^ + » 811] =2*813, 

612 ] = ~8i3 + *823> 

[^ + , 813] = 8l2+ *(833 ~8ll), 
[_ L + , 822] = — IQh ’ 

[ L + , 823] = (622 633) ^'8l2 ’ 
C^ + , 833]=2(823~~*8l3), 


, 8n]= — 2*8 i 3 , 

, 812] = — 8 l 3 — *823* 

, 8 i 3 ] = 8 i 2 — *(833 ~8ll), 
5 822] = ~2Q 23 , 

[-^ J 823] = (822 — 833) + i 8l2» 
> 833]=2(823+ i 8l3)- 


Straightforward application of (54.3), then (54.5), and then (54.3) again, 
produces the commutators with spherical harmonics for which we shall 
give in more detail a few typical examples. 


r 2 [L + , 7 2>1 ] —Cj/f{[L + , 8 i 3 ] + i[^ + , 823]} 

= Cl/r{8l2 + Z (833 ~ 8ll) + Z (822 — 833)+812} 

= -2iC^{UQ 11 -Q 22 ) + iQ l2 }=-2ir 2 Y 2t2 . 

Another typical example is 

r 2 [L", 7 2>x ] - C]/|{[L- Q 13 ] + i[L~, g 23 ]} 

= {812 *'(833 811) + *'(822 833) 812} 

= C ]/?'*(811 + 822 — ^ 833) • 

Since 

^8 = 811+822+ 833=0, 


the bracket becomes —3 Q 33 so that 

r 2 [L~, 7 2>1 ] = — 3/]/f r 2 Y 2>0 =-i]/6r 2 7 2>0 . 
Finally, at the ends of the m interval, the commutators vanish: 

r 2 [L + , 7 2 2 ] = C]/f{^[L + , 8n]-i[ L+ > 822 ] + * 812 ]} 

= Cj/f08l3 + e23-*8l3-e23) = 0. 

The results may be gathered up in two very simple formulae, viz. 


[L\ r 2 ,J = -/ J/ 6 -m(m + 1 ) r 2 .« + , (54.6) 

and 

[i-', r 2 ,J= -il/ 6 -(m-l)m Y 2 , m . v (54.7) 

Eqs. (54.4), (54.6) and (54.7) form the complete set of commutators 
wanted. 
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Problem 55. Transformation of spherical harmonics 


Let a finite coordinate rotation be defined by three Eulerian angles 
a, p, y. The transformation properties of wave functions which are 
spherical harmonics shall be obtained. 


Solution. We begin by defining the Eulerian angles according to 
the generally accepted way. The initial system x, y, z is first rotated by a 
about its z axis, with 0<a<27r. This results in a system x 1 ,y l ,z l which 
now is rotated through an angle p {0<P<n) about its y 1 axis. Thus 
another intermediary system x 2 , y 2 , z 2 is obtained which by rotation 
through another angle y (0<y<2n) about its z 2 axis finally passes over 
into the system x', y', z '. 

It can easily be seen from (48.1) by iteration that any function ip(r) 
under rotation about an axis A through a finite angle s A obeys the 
transformation law 

{J/(r')=D(E A )il/(.r) with D{e A )=e ** aLa , (55.1) 


When the three Euler rotations are consecutively performed, three such 
transformations follow each other, thus giving the law 


with 


ip(r')=D{<x,p,y)il/{r) 


D(ct,p,y) = e 



•e 



(55.2) 

(55.3) 


In (55.3) we next try to express the three rotations about the axes 
z, ji, z 2 of three different coordinate systems by rotations about the 
original axes. In order to perform the rotation by P about y 1 we use the 



Fig. 32 a and b. Rotations of coordinate systems 


geometry of Fig. 32 a with the axes z and z x coinciding and perpendicular 
to the paper plane, y and y x including the angle a. We replace the rota¬ 
tion by p about y x by first turning x 1 y 1 z 1 back by —a about z, then 
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performing the rotation by /? about the y instead of the y l axis, and 
finally turning the coordinate system back by +-a about z, i.e. 


Q~h PL >‘ =Q fi PLy .Q + h aLZ 


(55.4) 


In a similar way we decompose the rotation through the angle y about 
z 2 (Fig. 32 b), first turning z 2 back by —/? about y t , then turning by y 
about z, and finally restituting the initial position of z 2 by turning 
through /? about y t : 


e 





+ ^ pL y, 


(55.5) 


Combining Eqs. (55.4) and (55.5) with (55.3) we find 


D(a,fi,y)=e~ e~ * tL *e* pLy> -e~ * fiLy '. e ~ * aL * 


l — z? 

i i .. I 


=e 


-aL z 


g(y + *)L Z 


or 




(55.6) 


This is a very general and purely geometrical formula which we 
will now apply especially to spherical harmonics. The function Y L M 
referring to the polar axis z is an eigenfunction to the operator L z with 
eigenvalue hM. The operator L y can, as may easily be seen from Prob¬ 
lem 56, only affect M but not L so that in the new coordinate system 
S', q>' we have, according to (55.2), 

Yl,»(»W)=D{ol,MY l ,M V >)= 2 (55.7) 

M'= -L 

We proceed to calculating the coefficients 


or briefly 


§dQ Y1 m »(S, (p) Y LM {S',q>') 

—§dQ Yt M 4S,(p)D(a,p,y) Y L>M (S,<p) 


Dm.m" = < LM" | D(cc, 0, y) \ LM} 
with D(a,P,y) the operator (55.6). Now 10 , 

e“* vLl | LM} =e- iyM | LM>, 

-~aL 

<LM"|e z =e- ilM "<LM" |, 


(55.8) 


10 The sign may be doubtful in the bra contribution. We have 

<LM"|e“* atl =<e*“ Ll Y L , M A = W aM " <TM"| 


since Yf^cce iM " v and L z Yt, M - =-hM" Yl yM ... 
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hence 


with (55.9) 

a rather involved function of the argument /?. Therefore, the spherical 
harmonics transform according to the law 

Y l , m (®W)= E e~ i(aM ' +yM )‘1 L M ,M'(P)YL,MW’<P)- (55.10) 

M'= —L 


Problem 56. Construction of Hilbert space for an 
angular momentum component 

Let an atomic system be in a state with angular momentum quantum 
number l. Then the Hilbert eigenvectors of the component operator L z 
shall be constructed. For the method cf. Problem 31. 

Solution. We choose a Hilbert coordinate system in which L 2 is 
diagonal, i.e. (omitting all factors h), 

L 2 =j(L + L~+L~L + ) + L 2 = /(/ +1) (56.1) 

for all vectors to be discussed. Let further 1 1 p m } be an eigenvector of 
L z with the (still undetermined) eigenvalue m of this operator. Then we 
apply 

L + = L X + i L y (56.2) 

satisfying the commutation rule (cf. Problem 51) 

L + L z -L z L + = -L + . (56.3) 

From 

Lz\'l'm> = "#m> (56-4) 

it then follows that 

L + L z |«A m > = (L z - 1)|L + <A m > = m\L + ^ m > 
or 

L 2 |L + ^ m ) = (rn+l)|L + ^>. (56.5) 

|L + \p m ) therefore is eigenvector for the eigenvalue m+1. It is not yet 
normalized, the scalar product 

<L + 1 l> m |L + i^ m > = <L" L + 1 p m |iA m > (with L~ = L ++ ) 
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not being = 1. From (56.1), however, and from the commutation rule 

L + 27 — 27 27 = 2 L z ' (56.6) 

we find 

L~L + = L 2 -L 2 z -L z (56.7) 

so that 

<27 L + iAJi^ m > = [/(/+l)-m(m + l)]<^Jtfr m >. 

The normalized Hilbert vector for the eigenvalue m+1 thus becomes 

l<A m+1 > = 7 = = = = 1 L+ft,). (56.8) 

This construction may be repeated up to m = l, the next step leading to 
L + |^j) = 0 so that the sequence breaks off and no |i//, + 1 ) exists. 

Besides this ascending sequence the descending sequence may be con¬ 
structed by repeated application of the hermitian conjugate operator 

L~=L x -iL y , (56.9) 

which satisfies the commutation rule 

27 L Z — L Z L~ = 27. (56.10) 

Applying 27 to (56.4) yields 

Lj27<A m > = (m —l)|L-«A m >. (56.11) 

Again, we still have to normalize the Hilbert vector: 

= {{L 2 -L 2 z + L z )\i/ m \\j/m> 

= [/(/+l)-rn(rn-l)]<iA m |«A m >. 

Thus there follows 

I +m-l> = , - _ - (56.12) 

]//(/+l)-m(m-l) 

This sequence reaches down even to negative values of m until we arrive 
at m — —l. The next step then would lead on to 

L~ |*-,> = 0, 

so that no vector |^_ f _ ± > exists. 

NB 1. From the Schrodinger theory we know that 

ll/'m) = Y lm {$,(p) (56.13) 

is a normalized realization of the Hilbert vectors, save of an arbitrary phase factor 



Problem 57. Orthogonality of spherical harmonics 


143 


in each. The relations (56.8) and (56.12), therefore, except of this phase factor (in 
the usual normalization, ( — l) m ) are identical with the spherical harmonics re¬ 
currence relations: 


L + Y Um =-VH!+\)-m(m+\)Y Um + l , \ 
L~ Y ltm = — ]//(/+ l)—nt(m — 1) . j 


NB 2. In the preceding solution we have tacitly assumed / to be an integer. Since 
each application of the operators L + or L~ changes m by +1, from its maximum 
value m=+l down to its minimum m=—l, the total difference between these 
two limits, 21, must be an integer. This is compatible with integer values of / and m 
as well as with half-integer values. The angular momentum commutation rules 
therefore allow for half-integer quantization. The latter does not yet occur in 
angular momenta derived from particle motion, but these do not exhaust the 
possibilities of theory. As soon as the spin of particles is included besides “orbital” 
momenta, half-integer values will occur. 


Problem 57. Orthogonality of spherical harmonics 

To prove that the eigenvectors of L z for given / derived in the preceding 
problem form an orthogonal system. The matrix elements of the opera¬ 
tors L + and L~ shall then be determined in this Hilbert coordinate 
system. 

Solution. The vector has been found to satisfy the eigenvalue 
relations 

L~ = [/(/+1)—m(m+ l)]|i/'„>; (57.1a) 

L*L-\i m ) = [/(/+1)—m(m —1)]|^>. (57.1b) 

Now we form the two equal scalar products 

<L + ^|L + ^ m > = <^|L-L + ^ m > (57.2a) 

and 

<L + ^jL + «A m > = <L-L + «A m # m >. (57.2b) 

Applying (57.1a) to the right-hand sides of these relations we then find 
for these two expressions 

[/(/+1) - m(m +1)] <iA m # m > 
and 

[/(/ + 1 )- m'{m' + 1 )] < > 

respectively. Their difference vanishes: 

[m(m +1) - m(m + 1)] <(/%#„,> = 0. 


(57.3) 
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The second factor then must be zero except when the first factor 
vanishes, i.e. orthogonality is proved except for the pairs of either 
m' = m or m'= — m— 1. To exclude the last possibility we use Eq.(57.1b) 
for the analogous procedure: 

(L~ ip m .\L~ i p m y = (\ji m .\L + Lr i p m ) 

= [f(/+l)-m(rn-l)]<^ m #m> 

= <L + L~ I Am#m> 

Again taking the difference, 

[m(m -1) - m'(m' -1)] = 0, (57.4) 

this time the first factor vanishes for m' = m and m’=—m+ 1 , but not 
for m'= — m— 1. Both Eqs. (57.3) and (57.4) together therefore lead to 
the wanted orthogonality 

<i#») = L’ (57.5) 

with normalization as introduced in the preceding problem. 

Now it is easy to construct the matrices from (56.8) and (56.12), 
using the arbitrary sign convention of (56.14): 

-(//(/+l)-m(m+l); } 

all other matrix elements vanishing in consequence of (57.5). 


D. Potentials of Spherical Symmetry 
a) Bound States 

In order to solve the Schrodinger equation for a potential depending 
only upon r (central force field) it is expedient to introduce spherical 
polar coordinates (Fig. 33) by the formulae 

x=r sin9 cos<p; y = rsinSsin(p; z = r cos#. (a.l) 

The z axis then is called the polar axis, 8 is the angle between r and 
the polar axis (0<#<7i:) and <p measures a rotation about the polar 
axis (0<<p<27c). The Laplacian in these coordinates becomes 

d 2 2 d 1 
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with stf the angular operator 

1 d ( . d \ 1 d 2 

^ sin S + sin 2 S dq> 2 ' 


(a.3) 



Fig. 33. Spherical polar coordinates 


The Schrddinger equation 

h 2 (d 2 2d 1 \ 

~2^{p + 7Tr + 7V* +m * mE * (a ' 4) 

then permits factorization 

« Kr> &,<P) = - Xi(r) Y l<m (S, tp) (a.5) 

r 

with the radial function Xii r ) satisfying the radial wave equation 


h 2 fcPxi 

2m \dr 2 



+ V(r)xi = E Xl 


(a.6) 


and Y hm satisfying the differential equation of the spherical harmonics, 

^Y Um -\-l{l+\)Y Um = D. (a.7) 

Here, /(/+1) comes in as separation parameter of radius and angles 
which leads to non-singular solutions only if / is an integer (see below), 
/=0,1,2,... For each integer /, there still exist 2/+1 non-singular and 
unique solutions for m = —l, — Z +1,..., l — 1, /. 
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In the following problems we shall always normalize the spherical 
harmonics according to 

§dQ\Y lt J 2 = l. (a.8) 

The special solution for m=0 shall be written in the form 


Y t .o(B) = 


(21+1 

4n 


P|( cos 5). 


(a.9) 


It depends upon 9 only and is called a zonal spherical harmonic. The 
function P t is normalized so that P,(l)=l and is a polynomial of /-th 
degree in cos 9 called Legendre polynomial. 

The operators of the angular momentum components of a particle 
can be expressed in spherical polar coordinates as follows. 

. h . ( s e\ 

h _. / d d\ 

L- = L x -iL y =- r -^i- + cot9-y (a* 10) 


h d 

L z = --—. 

I 0(p 

The operator of the absolute square of the angular momentum vector, 
L 2 = L 2 X + L 2 + L 2 = j{L + L~+L~L + ) + L 2 , (a.l 1) 

can explicitly be written 


L 2 = —h 2 - 


1 


[sin 9 39 
or, using the abbreviation (a.3), 


sin 9 


39 , 


+ 


1 


sin 2 9 3q> 2 


( a -12) 


L 2 = — h 2 srf. 


(a-13) 


It then follows from Eq. (a.7) that Y Um is an eigenfunction of the angular 
momentum operator L 2 with the eigenvalue h 2 l(l+ 1). Since Y l m de¬ 
pends upon the angle <j o as Q inup , Eq. (a. 10) makes 7, m an eigenfunction 
too of the operator L z with the eigenvalue hm where \m\<l. These 
two properties of the wave functions in a potential field of central 
symmetry therefore reflect the classical conservation law of angular 
momentum in so far as it still holds in quantum mechanics. 

Eqs. (a.2) and (a. 10) can, of course, be derived by coordinate transformation 
according to (a.l). This is a straightforward but rather laborious way. A more 
elegant method, using the relation between angular momentum operators and 
infinitesimal coordinate rotations has been shown in Problems 47 to 49. 

For mathematical details on spherical harmonics see Appendix, vol. II, p. 267. 
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Problem 58. Angular momentum expectation values 


What can be said in the following two cases about the three angular 
momentum components L x , L y , L z ? 

a) The wave function of a particle moving in a central field depends 
as Y Um upon the angles. 

b) For a given l, the wave functions Y Um and Y u _ m show the same 
dependence upon #. Both being degenerate solutions, linear combina¬ 
tions proportional to cos mq> and sin m(p may be constructed which 
yet remain solutions of the central force Schrodinger equation. 


Solution, a) The spherical harmonic Y Lm is eigenfunction of L 2 for 
the eigenvalue h 2 1(1+1) and of L z for the eigenvalue hm. The latter 
component therefore has a sharp value in this state. The two compon¬ 
ents L x and L y then are bound to be undetermined in this state because 
of the non-commutability of angular momentum components (see 
Problems 50 and 51). This corresponds to the classical picture in the 
following way. For each individual motion, all three components of L 
have fixed values, viz. 

L X =L sin#cos<p; L y =L sin$ sin<p; L z = Lcos$. 


We are, however, using incomplete information which permits exact 
determination of L z but none at all of the “phase” angle cp. Then, in any 
individual case, we can only determine phase averages as 


L 


JC 




etc. 


o 

Since L z does not depend on cp, it has a sharp value; the phase averages 
of L x and L y vanish. The difference of classical and quantum mechanics 
lies in the fact that in classical mechanics complete information is 
possible thus making phase averaging avoidable, whereas in quantum 
mechanics the non-commutability of operators necessarily makes infor¬ 
mation incomplete, leaving us with averages as best results. 

Instead of phase averages, in a stationary state, quantum mechanics 
permits the calculation of the expectation values or state averages, 


<L x > = jdQY£ m L x Y lim etc. 

The expectation value describes the average result obtained by a large 
number of independent measurements performed on systems all in the 
same state. If all these measurements give the same result (as in our 
case for L z ), then the value is sharp and the expectation value becomes 
an eigenvalue; if there occur different results, only their average can be 
derived from quantum theory. 
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Instead of calculating the averages of the components, it is expedient 
to use the combinations L + and L~. Application of the operators (a. 10) 
to Y l m gives (see Appendix and Eq. (56.14)) 

L+Y,,„=-h 

L'\ m = -ft 

Therefore, in <L + > and <17 > there only occur integrals of the types 

jdSlYt fm Y,, m±u 

vanishing in consequence of orthogonality. The expectation values of 
L x and L y hence are zero, as were the phase averages of the classical 
picture. 

b) The two real wave functions under consideration are 

1 

u + = y(T />m +T,,_ m )cccosm<p, 

and i (58.2) 


/ (l+m+l){l — m) Y lm + 1 , 
/ {l+m)(l-m+1 ) T /im _ i. 


(58.1) 


Both are eigenfunctions of L 2 , but not of any component of L, since 


L ± u + = - 


L* m_ = i 


■m)Yi, m±1 +V(l+m+l)(l±m)Y lt _ m±l }, 


(58.3) 


-m)Y l<m±] .-)/{l+m+\)(l±m)Y u 

— m ± 1}’ 


L z u+ = hmiu_; L z u_=—hmiu + . (58.4) 

Therefore, in all three cases, expectation values only can be derived. 
For L x and L y (or L + and L~) we have essentially to repeat the proce¬ 
dure of a) and find expectation values zero in consequence of ortho¬ 
gonality. For L z , Eqs. (58.4) also lead to zero expectation values because 

<L Z >= §dQu%L z u+ — ±hmi§dQu ± u T = 0 

since u+ and u_ are orthogonal. This can easily be seen from the <p part 
of the integral 

2n 

jdC2u+u- cc j dq> cosmcp sinm<j£> = 0 . 
o 

There is, however, a striking difference between <L X > and <L y > on 
the one hand, and <L Z > on the other. In the classical picture, the wave 
functions u + and u_ still correspond to states with all phase angles q> 
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possible as before under a), the angle #, however, now being restricted 
(not as before to one sharp, but) to two possible values 9 l =S and 
S 2 = n — S leading to JL Z =+L cos 5 and 

L z = LcosS — Lcos# = 0. 

In quantum mechanics, the expectation value of L z follows from a 
mixture of two states with +hm and -hm in equal parts. This can be 
seen from Eqs. (58.3) and (58.4): By application of L x and L y , quite 
different functions are formed instead of u+ and u_; by applying L z 
we merely exchange u + and u_ so that by their linear combination we 
can again construct eigenfunctions of L z , viz. 


and 


u 1 =u++iu_ with L z u l =hmu 1 


u 2 = u + —iu_ with L z u 2 = —hmu 2 . 

NB. Real combinations of the type (58.2) play a role in quantum chemistry 
where a favoured direction to a neighbouring atom in the molecule often has 
precedence over considerations of angular momentum. 


Problem 59. Construction of radial momentum operator 


To construct the canonical conjugate operator to the radial coordinate r. 
What is its representation in the Schrodinger theory? 


Solution. In classical mechanics, the conjugate momentum p r of the 
radius r is defined as the projection of the vector p upon the direction 
of r : 


= ~(pr). 

r 


(59.1) 


In quantum mechanics, this definition becomes ambiguous since the 
components of p and r do not commute and any linear combination 


p r — Xp —h (1 — A) — (59.2) 


corresponds to the classical expression (59.1). 

Now,p r should be a hermitian operator, i.e. p r —p\, which leads to 
X—l—X or A=j, 

1 / r r \ 

p r = — p — I — p I - 

2 \ r r ) 


(59.3) 
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In order to show that this symmetrical expression is indeed the 
canonical conjugate of r, we have to check whether the commutation 
relation 

h 

Prr- r P r = - (59.4) 

i 

will hold here if it holds for the rectangular components. This proof will 
be given by using the relation 

h 

pr — rp— 3 — 

i 


which follows from rectangular component decomposition of the scalar 
products. Hence, 

If 1 1 

P r r — rp r = -<(|>r) + -{rp)r-r(pr) -( rp ) 

2 ( r r 

= U** + -(p r -3-) r -r(pr)- 
2 i i r \ i) r 

= ^{0 

Here, in the last term, 

r 2 {p r) = (x 2 +y 2 + z 2 ) (p x x +p y y +p z z) 
which may be commuted according to 

2 2 
x L p x = — 2 — x +p x x z etc. 


thus arriving at 


r 2 (pr)= —2 — r 2 +(pr)r 2 . 
i 


We then obtain 


p r r-rp r = 



h 

i 


as postulated in Eq. (59.4). 

In order to find the special representation of p r for the Schrodinger 
theory, we rewrite Eq. (59.3) in rectangular components, 

lfx y z x y 

p r — ~ <p x -1- p y -1 - p z -1- p x H- p y H- p z > . 

2 l r r r r r r ) 
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where 


and therefore 


h d 


Px = ~ 


i dx 


h<d / 


etc. 




i (dx\r 
x di// 


1 


= 7{ 2 7^ + V7 ~sr)- 

Addition of the analogous expressions in y and z, observing that 

dij/ di// dil/ di// 

x— + y~r~ + = (»*V)^ = r —, 

dx dy dz or 

leads to the result (cf. Problem 49) 

hfd 1\ 

P ’ = l\d~r + ~i : )' 


(59.5) 


The hermitian character of this operator can easily be checked by 
showing it to be self-adjoint, i.e. to satisfy the relation 

<«l PrV} = <PrU\v) 

for any pair of complex functions u and v for which these integrals 
exist: 


<u\p r v) = 


h (dv 1 \ 

dxu* — — H— v ; 
i \dr r ) 


<j/ r u\v) = jVr jy 


hfdu 1 Y)* 

kr + 7 U )\ V = 


‘ f hfdu* l 


These two integrals become equal if 


tM" 


dv 1 du* 1 ) 

* — + u* — v + —— v + u* — v> = 0 
dr r dr r \ 


or if 


00 

w 


Ad 2 j 

drr 2 < — (u*v) H— u*v> = 0. 
[dr r 



152 


One-Body Problems without Spin. Potentials of Spherical Symmetry 


The inner integral may be reshaped into 

* 

oo 

j**/r — (u*vr 2 )= [u*ur 2 ]o 
o 

which indeed vanishes if u* and v remain finite at r=0 and vanish 
exponentially for r-+o o. It should be noted, however, that the normaliza¬ 
tion integrals <m|u) and {v\v} will still exist if u and v become singular 
as 1/r at the origin. Normalization alone therefore does not always 
suffice to exclude solutions without physical significance, e.g. inside a 
spherical potential well for / = 0. 


Problem 60. Solutions neighbouring eigenfunctions 

Given a potential well of radius a and of the dimensionless size parameter 

V 0 being the well depth. The wave functions shall be drawn for 1=0 
and ka= 2.20; 2.28; 2.36, k being the wave number inside the well. 
These values of ka are chosen to lie rather close around the lowest 
eigenvalue. 

Solution. Let 

(xa) 2 =W 2 —(ka) 2 (60.1) 

be the energy parameter outside the well, then the wave function will 
be inside the well 


«i = —sin (kax) 
ka 


(60.2 a) 


and outside 


u e 


cos k a sin k a 

-sinh[xa(x-l)] +-cosh[xa(jc-l)], 

xa ka 


(60.2 b) 


with 



(60.3) 


the dimensionless radial coordinate in units of the well radius. The 
normalization has arbitrarily been chosen to satisfy the boundary 
conditions w=0, du/dx= 1 at x = 0. The coefficients of u e (x) are 
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determined in such a way as to make u and u' continuous at the well 
surface x=l. 

The eigenvalue is obtained by making the coefficients of the two 
hyperbolic functions in (60.2 b) exactly opposite to one another, 

cos ka sin ka 
yea 

or, in combination with (60.1), 

tan ka 

7 = /-=-^ ’ \vv.-rj 

ka ]/ W 2 —(ka) 2 

cf. Problem 25. For W 1 — 9 the solution is 

k a =2.2789. (60.5) 

The wave functions, according to (60.2 a, b) are drawn in Fig. 34 
where a sketch of the potential well with its respective energy levels 


ka 

1 



Fig. 34. Wave functions for energy levels in the immediate neighbourhood of an 

eigenstate 


has been added. If the energy chosen is lower than the one of the eigen¬ 
value (k a=2.20), the wavelength inside the well is too long and the 
decrease of wave function at the well surface is not steep enough to 
bring the amplitude asymptotically down to zero; the function then 
rises again at large distances. On the other hand, if the energy chosen 
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is too large (ka— 2.36) and hence the wavelength inside too short, the 
wave function at the surface falls off too steeply,-thus arriving at zero 
at a finite distance, beyond which it again increases exponentially but 
with negative amplitude. The intermediate value (ka= 2.28) lies so 
close to the eigenvalue (60.5) that the wave function almost tends towards 
zero. Since the energy is still just a little larger than it should be, there 
is a very slow rise again at large distance, with negative amplitude, 
which would vanish for the ka value (60.5). 


Problem 61. Quadrupole moment 

To determine the quadrupole moment of an angular momentum eigen¬ 
state for a potential of spherical symmetry. 

Solution. An eigenfunction of angular momentum has the form 

u = ~Xi(r)Y ltm {^(p); (61.1) 

r 

the quadrupole tensor has been defined in Problem 54 to be 

Gik = 3*iX k -r 2 <5jft. (61.2) 

We have to evaluate the quantum mechanical averages 

oo 

<6n> = SdrMr)\ 2 $ dQQMJ 2 . (61.3) 

0 

The non-diagonal elements of Q ik depend upon the angle y as cosy sin y, 
cos y, sin y, respectively, whereas |T i>m | 2 is independent of y, so that 
the corresponding integrals vanish. In the diagonal elements, 

Q xx = r 2 ( 3 sin 2 $ cos 2 y -1), 

Q yy = r 2 (3 sin 2 $ sin 2 y -1), 
g zz =r 2 (3cos 2 3-l), 

integration over y yields averages \ for cos 2 y and sin 2 y. As 

fsin 2 #— 1= — j(3cos 2 #— 1), 

the integrals < Q xx ) and (Q yy ) may be reduced to <Q ZZ ): 

<Q XX > = <Qy y >=-?<Q::>- (61-4) 

If we use the abbreviation 

<r 2 > = ]drr 2 \x,(r) | 2 , 
o 


(61.5) 
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we then have 

e iI =<r 2 >^fi(3cos 2 a-l)|y,,J 2 . (61.6) 

The integral (616) can easily be evaluated by using the general relation 

cos SY l!m (S,(p) = a lftn Y l + Um + a l . Um Y l _ Um 
with _ (61.7) 


«i.» = 


/(/+l+m)(/+l—m) 


(2/+l)(2/+3) 

Making use of orthogonality properties we therefore find from (61.6) 

Qzz — </ 2 > 3[(flj 2 >m + a, 2 _ 1>m ) — 1] 

Elementary evaluation of this expression finally leads to 

2l{l+ 1) — 6 m 2 


= <' 2 > • 


(2/-l)(2/+3) 


(61.8) 


Only 11 S states (1=0, m — 0) have no quadrupole moment, as befits 
their spherical symmetry. For P states, e. g., we find 

e 2 Z =f<r 2 >(i-|m 2 ), 

i. e. the m=0 state has a positive Q zz corresponding to an oblong 
shape, twice as large as the negative Q zz of the m— +1 states which 
apparently are of oblate shape. This is quite reasonable, because the 
superposition of all three states leads to a configuration of spherical 
symmetry (closed-shell configuration). This closed-shell effect, indeed, 
holds for any value of /. If we sum up over a shell, we have 


+i 


Z 


2<r 2 ) +' 

(21 —l)(2I + 3) m =_, 


[/(/ + !)■—3 m 2 ] 


with the sum vanishing because 


+i 


Z m 2 =i/(/ + l)(2/ + l). 


Problem 62. Particle enclosed in a sphere 

To determine the energy levels for a particle enclosed in a sphere of 
zero potential, with infinitely high potential walls defining its surface 
of radius R. 


11 The quadrupole moment vanishes also for 1=3, m=2, but this is the only 
exception to the rule, at least up to /= 16. 
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Solution. The Schrodinger equation may be factorized so that its 
solutions become 

u(r, 5, q>) = - Xi(r) <p) (62.1) 

r 

with radial equations 


il + 


/(/+!)' 


X, = 0; k 2 = 


2mE 


(62.2) 


in 0 <r<R, and zero outside. This differential equation can, by using 
z = kr as variable and splitting off a factor z$, 


Xi = z 


$(p(z). 


be reduced to 




i.e. to the Bessel equation whose solutions are J ±(l+ ^(z). We therefore 
may write the complete solution of (62.2) 


M = 


htkr 


{C l J l+ ±{kr)+ C 2 J„ {l+i) {kr)}. 


(62.3) 


It has become usual to introduce the so-called spherical Bessel 
functions 


ji( z ) 



Ji+±i z ) ■ 


M z ) = (-i)' 


i + i 



J-d+i)( z ) 


(62.4) 


with the asymptotic behaviour for large positive values of z: 


j\(z) -+ sin (z- y V n t (z)-y - cos (z - y 


(62.5) 


and with the power series around the origin, approximated for 
\ z \<l+j each by its first term, 


2 */! 


Ji = 


( 2 /+ 1 )! 


z , + 1 ; «j(z) = 


m _ t 

- z . 

2 l l\ 


(62.6) 
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The second term of the solution (62.3) leads, at r = 0, to Xi ccr 1 
and uxr' 1 ' 1 . The normalization integral, 

oo 

jdx\u\ 2 = jdr\ Xl \ 2 = l, (62.7) 

o 

therefore does not exist unless C 2 = 0 in (62.3). This does, however, not 
hold in the case 1=0 where the singularity of u is not pronounced 
enough to let the integral diverge at r=0. Even in this case the singular 
solution must be excluded, because it would make the energy integral 12 


E = 


h 2 

2m 


r 


dx(V u ) 2 


(62.8) 


diverge at the origin (cf. also Problem 65). Hence, normalizable solutions 
are restricted to 


Xl (r)=CMkr). (62.9) 


From this set of solutions we select the eigenfunctions by the condi¬ 
tion 


or 


MkR)=0 


(62.10a) 


J l+i (kR) = 0. 


(62.10b) 


Since, for each given value of l+j, the Bessel function has an infinite 
number of zeros, we find an infinite number of values k„ rA and of energy 
levels 

= (62.11) 
2m 


for each /, with n r = 1,2,3,... the radial quantum number counting the 
zeros. 

For the lowest / values, the spherical Bessel functions are 


sinz 


j 0 {z) = sin z; j\ (z) =-cos z; 


/ cosz / 3 \ . 

; 2 (z)= - 3—— + I ^ - 1 Isinz, 


(62.12) 


12 For 1=0 and small r, this solution would become m~ — and the kinetic 
energy integral E~jdr/r 2 . 
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and for higher values of / they may easily be constructed from the 
recurrence relation 

ji(z) = -ji -1 (z) ~j'i -1 (z) • ( 62 . 1 3) 

z 

Their zeros may be determined from simple transcendental equations: 

■\ 

./o(z)=0 if sinz =0 or z=n r n; 

ji(z) — 0 if tanz — z; ► (62.14) 

3z 

y 2 (z) = 0 if tanz = etc. 



Fig. 35. Energy levels for a particle enclosed in a sphere 


They all tend towards either nn for even, or (n+^)7t for odd l. In Fig. 35, 

the lowest energy values have been represented in multiples of h 2 /2 m R 2 , 

and the parameter , „ ,« 

x„ r ,i = k nrJ R (62.15) 

has been tabulated completely up to 15. 
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Table of the values of x„ r>( 



2 

3 

4 

5 

6 

7 

8 
9 


5.764 

6.988 

8.183 

9.356 

10.513 

11.657 

12.791 

13.916 


9.095 

10.417 

11.705 

12.967 

14.207 


12.323 

13.698 


NB. This problem is closely related to the simpler, one-dimensional one dealt 
with in Problem 18. The solutions for /=0 exactly correspond to the antisymmetric 
wave functions of the one-dimensional problem. 


Problem 63. Square well of finite depth 


To determine the eigenvalues of bound states in the square well potential 


F(r) = 



for r<R, 
for r>R 


(63.1) 


for /= 0,1,2. Numerical results shall then be determined for the “well 
size” 2m V 0 R 2 /h z = 100. 

Solution. With the abbreviations 


2m\E\ 2 2 mV 0 |2 2m(V 0 -\E\) 

h 2 X ’ h 2 ~ °’ h 2 


(63.2) 


the radial part of the Schrodinger equation becomes 


+ (f 2 - Xi =0 (63.3 a) 

inside, and 

a + - >C 2 - Xi = 0 (63.3 b) 
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outside the well, for bound states. Eq. (63.3 a), with the obvious boundary 
condition Xi(0) = 0, is solved by a spherical Bessel function, 


Xi(r) = Aj\(kr ) r<R; (63.4a) 


the solution of (63.3 b) which decreases exponentially as e * r for large 
values of r is a spherical Hankel function of imaginary argument, 

Xi(r)=Bh\ l \ixr) r>R. (63.4b) 


Here A and B are constants still to be determined from continuity and 
normalization relations. Their ratio may be eliminated from the 
continuity relation of the logarithmic derivative at the well surface, 


r = R, 


. n ^(ixR) , n f t (kR) 
h\ 1} (ixR) ji(kR) 


(63.5) 


where the primes denote differentiations to the respective arguments. 
Since (63.5) relates x with k, it fixes, according to (63.2), the eigenvalues 
of the energy in any given well. 

The functions only symbolized in Eq. (63.5) run as follows for the 
smallest values of /: 


j 0 (z) = sinz, 

A(z) = — -cosz, 


h i o i) (z)= — fe iz , 

M 1) (z) = - lV, 


> (63.6) 


3/ 3 


hi?) = 1 - 2-1 sinz - -cosz, ti£\z) = - -=■-+ /)e i: 


z 2 z 


For higher values of l, there may be used the recurrence formulae 


/ 2/+1 

ji+iW =- ji(z)-ji-i(z); 

z 

h\+i(z) = 21 ^h\ l \z)-h\ l } x {z). 


(63.7) 


With the further abbreviations 


kR = x; k 0 R — x 0 ; k/k 0 = ^; xR = x 0 |/l —(63.8) 

where x% is the “well size” as defined above, Eq. (63.5) after elementary 
though lengthy calculation leads to an eigenvalue relation which may 
be written 


tan (x 0 £) — fi(x 0 ,£) 


(63.9) 
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with 


/o(*o»f) = 


/i(*o.£) = 


i/r? ’ 






f 2 ( x 0’0 = X ot 


l+xoi/r^+jx^ai-a 

l+x 0 ^T^[l-ix^ 2 (l-a] 


(63.10a) 

(63.10b) 


(63.10c) 


The values of £, and thus of x, satisfying these equations are most easily 
found by a graphical procedure. In Fig. 36 the function tanx 0 ^ has 
been drawn for x o = 10 in the physical interval 0< £< 1. Its intersec¬ 
tions with the functions /,(£) are determined and by tabulation of the 



functions in the immediate neighbourhood of the intersections cor¬ 
rected up to 4 digits. In the accompanying table, we have summarized 
the results for x 0 = 10 and compared them with those of a square well 
surrounded by an infinitely high wall as determined in the preceding 
problem. It should be noted that all level positions are lowered in the 
finite well so that it is to be expected, from the values of x given in the 
preceding problem for higher values of /, that bound states up to at 
least 1=5 may occur in the example here discussed. 
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Well of finite depth. 

x values for 

Infinitely deep well, 

x values for 

1=0 

/=1 

1=2 

1=0 

/=1 

1=2 

2.853 

4.070 

5.226 

3.142 

4.493 

5.764 

5.679 

6.958 

8.124 

6.283 

7.725 

9.095 

8.422 

9.625 


9.425 

10.904 



NB. This problem is closely related to the simpler, one-dimensional one of 
Problem 25 whose antisymmetric solutions correspond to those for 1=0 of the 
present problem. 


Problem 64. Wood-Saxon potential 

Let a potential hole of spherical symmetry be described by 

V{r)=~— (64.1) 
1 +e a ~ 

with a<^R. The bound states with /=0 in this potential shall be deter¬ 
mined. 

NB. This potential has been used to describe the interaction of a neutron with 
a heavy nucleus. The parameter R is the nuclear radius, and the parameter a 
determines the thickness of a surface layer in which the potential falls off from 
F=0 outside to V= — V 0 inside the nucleus (Fig. 37). For a =0 the simple potential 
well is obtained with a potential jump at the surface. 



Fig. 37. Wood-Saxon potential for a/R = 0.2. The rectangular hole corresponds 

to a/R = 0 
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Solution. With the notations 

, . 1 , . 2mE 2mV 0 

u(r) = -x(r); - rT -a 2 =-p 2 ; - TT - a 2 = y 2 


h 2 


h 2 


the Schrodinger equation 


(Pu 2 du 2m , 

d? + 7 + }U= ° 

may be transformed to the independent variable 

1 

y = ■ 


r-_R’ 

1 + e~ fl ” 


It then runs 


„ , ,i o , -P +y y 

y{\.-y)— 2 + (1 2_y) —— + — -— x= 0 . 

dy 2 dy j(l-j) 

This equation is to be solved with the boundary conditions 

X~0 at y = 0 (r=oo) 

and y<^ 1 — e~ R/a ~ 1 (r = 0). 

Writing 


we find 


x(y)=y v (i-yff(y) 

y{ 1 ~y)f" + [(2 v +1) - y(2 v + 2[i + 2)]/' 
+|v(v-l)~ 


y + 1)^-2 /tv 


y 


1 -y 


+ v 


l—2y l-2y _ -/? 2 + yVL 

-L-- / = 




+ 


(64.2) 


(64.3) 


(64.4) 

(64.5) 


0. (64.6) 


y 1-y y(i-y) 

If the parameters v and /x are chosen to be 

v = /J; n 2 = p 2 — y 2 (64.7) 

the factor of / in (64.6) does not depend on y and the equation becomes 
the hypergeometric differential equation: 


y( 1 ~y)f" + [(2v+l)-y{2v + 2fi + 2)]f'-(y + n){v + n +1 )/= 0. (64.8) 

This leads to the (unnormalized) solution 


X=y v (l-yY 2 Fi(n + v ,H + v + U2v+l;y). 


(64.9) 
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Another independent solution would be obtained by replacing v by 
— v but would contradict the first boundary condition (64.4). At large 
values of r(y-»0), Eq. (64.9) yields 


X — y 


yocexp — 


r-R ' 


a 


Xccq pR/a exp 



This is the correct asymptotic behaviour. 

The other boundary condition, at (or near) y = 1, is not so easily 
satisfied. In order to describe the behaviour of (64.9) in the vicinity of 
y = 1 we use the relation 


2 F 1 (/i + v,/i + v + l,2v + l;y) 


r(2v+i)r(-2Ai) 

r(v-n+i)r(v-n) 


2 F l (y + fx,v + fi+l,2n + l;l-y) 


+ 


r(2v+i)r(2n) 

r(v+n+i)r(v+n) 


(l-y) 2 » 2 F l {v-fi,v-n + l, -2/1+1; 1-y) 


which leads to 


r(2v+i)r(-2#o „ , u , r(2v+i)r(2/i) 

r(v-/i+i)r(v-/i) v " r(v+^+i)r(v+^) 


(64.10) 


To discuss this expression we first note that y>p so that, according 
to (64.7), fi turns out to be imaginary: 

H=iX\ X = ]/y 2 -p 2 . (64.11) 

We then write 


r(2fi+l)r(-2U) 

r(p+i-u)r(p-a) 


x 


(1 -yr + 


r(2U)r(p+i-iX)r(p-a) 
r( - m)r{p+ 1 + a) np + a) 



(64.12) 


In the neighbourhood of r=0, the exponential in (64.3) is quite small 
so that approximately 

1 —y = Q~ R l a (64.13) 


holds there. Let us further define 


(p = axgr(p + iX); xp = argr(2/A). 


(64.14) 
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If now we omit the factor in front of the curly bracket in (64.12), since 
the function is unnormalized, and put (64.13) into (64.12) for 1 —y, the 
boundary condition leads to 

_.xr . All 

e ' a +exp( 2 /i/f —4/<jp — 2/tan ' 1 A//?)e a =0. 

This leads on to the eigenvalue condition 


exp{i’(<A — 2(p — tan 1 A//?)} cos^— + ip — 2(p — tan 1 X/f^j = 0 


or 


AJR . A n 

— + i/i — 2 <p —tan 1 — = ( 2 n — 1 ) — 
a p 2 


n = 0, + 1 , + 2 , 


(64.15) 


This is indeed a relation between p and A, and therefore between E 
and V 0 , for given values of the parameters R and a. 

Formula (64.15) is not yet very well suited for practical purposes. 
We may, however, obtain the arguments (p and i j/ of the T functions by 
using the expansion 13 

r{x + iy) = ^Q ir '; 


ire C=0,5772 


v n = i \ s 

is the Euler constant. We 

n f co ^ - 

i^= — — + 2A<—C+ Y 


'1 


tan 


x + n— 1/ 
then find 


.-A» 22 


tan 


_ X 2A> 


n 


<P 


-i 2 

-tan 1 — 

fi 


+ A>| — C + Y (3 — 7 tan 1 


00 

+ Y 

\n 

expressions into (64.15), 
a ' 


n + Pj 


B=1 


k = 


h 2 


n 


A 

+ tan 1 — = rnt. (64.16) 
P 


we get 
2 tan -1 ——— 

n + Py 

uss this result it is expedient to introduce the parameters 

- -a „ 1 ^ 

2m / z 

(V 0 -\E\) ; x = 


a 


L h 2 ]E [ 




IC 0 


- a V^ 2 = \% v ° 


(64.17) 


13 This expansion may easily be derived from standard formulae to be found 
in the usual mathematical collections, such as Jahnke-Emde-Losch or Magnus- 
Oberhettinger. 
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These parameters are independent of the thickness a of the surface 
layer so that they remain meaningful in the limit a->0 of the potential 
well. Eq. (64.16) may be rewritten in these parameters 


kR 

xR 


— tan \ kR — £ 

L M= 1 



2ka 

n 


n + xaj J 


(64.18) 


For a-+0 the sum terms vanish and we fall back upon the eigenvalue 
condition of the potential well, 

kR 

— = — tan kR. 
xR 

Series expansion of (64.18) into powers of the small parameter 


a = a/R (64.19) 

with the abbreviations kR=x, xR=y finally leads to 

- - = tan {x — 2 a 2 x [£(2)y—a £(3) (x 2 +y 2 ) + a 2 £(4) (y 3 — x 2 y) 
y -<x 3 C(5)(y 4 - 2 x 2 y 2 - 3 x 4 ) + a 4 ((6) (y 5 -^x 2 y 3 + x 4 y) 

- a 5 C(7)(y 6 - 5 x 2 y 4 + 3 x 4 y 2 + 9 x 6 )...]}. 


Problem 65. Spherical oscillator 


To solve the Schrodinger equation for the spherical oscillator potential 


V(r)—jmo) 2 r 2 

by factorizing the solution in spherical polar coordinates. 
Solution. By the usual factorization 

u{r,&,(p) = -xMY lt JS,(p) 
r 


we get the radial equations 

(fxi \~2mE m 2 co 2 2 
Ir 2 + l~h 2 hT V 


1 ( 1 + 1 ) 


Zj = 0. 


(65.1) 


(65.2) 


(65.3) 


For /=0 this again turns out to be identical with the linear oscillator 
equation (cf. Problem 30); for 0 the centrifugal force will drive the 
particle outwards so that we get different solutions. 
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Using the abbreviations 
^ mE = k 2 ; 


mco 


h 2 


= A; 


k 2 _ E 
2X hco 


(65.4) 


Eq. (65.3) may be written in the standard form 


#Xi 
dr 2 


i 


k 2 — X 2 r 2 


/(/+!) 


Xi = 0. 


(65.5) 


The behaviour of the solution at r — 0, determined by the centrifugal 
term, and its asymptotic behaviour, determined by the oscillator term, 
suggest to write 

X l =r i+1 e 2 v(r), (65.6) 

and then to use, instead of r, the variable 

t = Xr 2 (65.7) 


in analogy to the linear oscillator. This leads to 

V + - [K'+D-irfo-o, 


i.e. to a Kummer equation with the complete solution 

v=C 11 F l (j(l+j-fi),l+j;Xr 2 ) 

+ C 2 r~ (2i + 1) 1 F 1 (i(-/+i-/4 -l+±;Xr 2 ). (65.8) 

At r=0, the second part of the solution contradicts normalization 14 
so that C 2 — 0. This clearly differs from the linear oscillator where no 
boundary condition exists at the origin. 

A confluent series behaves asymptotically at large positive values 
of its argument as 

r(c) 

Ma,c;z)^-—Q z z a c ; 

r(a) 

with (65.6) and (65.8) this leads to an expression 

jf(Ocr I +1 Q~^ 2r2 - q * t2 r~( l + t+m) 

exponentially divergent. The divergence cannot be avoided except by 
putting the parameter a= —n r with n r = 0,1/2,..., thus transforming 
the series into a polynomial of degree n r . Hence, 

f(/+f -n)=-n r , (65.9a) 


14 For 1=0 the second solution can be normalized, but not the energy integral. 
Cf. also Problem 62. 



168 


One-Body Problems without Spin. Potentials of Spherical Symmetry 


or, using (65.4), the energy levels become 

* 

E = hco(2n r + l+j); n r = 0,1,2,.... (65.9b) 

Here n r may be called the radial quantum number. The energy levels 
start with a zero-point energy offset) corresponding to the three degrees 
of freedom of the problem and are equidistant, as with the linear oscil¬ 
lator: 

E n = hco(n + 1) (65.10) 

with 

n = 2n r + l. (65.11) 

Gathering the results from (65.6), (65.8) and (65.9a), the complete eigen¬ 
functions may be written 


_l r 2 

u(r,$,(p) = Cr 1 Q 2r M-n,, l+%; Ar 2 )Y ltm ($,(p) (65.12) 

where C still has to be determined from the normalization condition. 

The energy levels are degenerate, except for the ground state n=0, 
as, for even n, there are jn + 1 partitions of n according to (65.11) and, 
for odd n, there are ^(n + 1). Since, for each value of /, there are still 
21+1 different values of m (ranging from —l to +/), the degeneracy 
is again increased by this factor. 

NB. This problem should be compared with that of the circular oscillator, 
Problem 42. 


Problem 66. Degeneracy of the spherical oscillator 


To show that the spherical oscillator eigenfunction with 1=2, m= 0, 
n r =l can be constructed by factorization in rectangular coordinates 
and linear combination of the degenerate solutions. 


Solution. In rectangular coordinates the Schrodinger equation of 
the spherical oscillator may be written 



( 66 . 1 ) 


with 


kl + kl + kl = k 2 
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and k 2 and A the same abbreviations as in the preceding problem. 
Factorizing 

u(x,y,z)=f(x)g(y)h(z) (66.2) 

we get three simple oscillator equations in x, y, and z, the first of which 
e.g. runs 

(Pf 

_^ + (fe 2_ A 2 x 2 )/=0 (66.3) 

It has eigenvalues ftcofaj +^) with non-negative integer n 1 . In Problem 
30 it has been shown that the (unnormalized) eigenfunction of (66.3) 
for even « 1 =2n is 

f 2 n(x)=^~ iXx \F 1 {-n,^; Xx 2 ) (66.4a) 

and for odd n x = 2n +1 

f 2n +i(x)=Q~ iXx2 x iFi(-n,f; Xx 2 ). (66.4 b) 

The same holds with quantum numbers n 2 for g{y) and n 3 for h(z) so 
that the total energy becomes 

£ »i,r.2.r,3 = ft£ °( n l+ n 2 + «3+!). (66.5) 


On the other hand, in spherical polar coordinates we have found 

E„ r ,i, m = ftco(2n r + /+f) (66.6) 

so that the state with 1 = 2, m=0, n r = l belongs to 2n r + l = 4; its eigen¬ 
function, according to (65.12), is 

_i r 2 

u = r 2 e 2 1 F 1 (— 1,%; Ar 2 )P 2 (cos&). (66.7) 


The problem now consists of expressing u, Eq. (66.7), by rectangular 
coordinates and replacing the result by a linear combination of such 
solutions f(x) g{y) h{z) which belong to 


We get 


n i+n 2 + n 3 = 4. 


(66.8) 


u=e 2 (1 -tAr 2 )(§z 2 -jr 2 ) 


= e 


U 4 A 2A 2A 

z < —x H-v- z*-\ - x^y - 1 

(7 l y 1 7 y 


A 2 2 A 1 1 ) 

- y 2 z 2 - x 2 z 2 - x 2 - y 2 + z 2 . 

7 7 2 2 


(66.9) 
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Each product fgh has the same exponential factor which we omit when 
comparing the functions. Since n l <4, according to (66.4a, b) the first 
parameter (n) of the confluent series cannot exceed 2. The same, of 
course, holds for the confluent series in g(y) and h(z). So there will 
occur only the polynomials 


iJFi(0,±; A* 2 ) =1, 

i*i(— l»iU* 2 )=l— 2Xx 2 , 

iF^ — 2,\; Ax 2 )=l—4Ax 2 +§ A 2 x 4 . 


xMO^iXx 2 ) =x, 
x Xx 2 )=x{l-%Xx 2 ), 


>( 66 . 10 ) 


, There are 15 different ways of decomposing 4 according to (66.8) 
into three integers, as is shown in the following table. Since in the 
polynomial (66.9) to be represented there occur only even powers of 
x, y, z, the nine rectangular product functions in which odd powers 
occur (i.e. those where at least one of the three numbers n t , n 2 , n 3 is 
odd) cannot contribute to the required linear combination. The last 
column gives the factors by which each rectangular function has to be 
multiplied in order that their sum may equal the polynomial (66.9). 
Since we have only six terms to add, but ten terms in (66.9) to explain, 
there remain four controls for corroborating the identity. 


«1 

n 2 

»3 

Rectangular coordinate eigenfunction 
(except for exponential factor) 

To be multiplied 
by 

0 


4 

1 — 4Az 2 +§A 2 z 4 

— 6/28 A 

0 

1 

3 

yz(l-§Xz 2 ) 

0 

0 

2 

2 

(l — 2Xy 2 )(l—2Xz 2 ) 

-1/28 A 

0 

3 

1 

yz{\-\Xy 2 ) 

0 

0 

4 


l-4Ay 2 +fA 2 / 

+ 3/28 A 

1 


3 

xz(l-§Az 2 ) 

0 

1 

1 

2 

xy{\-2Xz 2 ) 

0 

1 

2 

1 

xz(l—2Xy 2 ) 

0 

1 

3 


xy(\-\Xy 2 ) 

0 

2 

0 

2 

(1 —22x 2 )(l —2 Xz 2 ) 

-1/28 A 

2 

1 

1 

yz( l—2Xx 2 ) 

0 

2 

2 

0 

(\—2Xx 2 )(l — 2Xy 2 ) 

+ 2/28 A 

3 

0 

1 

xz( \-\Xx 2 ) 

0 

3 

1 

0 

xy( l-fAx 2 ) 

0 

4 

0 

0 

l — 4Xx 2 +%X 2 x 4 

+ 3/28 A 


NB. Compare with the degeneracy of the circular oscillator. Problem 42. 
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Problem 67. Kepler problem 


To solve the Schrodinger equation for the bound states of an electron 
in the field of a point nucleus of infinite mass and charge Ze. (For Z= 1 
this is the theory of the hydrogen atom). 


Solution. Using the abbreviations 
2mE 


h 2 ^ yh 2 

and factorizing the solution in the usual way, 

1 

u = -Xi (r)Y lim (9,<p) 
r 


2 . 


Ze 2 m e 2 

x = -— = Z— 

he 


me* 

Ye 


we find the radial differential equation 

„ ( 2 2yx 

Xi + -7 + —- - 


/(/+1)\ n 


(67.1) 


(67.2) 


(67.3) 


This equation has a regular singularity at r=0 and an irregular sin¬ 
gularity at r= oo. In the vicinity of r=0 it may be solved by a power 
series which leads to proportionality with r* + 1 or r~ l . At r — co it 
behaves as e ±yr . Only behaviour as r l + 1 at small, and as e -7 "' at large 
values of r, simultaneously, leads to a result which may be normalized 
according to 15 


Sx?(r)dr= 1. 


We therefore put 


(67.4) 


(67.5) 


(67.6) 


Xi = r l + 1 Q yr f(r). 

Using, instead of r, the dimensionless variable 

z = 2yr 

we thus arrive at the differential equation 

zf "+(2 /+2 - z)f - (/ +1 - x)f= 0. (67.7) 

This is a Kummer equation of which we need only consider the solution 

f= 1 F 1 (l+l-x,2l+2;z) (67.8) 


15 For /=0 the r 1 solution too could be normalized. The kinetic energy 
integral, however, would not exist so that it can be excluded. Cf. Problem 62. 
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regular at the origin, because by (67.5) we have already taken care of 
the boundary condition. For large values of «, the confluent series 
(67.8) diverges as e 2z thus destroying normalization, except for 

/+1 — x= — n r (n r = 0,1,2,...) (67.9) 


when it becomes a polynomial. Eq. (67.9), because x is connected through 
(67.1) with the energy, determines the eigenvalues. If we use the principal 
quantum number 

n = n r + /+1, (67.10) 


we find x—n, or 


Z 2 me 4 
2 ^ 1 ^' 


(67.11) 


The levels are degenerate because there are several eigenfunctions 

M„.i. m = Cr I e-^ 1 F 1 (/+l-n,2/+2;2yr)y J>m (d,( ? >) (67.12) 

corresponding to each level of given n > 1, with n values /= 0,1,..., n — 1 
for the angular momentum quantum number / and with 21+1 values 



Fig. 38. Radial density in hydrogen atom represented by \Xt ,„ r \ 2 
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of the magnetic quantum number m from m = —l to m = +1, so that 
there exist 

n — 1 

£(2/+l) = n 2 (67.13) 

1 = 0 

eigenfunctions for each value of n. Only the ground state, n=l, with 
1=0 and m=0 , is not degenerate. 

In the following table, the eigenfunctions for n= 1,2 and 3 are given 
in the normalization (67.4) of the radial part. We have used atomic 
units with m= 1, e = 1, h= 1 so that 




(67.14) 


A graphical representation of lx I>n J 2 is given in Fig. 38. The spherical 
harmonics are added explicitly in the normalization 

NB. Concerning the motion of both nucleus and electron about their centre 
of mass, cf. Problem 150.—Additional fine structure and relativistic effects are 
treated in Problems 202 and 203.—Atomic structures based on hydrogen-like 
wave functions, but with two or more electrons, are discussed in Problems I54ff. 


Table of the hydrogen-like eigenfunctions 

K,i,m = -jXi,n r (r)Y l ' m (9,<p) 

a) Radial parts for n= 1,2,3,4. 


n 

l 

»r 

Symbol 



1 

0 

0 

1 s 

2 Z$re~ Zr 

2 

0 

1 

2s 

i z 

_ Z^re 2 ' 
(/2 


1 

0 

2 P 

1 z 

Z*r 2 e 2 

1/24 

3 

0 

2 

3s 

3]/3 


1 

1 

3 P 

4 ' 
27 



2 

0 

3d 

L 

1 7 , - 

—=-_Z*r 3 e 


811/30 


X.UnM ) 
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n l n r Symbol 

4 0 3 4s ^zW*'^l-|zr + |z 2 r 2 -^Z 3 r 3 ^ 

1 2 *' nl/l z?r!e " l '( 1 ^ Zr+ ^ zV ) 

2 1 4 d — l — ztr 3 e~* r (l-^-Zr'\ 

64[/5 V 12 ) 

3 0 4/ - 1 ~— tfr*e~* r 

768/35 


b) Angular parts for l— 0,1,2,3. 


/ 

m 

Y,,J9,9) 

0 

0 

1 

j/4 7t 

1 

0 

/"T" 

/ —— cos3 
f 4ft 


±1 

+ /-^-sinSe* 1 * 

! 8 7C 

2 

0 

/J f|cOS 2 5-y) 

/ 4n\2 2J 


±1 

+ /-^-sin3cos3e ±i< " 

/ 8 7t 


±2 

4l/-^-sin 2 3e ±2i ” 

2 J/ 8 n 

3 

0 

y-^-(5cos 3 5 —3cos9) 


±1 

±4 /— sin 9(5cos 2 9— 

8 I ft 


±2 

T /^r~sin 2 3cos3e ±2 " iP 


±3 

+ 4 /-^-sin 3 Se ±3i,p 
a y n 
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Problem 68. Hulth6n potential 


To solve the Schrodinger equation for the so-called Hulthen potential, 

Q -rla 


V(r)=-V 0 


1 —Q~ r,a 

in the case /=0, and to determine the energy eigenvalues. 
Solution. We shall use the dimensionless variable 

x = r/a 

and introduce the abbreviations 

2mE 2 mV 0 

a 2 =-a 2 > 0; fi 2 = ———a 2 >0 


(68.1) 


h 2 


h 2 


(68.2 a) 


(68.2 b) 


with a>0 and /?>0. The radial differential equation for x( r ) = ri K r ) 
may then be written 


dx 2 

By the transformation 




1 —e' 


y = Q- 


the coefficient functions become rational, 

2 ^x , dx ( 2 , a2 y N 

rj2 + y~r + -* +P — 

dy 2 dy \ l -y, 


X = 0- 


This equation is to be solved with the boundary conditions 

X = 0 at y = 0 (r-+ co); 

X = 0 at y = 1 (r = 0). 

The solution is found by putting 

x=j“(i -y)w(y) 

which transforms (68.5) into the hypergeometric equation 

y( 1 — y)W + [(2a+l)—(2a + 3)y] W — (2a+1 — /} 2 )w=0 
the complete solution of which runs as follows: 
w(y) = A 2 Fi (a +1 + y, a +1 - y, 2 a +1; y) 

+ By~ 2a 2 F l { — a+l+y, — a +1 — y, — 2a +l;y) 
with y = |/a 2 + /? 2 . 


(68.3) 

(68.4) 

(68.5) 

(68.6 a) 
(68.6 b) 

(68.7) 

(68.8) 


(68.9) 
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The first boundary condition, (68.6a), with a>0 leads to J3=0. 
The second boundary condition, (68.6 b), requires closer investigation 
of the vicinity of y = 1. This can easily be performed by using the identity 


2 F 1 (a+l + y,a+l— y,2cd+l\y) 
F(2a' + l)F(e-l) 


F(a - y + g)F(a + y + e) 


2 F t (a +1 + y, a +1 — y, 2 a' +1; 1 —_y) 


+(i -yf 


F(2a' + l)F(l-e) 


F(a + 1 + y)F( a +1 — y) 
with e = 2(a' —a). Further, 


2 F l ((x-y + E,<x+y + E,e;l-y) 


ab 

2 F l (a,b,£;l-y)=l + —(l-y)+ 

E 


The first term, in the limit g->0, becomes at y= 1, 


F(2a +1) F(e-l) 

-lim-, 

r(tx+y) e-*o F(a — y + e) 

and this has a finite value if, and only if 


because 


a — y=— n; n = 0,1,2,3,... 


lim 


F(e-l) 


►o F(e — n) 


(— l) n+1 n!. 


In the second term, however, a factor F(a+1 — y) = ( —n)!->oo occurs 
in the denominator so that it vanishes, except for a — y = 0 when the 
term becomes 


(l -y) 


F(2a +1) 


y lim 

F(a+1 +y) *-*o 


1 + C ^ + 7 -' £ \ l -y )+ • • •1 oc (1 - y) 


- i 


i.e. it diverges for y-+l. Thence we conclude that for n = 0 the boundary 
condition (68.6 b) is not satisfied so that the eigenvalues are determined by 


tx — y=—n; n= 1,2,3,... (68.10) 

with (unnormalized) wave functions 


X = e~ ax (l —e" x ) 2 F 1 (2a +1 +n, 1 -n, 2 a + l; e"*). (68.11) 

The hypergeometric series in this case degenerate into polynomials in 
the variable e~ x . 
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From (68.10) we obtain 

18 2 -n 2 

01 = - 

2 n 

Since a>0, we necessarily have 

j 8 2 >n 2 , 

i.e. there exists a minimum size of potential hole before any energy 
eigenvalue at all can be obtained, viz. jS 2 = 1. More exactly, Eq. (68.13) 
determines the number of eigenvalues in a potential hole of given size. 
Using Eq. (68.2b), the eigenvalue condition (68.12) can be written in 
the form /R 2 -n 2 V 

(6814) 

The Hulthen potential at small values of r behaves like a Coulomb 
potential V c = —V 0 a/r, whereas for large values of r it decreases ex¬ 
ponentially so that its “capacity” for bound states is smaller than that 
of V c . In Fig. 39 the two potentials are compared for the numerical 


( 68 . 12 ) 

(68.13) 



Fig. 39. Comparison of Coulomb potential and Hulthen potential with the same 
singularity. Note the shift of energy levels 
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example /? 2 = 30, the Coulomb potential being drawn on the left, the 
Hulthen potential on the right-hand side. The energy levels are shown; 
they always lie lower in the Coulomb case than in the Hulthen case 
where there remains only space for a finite number, in our example 
for five levels. 


Problem 69. Kratzer’s molecular potential 

To investigate the rotation-vibration spectrum of a diatomic molecule 
Kratzer has used the potential 

fa 1 a 2 \ 

W =-2Z>((69.1) 

with a minimum V{a) — —D (Fig. 40). Let one of the two atoms be much 
heavier than the other (as e.g. in HI) so that it may be considered at 
rest and be chosen as the coordinate centre. (Otherwise the equivalent 
one-body problem would have to be solved, cf. Problem 150.) 



Fig. 40. Kratzer’s molecular potential 


Solution. The motion of the light atom of mass m satisfies the Schro- 
dinger equation 


V 2 « + 


2m 

V 




E+2D 


7 



u = 0 


(69.2) 
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which may be factorized into 


1 

« = -Xi(r)Y ltm (&,(p). 
r 


Using the dimensionless abbreviations 

r . 2 m a 2 _ 

x = -; p 2 =-—j-E; 

a n 1 


, 2 ma 2 

y 2 = ——D 


h 2 


(69.3) 


(69.4) 


with y >0 and real p>0 for bound states, we get for the radial function 
Xi the differential equation 


#Xi 

dx 


K- 


?2 , 2y 2 y 2 +/(/+!)' 


P 2 + 


x “ 


Xi = 0. 


(69.5) 


This differential equation has an irregular singularity at ^=oo where 
its normalizable solutions in bound states behave as e~ px . It further 
has a singularity at x = 0 where Xi oc* A with an exponent X following 
from the characteristic equation 

X(X — 1) = y 2 + /(/ +1). 

Of the two solutions of this quadratic equation we need the positive 
one: 

A = * + | /7+V+W (69.6) 

and may exclude the other (with negative sign of the radical). As X> 1, 
the wave function vanishes at r=0 , corresponding to the strong re¬ 
pulsion between the two atoms (Fig. 40). Therefore, it is reasonable 
to set 

Xi(r) = x 2 e~ px f(x). (69.7) 

Putting (69.7) into (69.5) leads to 

xf" + (2 - 2 px)f' + (■- 2 X p + 2 y 2 )/= 0 (69.8) 

which is of the general type of Kummer’s equation of the confluent 
hypergeometric series into which it can be transformed by using the 
variable z=2px instead of x. This leads to 

f=,F 1 U- y j, 2X;2px). (69.9) 

Let us now discuss, separately, the two cases of negative and positive 
energies. 
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a) Negative energies. For bound states, /?> 0, the solution becomes 
in arbitrary normalization 

- y j, 2X;2fi x y (69.10) 

The confluent series, for large values of x, is proportional to e 2px so 
that Xi diverges for x-+oo if the series ^ does not break off. If it does 
iFj is a polynomial and x,-+0 for x-»oo becomes normalizable. Hence, 


A-= — y; y = 0,1,2,... 

P 


(69.11) 


This relation selects discrete eigenvalues ft and leads thus to the energy 
levels 


E = 


h 2 


or, using (69.6), 


E= - 


h 2 


2 ma 2 


2mcr (y+A) 2 


{y + i + l/^+i) 2 +y 2 } 


-2 


(69.12) 


A brief discussion of this level formula may be added. Since the 
parameter yp 1 for most molecules, we may expand (69.12) into powers 
of 1/y. This leads to 


E=D 


2(y+i) (/+i) 2 3(y+i) 2 3 (y+i)(/+i) 2 

1 i ■ o a 


y r 7 y 

If F(r), Eq. (69.1), is expanded about its minimum at r=a, 

(r — a ) 2 

V{r) = D y —^--D, 
a 1 


(69.13) 


(69.14) 


we find the classical frequency for small harmonic vibrations, 



Replacing D and y in (69.13) by co and the moment of inertia, 

© = ma 2 


we arrive at 


(69.15) 

(69.16) 


E= -%0co 2 + h(o(v+%) + 

20 


3 ft 3 

20 2 (o 


(y+^)(/+^) .... 


3ft 2 

20 




(69.17) 
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The first term is a constant not directly revealed by spectral line fre¬ 
quencies but, however, to be computed from them. The second des¬ 
cribes harmonic vibrations with v the vibrational quantum number. 
The third term describes rotations with constant moment of inertia, 
except for another constant term because (l+jf = 1(1+1)+?. The 
fourth term lowers the vibrational levels in consequence of the an- 
harmonicity of the potential. The fifth term performs coupling between 
vibrations and rotations, again caused by the anharmonicity. Of course, 
this expansion will become worse the higher the quantum numbers, 
especially v, and cannot be used to the point of dissociation (u-»oo) 
where, however, the model breaks down in any case because of its 
rather unphysical behaviour at very large and very small r. 

Finally, the energy of dissociation of the molecule follows from 
(69.17) with v=0,1=0 to be 


. , . h 2 

E diss = j@(o 2 -jhco + — + 


3 h 3 


4(9 I60 2 co 


(69.18) 


b) Positive energies. In this case j3 is no longer real but purely 
imaginary. Its definition shows that, using the wave number k, we may 
then write /?= —ika so that /?x= —ikr. Instead of the solution (69.10) 
we then find, again in arbitrary normalization, 

— ,2X;-2ikr\ (69.19) 

ka ) 

This wave function again vanishes at r = 0. Its asymptotics may be de¬ 
termined from the well-known formula 



iF^cjz) -* e 


m rw .... 

. z a + e z“ 


r(c-a ) 


r(a) 


holding for the whole complex z plane cut along the positive imagin¬ 
ary axis. Applying this formula to (69.19), a somewhat lengthy com¬ 
putation leads to 


( y 2 , A n ' 

Xi-*■ C, cos! kr + — log2 kr - — - q, 
\ Kd 2 > 


with a phase angle following from 


(69.20) 


F X + i 


.r 


e 2i "' = 


kaj 


r[ x-i 


.r 


kaj 


(69.21) 


and a (not very interesting) normalization factor C,. 
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The radial wave functions (69.20) are periodic at large distances 
between the two atoms, with the exception of'the logarithmic term. 
The latter is a consequence of the asymptotic Coulomb slope of the 
potential, cf. Problem 111. Interpreting the Kratzer potential as the 
interaction of two ions, each of electrical charge e, we get 2 Da=e 2 
and y 2 /ka = e 2 /hv (y velocity) which indeed makes the logarithmic 
term in (69.20) identical with the one in a Coulomb field. 

NB. The potential of Kratzer played rather a large role in the early days of 
quantum mechanics because it permits of an exact solution, even for /> 0. It is, 
however, much less physical than the one of Morse which is still simple enough 
to give a survey of phenomena. In the following two problems we shall deal with 
the Morse potential. The results may be compared with those of the Kratzer 
potential, at least for bound states. 

Literature. Kratzer, A.: Z. Physik 3, 289 (1920) (classical treatment). — Fues, 
E.: Ann. Physik 80, 367 (1926) (quantum mechanical treatment). 


Problem 70. Morse potential 

The vibrations of a two-atomic molecule are excellently described by 
the Morse potential 

V(r) = D(e~ 2ax — 2Q~ ax ); x = . (70.1) 

r o 

The Schrodinger equation shall be solved for 1=0 bound states. The 
following numerical data for three typical molecules may be used for 
quantitative discussion. M is the reduced mass of the two atoms. Ener¬ 
gies are given in cm -1 conforming to spectroscopic use. 


Molecule 

h 2 

D 

cm" 1 

a 

2 Mr 2 0 
cm" 1 

h 2 

60.8296 

38292 

1.440 

HC1 

10.5930 

37244 

2.380 

h 

0.0374 

12550 

4.954 


£(eV) = £(cm"*) x 1.2398 x 10" 4 . 


Solution. Let us begin with a brief remark on the Morse potential 
(see Fig. 41). It is attractive at large distances, comes to a minimum 
— D at x=0 or r = r 0 , but produces a strong repulsion if the two nuclei 
approach even closer. Around x = 0 it may be expanded into a series, 
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F(r) = D(— 1 +a 2 x 2 ...) = — D+%Ma) 2 (r — r 0 ) 2 + ■■■ 

, 2Da 2 

with (o 2 =-=-. (70.2) 

Mrl 

For low-energy vibration terms we may therefore expect a spectrum not 
deviating very much from that of a harmonic oscillator, 

E(v)= — D + h(o{v+j); v = 0,l,2,... (70.3) 

with v the vibrational quantum number, the almost equidistant terms 
becoming increasingly denser with increasing energy, in consequence 
of the anharmonicity neglected in (70.2). 


eV 

4 

,i 2 

v (r) Q 

-2 

-4 



Fig. 41. Morse potential for HC1. Broken line: osculating parabola 


We now write the Schrodinger radial equation for /=0 in the 
variable x instead of in r and use the abbreviations 



2 MEr 2 
h 2 


> 0 ; 


2 MDr 2 
h 2 


(70.4) 


with /?>0, y>0 by definition. Then we get 


<PXo 

dx 2 


+ ( — p z +2y 2 Q ax — y 2 e 2ax )xo = 0. 


(70.5) 


In order to make the coefficients in the differential equation rational 
functions, some simple function of e -a * should be used as variable. 
The equation becomes particularly simple if 

2y 

y = te- ax ; C = ~ 

(X 


(70.6) 
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is used; it then runs as follows: 

y 2 x'o+yx'o + (- 4 + -y - 7 -y 2 )xo=o. 

\ or a 4 / 

It has singularities at y = 0 and y = oo; in the vicinity of y = 0 we find 
Xo to be proportional to y x with X= ±B/a, and at infinity we have 
Xo ~ e ± yl2 • Therefore, if we put 

Xo=/ /a e-± y F(y) 


and use the two parameters 

B 1 y 

c=2— + 1; a = —c —-, (70.7) 

a 2 a 

the differential equation for F(y) will turn out to be Rummer’s standard 
form of the confluent hypergeometric one so that the complete solution 
of (70.5) becomes 

Xo =y pla ^ iy {A l ^(a, c; y) + A 2 y 1 ~ c l F 1 (a-c+ 1,2- c; y)}. (70.8) 

To satisfy the boundary condition Xo = 0 for /-->oo or y = 0, the 
constant A 2 is bound to vanish since the exponent of y, 

/* i B 

a a 

is negative. The constant A t is to be fixed by the normalization. 

The second boundary condition, Xo = 0 at r = 0, i.e. at x=— 1 or at 

J=Xo = Ce“ (70.9) 

leads to a relation from which to determine the energy eigenvalues: 

1 F 1 (a,c;y o )=0. (70.10) 

This is an intricate transcendent equation the exact solution of which 
is difficult to take in at a glance, but the peculiar numerical values for 
all real molecules of the parameters a and y permit a very simple and 
excellent approximation. 

In the accompanying table we have collected some numerical 
values for the three typical molecules derived from the data given 
above. In all cases the values of y 0 ^l- I n order to use asymptotic 
series for the confluent function (70.10), [y 0 | must be rather large as 
compared to the parameters |a| and |c|. Now, according to (70.7) both 
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y 

a 

£ 

y 0 

V£ 

G 

H 2 

25.09 

1.440 

34.9 

147 

4.22 

5.6 

HC1 

59.30 

2.380 

49.8 

539 

10.80 

270 

h 

579.51 

4.954 

234 

33200 

142 

31240 


depend upon /?, i.e. upon the energy eigenvalue which we have not yet 
determined. We know, however, that 

-D<E< 0 or 0<P<y, (70.11) 

because the energy must be negative in a bound state and cannot lie 
below the potential minimum. This limits the parameters a and c to the 
intervals 

1<c<1+£ and £(1-C)<a<i (70.12) 

As the table shows, £ throughout remains much smaller than y 0 even in 
the most unfavourable case of the hydrogen molecule. We are thus 
fully entitled to use the asymptotic expansion holding for real y 0 : 

He) r(c) 

iFi(a, c; J 0 )=e~** a — yo “ + (70-13) 

r(c — a) r(a) 

Putting c=£+2a and y 0 = C Q * in (70.13), this may be written, 

{ e~ i7Ca 1 ) 

T77”- + — ef(ea - a - lofl0 U° 
HC+fl) r(a) ) 

or 

r{a)= — e ina T{a + £) e c (e “~ a “ lo9 °. (70.14) 

Now, a+C>j( 1+ £)>■?. According to the table above, £ even for 
hydrogen is so large that a+£> 17.95. We therefore can apply the 
Stirling formula to T(^(l + £)) and find 

| r(a) | >|/27re G 

with (70.15) 

G=i£log[i(l + £)]-Kl + C) + ae a -a-log£), 

a quantity which can be computed independently of any further knowl¬ 
edge of the eigenvalues and has been given in the last column of the 
table. Even in the most unfavourable case of hydrogen, this gives 
\m\ >675. In all cases therefore |F(a)| is very large and close to 
one of the singularities of the r function (since a<j) at negative integers, 

(70.16) 


a— —v; p = 0,1,2,3,... 
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This, however, is not an infinite series of v values since the condition 
a>\( 1 — £) sets an upper limit of 

y<i(C-l). (70.17) 

From (70.16) and (70.7) we now obtain, 

-/f 2 = -y 2 + 2ytx(v+ : 5)-(x 2 {v+j) 2 

and hence the energy in terms of the vibrational quantum number v, 

E(v)= -D + -^~ 2 {2txy{v+j) — a. 2 (v+j) 2 }. (70.18) 

2 Mro 


The first two terms of this formula are in complete agreement with the 
harmonic oscillator formula (70.3) since 


h 2 

2Mr% 


2a y = hco. 


The last term reflects the anharmonicity correction. If the formula is 
written 


E(v)= - D + h(0 ^ v+ i) _ i(p+i) 2 J, (70.19) 

the condition (70.17) shows that the anharmonic can never exceed the 
harmonic term. 


Literature. This potential was first used by Morse, P. M.: Phys. Rev. 34, 57 
(1929). — See also end of next problem. 


Problem 71. Rotation correction of Morse formula 

The rotation energy of a molecule is much smaller than that of vibration. 
In the preceding problem it has therefore been omitted. If it is to be 
included, this may either been done by perturbation or by replacing the 
centrifugal potential by an approximate one allowing the constants /J 
and y of the preceding problem to be included in it without meeting any 
serious new mathematical difficulties. This latter simple way shall be 
investigated. 

Solution. If //0 the centrifugal potential 

h 2 1(1+1) 

2 Mr 2 


(71.1) 



Problem 71. Rotation correction of Morse formula 


187 


has to be added to the potential in the Schrddinger radial equation. 
Using the symbols of the last problem, we can write this 

V\r) = li ~±D{r 0 /rf (71.2) 

y 

which, for r not deviating in magnitude from r 0 , is very small compared 
to D as long as l does not itself become unreasonably large. Even in the 
unfavourable case of hydrogen, where y is only a little above 25, this 
holds as long as l remains small compared to 25. We may therefore 
take the centrifugal potential as a small correction in practically all 
cases. 

Furthermore, the nuclear distance r is, of course, not a constant, 
but even for rather high vibrational levels it will not fluctuate very far 
from the equilibrium position at r 0 , as a detailed study of the eigen¬ 
functions (70.8) reveals. (The classical points of reversal lie at 
x 2 = (2u+l)/ya 2 <^ 1.) If, therefore, we expand (71.1) about r=r 0 in a 
series of powers of x = (r— r 0 )/r 0 , viz. 


, /(/+ 1 ) 

V = —D 


KI+ 1 ) 


(1+x) 2 


£>( 1—2x + 3x 2 —4x 3 +•••) (71.3) 


the first few terms should be quite sufficient. Instead, we now replace 
V'(r) by the potential 


with 


Hr) 


/(/+1) 


D(C 0 + C 1 e -a * + C 2 e~ 2 '” c ) 


(71.4) 





4 _ 6_ # 
a a 2 ’ 


C 2 = 


1 3 

-1-2 ‘ 

a a 


(71.5) 


The two expressions (71.3) and (71.4) deviate only in the order x 3 , since 
expansion of (71.4) yields the series 

V" = ^ - D{ 1 — 2x + 3x 2 — (3ot—f« 2 )x 3 + •••}. 

r 

With the potential V' instead of the true centrifugal potential V', 
the Schrodinger radial equation for / # 0 becomes 

^ + (-/)? +2, ie-“-,le- 2 “) Z ,-0 (71.6) 

with 


/Jf=/F + /(/ +1) C 0 ; 

y\ =y 2 -i/(/+ l)Ci; 

y 2 =y 2 +/(/+l)C 2 . 


(71.7) 
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The differential equation is almost the same as (70.5), except that 
replaces /?, and y t and y 2 replace y. The same procedure therefore applies 
to this equation. We introduce the new variable 


y=^ ax \ C 2 = 


ly 2 


and the constants 


a 


2/*i 


1 


yl 


c =-Hi; a = — c — 

a 2 ay 2 


and find the solution 

Xl =y>-l’e-i\F l (a,c;y) 

leading to the equation of eigenvalue determination 
l F l (a,c;y o )=0 with j 0 = C 2 e“. 


(71.8) 

(71.9) 

(71.10) 

(71.11) 


All qualitative considerations of the approximate treatment of the last 
equation remain valid since the constants a and c differ from a and c 
only by slight corrections. Hence 


a=—v; t> = 0,1,2,3,... 


and, according to (71.9), 


” 2 "12 

-Pi=- — -a(» + i) 

L7i J 


(71.12) 


(71.13) 


In the energy formula then y has to be replaced by 

Ci + C 2 \ 


a 


— ~ y I 1 — 1 ( 1 + 1)- 2 ., 

y 2 \ 2y z ) 

and instead of fi 2 we have to take /? 2 on the left-hand side of (71.13). 
The result is, according to (71.7): 

—• ft 2 = — y 2 + 2ay(v+j)—a 2 (v+j) 2 +l(l+ 1)(Cq + + C 2 ) 

-(Ci + C 2 )(v+j)l(l+ 1)-—-/ 2 (/+l) 2 . 

y 4y 

Expressing the three C/s in terms of a as given in (71.5) we finally arrive 
at the energy formula, 


E = 


h 2 


IMrl 


— y 2 + 2ocy{v+j) — oc 2 (v+j) 2 




ay 


4a y 


(71.14) 
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The terms in the first line of this formula are exactly the same as those 
derived in the preceding problem: potential depth ( — D), harmonic and 
anharmonic vibration terms. The second line comprises the three 
additional terms: the rotational energy at fixed distance r 0 , a coupling 
term of rotation and vibration which is negative because at higher 
vibrational quantum numbers the average nuclear distance increases 
beyond r 0 in consequence of the anharmonicity, and a final term, neg¬ 
ative as well, because larger rotational quantum numbers lead to an 
enlargement of the average distance even independently of vibrations. 

NB. A generalization of the Morse potential and its practical application to 
the vibrations of diatomic molecules has been discussed by Fliigge, S., Walger, P., 
Weiguny, A., in: J. Molec. Spectrosc.23, 243 (1967). 


Problem 72. Yukawa potential hole 

Given an attractive potential of Yukawa type, 

Q-r/o 

V(r)=-V o —, (72.1) 

r/a 

acting between two particles (e.g. two nucleons). For 1=0 an approx¬ 
imate wave function 


u = — x( r ) with X = Cre ar 
r 


(72.2) 


with a Ritz parameter a shall be used to find the optimum solution by 
variational procedure. What minimum size of the potential hole is 
required to make the existence of a bound state possible? (In the centre- 
of-mass system, the one-body Schrddinger equation will hold with the 
reduced mass m*, cf. Problem 150.) 

Solution. Let us start by determining C to satisfy the normalization 
condition 

]drx 2 = 1. 

That leads to 

C= 2oc>. (72.3) 

Then, the energy E can be calculated as the sum of the two integrals, 


E 


kin 


h 2 
2 m* 





(72.4) 
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Elementary integration, using Euler’s integral, yields 


h 2 4a 3 a 3 

E = ——r oc 2 — V 0 


2m* "(1+2 ad) 3 

We introduce the dimensionless abbreviations 

2 m* a 2 


2atx=p; 


h 2 


V 0 = K 


(72.5) 


(72.6) 


the first of which gives the ratio of the average radii of potential hole 
and wave function, whereas the other is a measure for the hole size. 
Eq. (72.5) then may be written 


E_ = J_ 2 P 3 
V 0 4 K P 2(1 +pf 


(72.7) 


With p instead of a as variational parameter, the optimum solution 
follows from dE/dp = 0 which renders 


(1 +P? 
P(P + 3)' 


(72.8) 


Putting (72.8) into (72.7), the optimum energy value turns out to be 


E = 


-V 0 


P 3 (P~ 1) 
4(p+ 1) 3 


(72.9) 


Since p is by definition a positive number, a bound state will only occur 
if p> 1 or, according to (72.8), if K> 2. This therefore is the minimum 
size of the potential hole necessary for binding, in the underlying ap¬ 
proximation. 

The following figures have been computed from Eqs. (72.8) and (72.9). 


P K —E/V 0 


1.00 

2.000 

0 

1.05 

2.025 

0.0017 

1.10 

2.050 

0.0036 

1.15 

2.08 

0.0058 

1.20 

2.11 

0.0081 

1.30 

2.18 

0.0135 

1.40 

2.24 

0.0198 


P 

K 

-E/Vo 

1.50 

2.32 

0.0270 

1.60 

2.39 

0.0349 

1.70 

2.46 

0.0438 

1.80 

2.54 

0.0532 

1.90 

2.62 

0.0633 

2.00 

2.70 

0.0740 

2.50 

3.12 

0.1364 
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NB. This approximation is rather good. Replacing the trial function (72.1) by 
the less favourable function 

x' = C'r 2 e~* r ; C' 2 =fa 2 

the same procedure as before leads to 


v 2 (P +1 ) 5 

3p 3 (p + 5) 


and 


E=-V 0 


P 5 (P~ 3) 
8(/>+1) 5 


Bound states then obviously can exist only for p> 3, i.e. for X>(|) 4 = 3.16. 


Problem 73. Isotope shift in x-rays 


The orbital of a K electron in a* heavy atom has an r.m.s. radius about 
100 times larger than the nuclear radius R. Its energy, therefore, should 
undergo a small shift due to the finite size of the nucleus. This energy 
perturbation shall be calculated for a nucleus of homogeneous charge 
distribution. The isotope shift in the K edge of thallium (Z=81) x-rays 
shall then be determined for the two isotopes of atomic weights A = 2Q?> 
and A = 205, using the nuclear radius formula 

R = r 0 A$; r 0 = 1.2 x 10~ 13 cm. (73.1) 

Screening of the K electron is to be neglected. 


Solution. The potential energy of an electron in the field of the 
nucleus is 

Ze 2 

- for r>R, 


V(r) =1 


Ze 2 ( r 2 


(73.2) 


l R \2 R 2 2 


— — ) for r<R. 


We begin with the unperturbed problem of the point nucleus (R = 0): 


V 0 = - 


Ze 2 

r 


throughout; 


u 0 = 



y = Z 


me 2 



me* 

IF’ 


(73.3) 


with w 0 (r) the wave function and E 0 the energy of the ground state in 
the Kepler problem (see Problem 67). The perturbation potential then 
is the difference 

( 0 for r>R, 


F-FoH 


Ze 2 




for r<R. 


(73.4) 
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Thus we arrive at the energy shift 


AE = E — E 0 


dxu 2 0 (V-V 0 ) 


R 

r 


= 4n 


dr pt t -^ Ze ^ ' 2 


7t 


R 


\2R 2 



(73.5) 


The argument of the exponential, 2 yr, remains smaller than 2 y f? ~ 0.02 
within the domain of integration, so that we may put e _2yr ^ 1 in (73.5). 
Using r/R as integration variable, elementary procedure then yields 
the simple result 


2 2 p 2 / R\ 2 4 / p\ 2 

AE = —y 3 Ze 2 R 2 = — Z 4 —( —I =-Z 2 \E 0 \l —) (73.6) 

5 5 a 0 J 5 \a 0 J 

with a 0 = h 2 /(me 2 ) the Bohr radius. 

For Z=81, Eq. (73.3) gives 


E 0 = — Z 2 - 13.60eV= — 88.3keV. (73.7) 

The total shift, AE for 4 = 203, according to (73.1) and (73.6) turns out 
to be 

AE= |jE 0 |*0.935 x 10" 4 = 8.25eV. (73.8) 

The isotope shift, i.e. the difference between the AE values for 4=203 
and 4 + d4 = 205, is obtained by differentiation: 


S = 


dAE dR _ 2 AA 
~dR dA A ~J1T 


AE. 


This leads, for the present example, to 

S=0.00656 d£ = 6.14 x 10 _7 |£ o l- (73.9) 


Whereas, according to (73.8), the absolute value of the K shell 
energy is shifted by an appreciable amount of about AE/E~ 10~ 4 
towards longer wavelengths, the difference effect S/E for two neigh¬ 
bouring isotopes (which might be observed, if big enough, by the split¬ 
ting of a K x-ray line) becomes less than 1 ppm., according to (73.9). 

NB. The screening effect is, of course, much bigger than these shifts, but it is 
the same for both isotopes. The experimental position of the thallium K edge is at 
6310 Rydbergs or 85.9 keV instead of its unscreened value, Eq. (73.7) above. The 
isotope splitting is almost independent of this correction. 
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Problem 74. Muonic atom ground state 

The binding energy of a muon in the Is state shall be calculated for 
the same nucleus (Z = 81) as in the preceding problem, a) Why can the 
same perturbation procedure not be applied to the muon case? b) A 
variational method shall be used instead, working on the set of trial 
functions 


w=C(l+ar)e ar 


(74.1) 


with a Ritz parameter a. 

Solution, a) The muon mass, /i, is 207 times larger than that of the 
electron, m. Instead of the atomic units of length and energy, 

h 2 _ Q me 4 

a t = —- = 5.29 x 10 9 cm; E t — —r- = 27.2eV 

me 2 h 2 

we should obtain muonic units 

=2.56 x 10“ 11 cm; E t = -£ 1= =5.63keV. (74.2) 

H m 

In the unperturbed state (point nucleus) the average radius is a^Z for 
the electronic and aJZ for the muonic orbital, i.e. in the respective 
units, 1/Z= 1.236 x 10~ 2 in both cases. On the other hand, the nuclear 
radius of R = 7.05 x 10“ 13 cm becomes 1.33 xl0~ 4 in electronic, and 
2.75 x 10~ 2 in muonic units. Whereas the electron orbital thus has a 
radius about 100 times larger than the nuclear radius, the muon orbital 
radius is running to about \ of it. The muon hence will stay mainly within, 
and the electron outside the nucleus, the muon wave function being 
determined by the oscillator potential inside, the electron wave function 
(as in the perturbation procedure of the last problem) by the Coulomb 
potential outside. 

The geometrical situation is reflected by the energy values. The 
ratio AE/\E 0 \ =fZ 2 (R/a 1 ) 2 = 0.935 x 10 -4 of Eq. (73.8) for the electron 
would have to be replaced by fZ 2 (R/a 1 ) 2 = 3.98 for the muon, so that 
the “perturbation” of the energy would no longer be small compared 
to its unperturbed value, but much larger. 

b) Inside the nucleus, there holds the oscillator potential 

W = |4('- 2 -3R 2 ) 


(74.3) 
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whose ground state wave function (cf. Problem 65) is 


with 




(O 


Ze 2 

Jr* 


and with the energy 


E 0 



3 Ze 2 
2 R 


(74.4a) 

(74.4b) 


(74.4 c) 


The solution (74.4 a) will be approximately correct for small values of 
r where it may be expanded into the series 


u 0 = 




(74.5) 


On the other hand, for large values of r, the actual potential tends to 
zero instead of becoming infinitely large as (74.3), so that the correct 
wave function becomes dominated by a factor 

. , , 2u\E\ 

e * r with x 2 = . (74.6) 

decreasing much more slowly than (74.4 b). Expansion of the trial 
function (74.1) now yields 

u = c(l 

comparison with (74.5) making it probable that some value of a 2 in 
the neighbourhood of fi co/h might be expected. On the other hand, in¬ 
stead of (74.6) we have an asymptotic behaviour as e -ar in the trial 
function. This certainly lies closer to the actual wave function than 
(74.4 a), but is a reasonable approximation only if a~x. 

In muonic units we obtain m=1.98xl0 3 and J5 0 = — 1.46 x 10 3 
from (74.4 b,c), hence, according to (74.6), x —54. If, in order to make 
the functions (74.4a) and (74.1) identical at small values of r, we put 
<x. 2 = Hoo/h, we find—in these units—a = ]/a) = 44.5. This is not so very 
far from x = 54. The trial function (74.1) therefore can be expected to 
be a fair approximation to reality. 

It may be noted that the optimum value of a 2 derived below turns out to be 
a~64 and x~60. 
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We are now prepared to start an approximate energy computation 
using muonic units (^ = 1, h= 1, e=l) throughout. Normalizing (74.1) 
we get 


C 2 = 


In 


The expectation value of the kinetic energy becomes 

E kin = -?$druV 2 u = &<x 2 . 
Computation of the potential energy 

R oo 

Epot = J dr r 2 u 2 ~ - 3 ^ ■— An | drr 2 u 2 


(74.7) 


(74.8) 


turns out to be a little cumbersome. Using the dimensionless quan¬ 
tities 

2txr=x; 2aR = X, (74.9) 

however, the integration may be performed in quite an elementary way 
with the help of the generalized Euler integral, 


00 

f 


/ 1 1 > 

dxx n Q x = n\e 2 (1 + 2h-2 2 + ---H- X" 

\ 2! n\ j 


The result may be written 


E = 


with 


56 R' 


/w= (f - 28 )- e i 


[2 2 + ZR/(2)] 


The Ritz condition, 


dE 

a! -0, 

leads on to the determination of X from 

e 


\ a A. 


[216e A — (p(X)] 


with 


ZR A 4 

<p(2) = 216 + 2162+1082 2 + 332 3 + 62 4 +^2 5 . J 


(74.10) 


'216 216 

-—j —I—■—b 80+142 + 2 J. (74.11) 

A A } 


(74.12) 
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For ZR = 2.23 a value of Xcz 3.5 is obtained from (74.12) with an energy 
minimum at about E= —1808 muonic units or-£= — 10.18MeV. 

Literature. The problem, and finer corrections, has been discussed in some 
detail by Fliigge, S., Zickendraht, W.: Z. Physik 143, 1 (1955). 


Problem 75. Central-force model of deuteron 

Let the neutron-proton interaction be idealized by the central-force 
potential 

V{r)= -Ae~ rla . (75.1) 

The Schrodinger equation of the equivalent one-body problem (cf. 
Problem 150) shall be solved for the bound state with 1=0 (deuteron). 
There exists only one bound state with a binding energy 

E= -2.23 MeV 

as determined by experiment. The relation between A and a leading to 
this value of E shall be found in the neighbourhood of a=2fm (1 fm 
= 10" 13 cm). To find this relation, three methods shall be applied: 

a) exact solution of the Schrodinger equation, 

b) approximation by use of a wave function 

C 

u = —(e _vr —e“ 2yr ) 
r 

showing the correct asymptotic behaviour for large r by a suitable 
choice of y, 

c) abridged Ritz method with a one-parametric set of exponentials, 
a) Exact solution. Writing for /=0 

u = -x(r), (75.2) 

r 

the Schrodinger equation of the equivalent one-body problem is 
/•fi y 2 m* 

^ + —(£-Me- r/a )*=0 (75.3) 

where m* = \m is the reduced mass (supposing equal masses m of both 
nucleons). Use of the new variable 


y = Q~ r l 2a 


(75.4) 
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leads to 

id x,( 

dy 2 y dy + V 
with the abbreviations 



x=o 


c 


2 



r 


8 m* 

~1F 


Ea 2 > 0. 


(75.5) 


(75.6) 


Eq. (75.6) is Bessel’s differential equation with the general solution 

X=C l J q (cy)+C 2 J_ q (cy). (75.7) 

According to (75.4), y=0 corresponds to r-* oo where % must vanish. 
Therefore C 2 — 0, and the wave function becomes 

u = —nce~ rl2a ). (75.8) 

r 


On the other hand, y=\ corresponds to r = 0 where u must be finite 
so that the Bessel function is bound to vanish: 

J q (c)= 0. (75.9) 

Given now the numerical values of m* and E, we obtain from (75.6) 

< 7 =0.458 a; A = 2.23c 2 /q 2 (75.10) 

where a is taken in units of fm and A in MeV. For any given value of 
a, q may be determined from (75.10). Then, from (75.9), there follows c, 
and finally, from (75.10) again, the potential depth A. In (75.9) the 
smallest zero of J q has to be taken since it will lead to the smallest value 
of A, i.e. to a potential hole holding one bound state only. Numerical 
values of A and a are listed in the accompanying table 16 . 


q 

a 

c 

A 

0.2 

0.436 

2.707 

409 

0.4 

0.873 

2.999 

125 

0.6 

1.310 

3.283 

67.0 

0.8 

1.747 

3.560 

44.5 

0.9 

1.963 

3.696 

37.5 

1.0 

2.180 

3.832 

32.7 

1.1 

2.40 

3.966 

28.1 

1.2 

2.62 

4.099 

26.1 

1.4 

3.05 

4.363 

21.7 


16 Solutions of Eq. (75.9) may be taken from Jahnke-Emde-Losch: Tables of 
functions. 
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b) Approximate solution. The wave function 



(75.11) 


has a finite value 


"(0)=cf- 

2 a 

at r = 0, and decreases, for large r, exponentially with the correct decay 
length: _ 


exp - 


qr ' 
2a t 


exp 


/2m*\E\' 


The normalization constant C follows from 


one finds 


00 

4n J drr 2 u{r) 2 = 1; 
o 



(75.12) 


We now determine the expectation value of the energy with this wave 
function by using the Schrodinger variational principle (cf. Problem 2): 


oo 

E = 4n j drr 2 


f_*L 

1 2m* 


(du/dr) 2 — Ae r/a u 2 >. 


(75.13) 


Were the exact solution (75.8) put into the integral (75.13), the exact 
eigenvalue E would result. Using instead the approximate func¬ 
tion w, Eq. (75.11), we find an approximate eigenvalue E which, accord¬ 
ing to the general rule, lies somewhat above the exact value. 

The evaluation of (75.13) with (75.11) is elementary and yields 


E = 


h 2 

Am* a 2 


q 2 —6A< 


1 + 



1 


1 

2 - 1 — 
<1 


l 


(75.14) 


Taking e.g. the numerical values = 2.18 fm and A = 32.7 MeV, ob¬ 
tained above, we find £= — 2.18 MeV. If, on the other hand, the correct 
value, £=—2.23MeV, is to be found from (75.14), with q= 1 and 
a=2.18, a value of A = 33.5 MeV has to be chosen. Thus, either for the 
correct potential depth A the eigenvalue lies too high by about 2.5% 
or the correct eigenvalue requires a somewhat larger value A of the 
potential depth. 
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c) Ritz approximation. We use the normalized set of trial wave 
functions 


u = 



(75.15) 


with the Ritz parameter a to be determined so that E, Eq. (75.13), be¬ 
comes a minimum. Putting (75.15) into (75.13) and evaluating the 
elementary integral we arrive at 


or 


E = 


h 2 

Am* a 2 


3A 



= 0 


(a + 1) 4 12 m* a 2 A 

h 2 


(75.16) 


(75.17) 


With a=2.18fm and A —32.1 MeV, the right-hand side of (75.17) be¬ 
comes equal to 22.3 thus yielding a =1.34 and with h 2 /{8m*a 2 ) 
= 2.21 MeV, according to (75.16), 

£ = 3.97 MeV-6.15 MeV = -2.18 MeV. 

Again, the approximate value is higher than the exact one. 



Fig. 42. Exact wave function and two approximations for a central-force deuteron 

model 
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The three wave functions u (exact), u, and u are shown in Fig. 42 in 
correct normalization (which, for u, can only'be found by numerical 
computation). The two approximations are too large at small values 
of r which, however, have rather a small effect upon both, the normali¬ 
zation and the energy integral, since the volume element reduces their 
weight by a factor r 2 . This deviation is compensated by values too 
small at larger r. The asymptotic behaviour shows no large differences 
between the three curves: 

ua? ztucfi -*• 0.308 e~ x /x; ua? -> 0.346 &~ x /x 
with x = r/(la). 


Problem 76. Momentum space wave functions for central 
force potentials 


To show that the splitting off of a spherical harmonic in the wave 
function in ordinary space permits the same factorization in momentum 
space. 

Solution. In the Fourier transform 


u(r) = 


/(*)“ 


(2rc? J 

1 

(27r)* 


cPke ik - r f(k), 


dPxe lkr u(r ) 


it shall be supposed that u is factorized: 

w (r) = -Xiir) Y l>m (S,(p). 
r 


(76.1) 

(76.2) 


(76.3) 


In order to find its Fourier transform according to (76.2), let us expand 
the exponential into spherical harmonics of the angle y between the 
vectors r in the direction 5, (p and k in the direction 0, $ (cf. Problem 81): 

a> _ / (L r \ 

e~ ikr = £ ]/4n(2A+ — Yl 0 (cosy). (76.4) 

a=o kr 


Here Y x 0 (cosy) may be expressed by the polar angles of r and k using 
the addition theorem of spherical harmonics, 


4rc 


ti=-X 


Y x , o(cosy) = 


2A+1 


(76.5) 
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Setting (76.5) into (76.4), and the result and (76.3) into (76.2), we get 

ao 

m ~^\ drr2 j ldS 2 'p~‘ Jj fr ,(».<!>)“ r,,„(»,«>)• 


The integration over all directions of the vector r can be performed: 

§d(l, Y!J9,v) YU».9)=inK 
so that only one term (/,m) remains of the double sum: 


00 

i~ l jV/i 


*/(*)= /-* \drj l (kr)xi(r)Y ltm (0,^), 


i.e. the momentum space function, f(k), may be factorized in the form 


m = -g l (k)Y l>m U 9,*) 


(76.6) 


f^r 1 Lr/, 

r 71 J 


0i(fc)= /-* I drj t (kr)xi(r). 


(76.7) 


The radial parts ^(/c) and i l Xi( r ) therefore stand in the mutual relation 
of a Hankel integral transform, the inversion of (76.7) being 


Xi(r) = 


/— i l \dkj, 

J 


dkjtik^g^k). 


(76.8) 


If we normalize the space function u in the usual way to permit its 
probability interpretation, 


\dr\x l {r)\ 2 = \. 


(76.9) 


we find by putting (76.8) into (76.9): 


00 00 00 

2 f f f 

— dr dk dk'jx 

ft « «, * 


dk , j l (kr)g l (k)j l (k'r)gf(k')=l 


ooo 
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Performing first the integration over r, 

00 

jdrMkrUWr) = jHk-kT), (76.10) 

0 

we get 

Jt/fc|0,(/c)| 2 = 1, (76.11) 

o 

i.e. the same probability interpretation holds in momentum space: in 
the quantum state under consideration the particle will be found with 
the absolute value of momentum between k and k+dk with a prob¬ 
ability \g t (k)\ 2 dk. 


Problem 77. Momentum space integral equation for 
central force potentials 


In Problem 14 a general integral equation has been established for the 
momentum space wave functions. It shall be shown that for a central 
force field the solutions can be factorized in the form 


k 


(77.1) 


The special integral equation for g t (k) shall then be derived for the 
hydrogen atom. 


Solution. The integral equation (14.6), written in atomic units, 


with 


(?k 2 —E)f(k)= -f d 2 k'W{k-k’)f{k') 


W{k) = 


— j*<2 3 xe '*■' 


V(r) 


(77.2) 

(77.3) 


shall be reduced to a radial equation for #,(&) if V{r ) depends on the 
absolute value r only of the vector r. In that case, (77.3) may be inte¬ 
grated over the solid angle, the result depending only upon the absolute 
value of the vector k: m 


W(k) = 


An 

8 7T 3 


f 


drr 2 V(r) 


sin kr 
kr 


(77.4) 


The kernel of the integral equation then becomes a function of 

(k — k') 2 = k 2 + k' 2 — 2kk! cosy 


(77.5) 
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where y is the angle between the vectors k and k'. The function W may 
then be expanded into a series of Legendre polynomials, 


W(\k-k’\) = £ a„(k,k’)P n (cosy) 


(77.6) 


n -0 


whose coefficients a n depend on the absolute values k and k’ only. This 
is the essential point leading to possible factorization. 

Using (77.1) for f(k), the integral equation (77.2) now becomes 

(ik*-E)yg,(k)YU0,$) 

k 

00 

= - £ dk:k: 2 a,(k,k-)^gm |«*ffP.(co«y) 

0 

The angular integral can be evaluated using the addition theorem 

JF^(cosy) = ~~r £ Y£„(0',<f>') Y n J0,4>) 

2n + l fl= _„ 


which reduces the sums to one. term only with n = l, n = m: 

00 

1 4 % 

k 21+1J 


This is an identity in the polar angles thus showing that the factor¬ 
ization (77.1) is correct, and leaving us with the radial integral equation 


(jk 2 -E) gi {k)=- 


4nk 

2/+1 


dtfk! a l (k,k?)g l (k?). 


(77.7) 


If the central force is the Coulomb attraction of the hydrogen atom, 


V(r)=--, 


(77.8) 


the integral (77.4) can be solved using the limiting relation 17 


lim f dxQ £Jc sinx=l 
£-0 


17 The Fourier transform (77.3) of the potential is essentially the Born amplitude 
the convergence of which is limited by Coulomb behaviour at large values of r. 
Cf. Problem 105. 
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so that we find 

and, according to (77.5), 
W(k — k') = - 


with 


z = 


W(k)= - 

1 

2n 2 \k-k'\ 2 

k 2 + k' 2 
2 kkf 


1 


2 n 2 k 2 ’ 


(77.9) 


1 


4n 2 kk'(z—cosy) 


Putting cos y = t, Eq. (77.6) then is the well-known expansion of 

1 


= I(2ii + l)fi.(z)P.W 

Z * n-0 


where the coefficients 


+ i 


m = t f 


dtP„(t) 
2 J z-t 

- i 


(77.10) 


(77.11) 


(77.12) 


are the Legendre functions of the second kind. We therefore find 


a n (k,k')= - 


1 


-(2»+i)e„i 


2kk! 


4n 2 kk 

so that finally we arrive at the radial integral equation 

1 


k 2 + k' 2 \ 

-)P„( cosy), (77.13) 


00 

r 




n 




(77.14) 


Literature. The integral equation (77.14) was solved by Fock, V.: Z. Physik 98, 
145 (1935). This way means determination of the momentum space eigenfunctions 
without any recourse to coordinate space functions. The latter way, however, 
proves simpler for the Coulomb field and shall be given in the following problem. 


Problem 78. Momentum space wave functions for hydrogen 


To determine the momentum space wave functions for the lowest levels 
(1 s, 2s,2p) of the hydrogen atom. 

Solution. Since in Problem 76 we have shown that, in a central field, 
a factorized coordinate wave function 


« (r) = -Xi (r)Y ltm (9,(f>) 
r 


(78.1) 
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leads to a factorized momentum space wave function 

f(h) = ^g,(k)Y ltm (0,<P), 


(78.2) 


we have only to determine the radial part g t (k) which follows from a 
Hankel transform of Xi(r): 


9i(k) = 


H r, ] dri ' 


drji(kr)xi(r). 


For the three chosen states we have, in atomic units, 
1*: Zio( r ) = 2re~ r , 


0io — 


00 


— 2 drrsinkrz r ; 


(78.3) 


2s: X 20 (r) = —r(r-|r 2 )e 2 , 

1/2 


1 


f. 


1 -- 
2 p: XiM = ~=-r 2 Q 2 , 
1/24 


g 2 o = —=r\dr(r-$r 2 ) sin/cre 2 ; 


r 

T . 


021 — ~ l 


1/12^ 


drr 2 


'sin kr 
. kr 


— coskrle 


Evaluation of these integrals is elementary, though a little cumber¬ 
some. The results are 


9 io(fc) = 
02o(*O = 

02iW = - * 


4k 


n (1 +fc 2 ) 2 ’ 
32 fc(l—4/c 2 ) 
(1+4/c 2 ) 3 5 

128 k 2 


1/3^ (l+4fe 2 ) 


2\3 ' 


(78.4 a) 
(78.4 b) 

(78.4 c) 
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In all cases there holds the normalization law 

* 

7rffc|^(k)P = X (78.5) 

0 

which may be checked directly for each of the functions (78.4a-c), but 
which also follows from the general theory, cf. (76.11). 


Problem 79. Stark effect of a three-dimensional rotator 


To calculate the Stark effect in second approximation of perturbation 
for a three-dimensional free rotator with the electric dipole moment p. 

Solution. The unperturbed Schrodinger equation is solved by 
spherical harmonics: 

^-L 2 Y Um = E l Y Um (79.1) 


with eigenvalues 




h 2 l{l+ 1) 
20 


(79.2) 


The perturbation energy for an electrical field $ applied in arbitrary 
direction is 


V = —p{S x sin # cos (p + <!> y sin $ sin (p + S z cos 5). 

To find the matrix elements of V, 

= $dQ Yl m .V($,q>)Y Um , 

we use the relations 18 

sin9e i ’ , y I>m = a I>m y I + 1>m+1 -a i _ 1> _ m _ 1 Y t . Um+l , 
sinSe 9 Yi <m — ^i,-myi + i,m-ii, m -i — i , m —i > 

cos S Yi <m = b ltfn y ( + 1>m + ^-i >m y,-i >m 


(79.3) 

(79.4) 


(79.5) 


with the abbreviations 


(/+m+l)(/+m + 2) 
(2/+l)(2/+3) ’ 


(/+m+l)(/—m + 1) 
(2/+l)(2/ + 3) 


(79.6) 


18 Cf. e.g. Bethe, H.A., Salpeter, E.E., p. 432, in: Encyclopedia of Physics, vol. 
35. Berlin-Gottingen-Heidelberg: Springer 1957. 
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Then, using the orthonormalization rules of spherical harmonics, we 
find for any given pair of quantum numbers l,m that there are only 
six matrix elements not vanishing, viz. 

</+l,m+l|F|/,m>= -\{S X -iS y )pa Um , 

(l— l,m+l\V\l,m) = A-\{S x -iS y )pa l . 

</+ l,m— 1 \V\l,m) = +H&x + i<$y)pa l ,- m , 

</—l,m—l|F|/,m> = + 

</+l,m|F|/,m> = — S z pb lm , 

</— \,m\V\l,rn) = -S z pb l _ Um . 

Among these there are no diagonal elements 1=1'. This means that 
the first-order perturbation vanishes so that we get no linear Stark 
effect: 

A 1 E l = (l,m\V\l,m} = 0. (79.8) 


This even holds for matrix elements < l,m'\V\l,m ) so that no mixing 
of the degenerate functions of equal / but different m’s can occur. There¬ 
fore we need not start from linear combinations of the spherical har¬ 
monics. 

The quadratic Stark effect follows from the second-order perturbation, 


^2 El.m 


1 


E.-Ey 


(79.9) 


This is a sum over six terms, according to (79.7), with the denominators 
following from (79.2): 


20 (1 

J 2 E l , m =p 2 lt5 - jj(S 2 x + S 2 y ) 


“Im + al-m 


y>1 /(/+ 1) —(/+ l)(/+2) 

bl 


I a l-l,-m-l^~ a l-l,m-i~\ , jp2 r 

+ /(/+!)-(,- 1 )/ J + ^L 

, bf— l,m 


/(/+!) — (/— 1)/J 


/(/+l)-(/+l)(/+2) 

(79.10) 


Straightforward computation of the sum, using (79.6), leads to the 
final result: 


^ 2 ^l,m — 


? 2 <9 


2 ft 2 


Si-Si) 


/(/+!)-3 m 2 


(2/+3)(2/-!)/(/+!) 


(79.11) 


This formula does not hold for / = 0. This is obvious, as the eigen¬ 
function y 0 0 does not distinguish any direction, so that the perturba¬ 
tion should simply become proportional to S 2 . An analogous calculation 
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to the one above shows that then, of the six matrix elements (79.7), only 
the three elements <l,m'|F|0,0> with m'= +1,0,—1 differ from zero. 
The final result becomes 

p 2 © . 

^Eo,o=< 79 - 12 ) 

Literature. Meyenn, K. von: Z. Physik 231, 154 (1970) where even high field- 
strengths are discussed and the limits of validity of the second-order perturbation 
theory have been shown. 


b) Problems of Elastic Scattering 


Problem 80. Interference of incident and scattered waves 


The asymptotic boundary condition 

gikr 

u->e lfcz + /(S)— for kr-+ oo (80.1) 

r 

has to be imposed upon the wave function of a scattering problem 
(so-called Sommerfeld radiation condition). It shall be shown that 
this leads to a superposition of incident and scattered currents without 
noticeable interference at large distances from the scattering object. 
The relation between scattering amplitudes and cross section is to be 
derived. 


Solution. The current density formula 

h 

s = - N(u* Vu — uVu*) 

2/m 


(80.2) 


with a normalization constant N determining the absolute intensity 
of the current may be applied to a wave function of the form (80.1). 
The gradient, in spherical polar coordinates, has the components 


V, 



Vo = — 


i d 


r 58 ’ 




i d 
r sin 5 d(p 


(80.3) 


Since u does not depend upon (p we have ^ = 0 (an obvious result). The 
two other components of s follow from (80.2) by a simple calculation: 


s r 


hk 


N\ cos3 + 


m 



h f r e ifc<r- 2 ) 

+ — N< f[kr( 1 cos 9) + /] - 


+/* [kr{l 4-cos 8) — /] 


Q ik(z-r )~j 
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s a = - N sin S 


+ 

+ 


hk 

m 

h 

2 mi 
h 


2mir 


C gik(r —z) gik(z —r)'j 

N\(f' — ikrsin&f )—^- (f*' + ikr sin#/*)—-— 


M.f'f*-//*')■ 


Here the prime denotes differentiation with respect to 9. Since the for¬ 
mulae will hold only asymptotically for fcr->oo, we may neglect the 
last term, proportional to r~ 3 , as compared to the scattered intensity, 
proportional to r~ 2 . In the curly brackets of the interference terms the 
members with kr are the only ones to be taken along. Thus for further 
discussion there remain the simpler expressions, 


{« 


hk 
m ( 
hk 


s r = — N-\cosS H- y + 

sin $ 


|/| 2 1 + cos 5 


r 2 r 


(y e «fc ( r-z) + /*e ifc(z - r) n ; 


(80.3) 


So = — N< - sin 5 — 


m 


2r 


(y e ift(r-z) + y* e ift(z-rU 


In these formulae the first terms are independent of r. They represent 
the decomposition into r and 9 components of the plane wave contri¬ 
bution with the current density s 0 = hkN/m in z direction. Since 
hk/m—v is the particle velocity, N turns out to be the number of par¬ 
ticles per unit volume in the incident current. The second term of s r is 
the radial current which we can identify as the scattered intensity. In 
any observation, in order to obtain a finite intensity, we necessarily 
have to use some detector of a finite though small solid angle 5Q at a 
distance r through whose surface r 2 bQ a scattered current of 

SS= | N^Pj^dQ = — iV j* \f\ 2 dQ (80.4) 

SS2 dSl 

particles per second will pass and be counted. If this current is divided 
by the plane wave current density of ( hk/m ) N particles per second 
and cm 2 , a quantity 


da = | \f(S)\ 2 dQ ~ \f(S)\ 2 SQ (80.5) 

sn 

independent of the primary intensity, and thus characteristic of the 
scattering properties of the scattering interaction, will emerge. This 
ratio has the dimensions of an area and is called the differential cross 
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section of scattering into the solid angle SQ. The total scattering cross 
section is derived herefrom, 


e = §\f($)\ 2 dQ. (80.6) 

It remains to look at the interference terms in (80.3) which, being 
proportional to 1/r, at first glance seem to be of even more importance 
than the scattered intensity. These terms are composed of factors 
varying slowly and varying rapidly with angle. If any one of them is 
integrated over a small though finite solid angle SQ, the slowly varying 
factors (as sin 5) may be considered constant so that there remain only 
integrals of the types 

§ dQcosk(r — z) or §dQsink{r — z). (80.7) 

bo »n 

The argument 

k(r—z) = kr( 1 — cos3) 

will, if kr is very large, cause the periodic functions in (80.7) to perform 
a great number of oscillations, even if integrated over a modest inter¬ 
val SQ. These integrals therefore will practically vanish (at least they 
do not contribute proportionally to SQ) so that the interference terms 
may safely be omitted in the limit of extremely large kr and the two 
currents of incident and scattered waves treated independently. 

It should perhaps be mentioned in this connection, that kr is 2nr/X with X 
being the de Broglie wavelength. The latter will generally be of the order of atomic 
(or even nuclear) dimensions, say e.g. 10“ 8 cm, whereas r is a macroscopic distance 
in the experimental device of the order at least of 10 cm. In this case we then have 
kr= 6-10 9 , which is indeed extremely large. 


Problem 81. Partial wave expansion of plane wave 

To decompose a plane wave into partial waves of well-defined angular 
momentum. 

Solution. The plane wave 


u = e ikz = e ikr cos 9 (81.1) 

is a solution of the Schrodinger equation in the force-free case, 

2mE 


W 2 u + k 2 u = 0; k 2 = 


h 2 


(81.2) 
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whose complete solution, obtained by factorization in spherical polar 
coordinates, is 


with 


ji(kr) = 


““r £ £ {A,.JAkr)+B,, m n,(kr)} 

kr 1 = 0 m= -l 


Inkr 


-J l+i (kr); n t (kr) = (— 1) 


i + i 


Inkr 


J. ( i +i) (kr). 


(81.3) 

(81.4) 


Each sum term in (81.3) then represents a contribution of angular mo¬ 
mentum well-defined by its quantum numbers / and m. 

To represent the plane wave (81.1) by (81.3), two specializations may 
immediately be performed: 

1. Only contributions from m = 0 occur since (81.1) does not depend 
on the angle (p or, speaking physically, a particle beam parallel to the 
z axis has no angular momentum component along the z axis. 

2. There can be no contribution of the functions n h because they 
are not regular at the coordinate centre. 

The angular momentum expansion of the plane wave therefore 
becomes 

e“ , c«® = -/- E AJ t {kr)Pi{cos8). (81.5) 

kr i =0 

We still have to determine the coefficients A x . That can be done in a 
way analogous to the determination of Fourier coefficients using the 
orthonormality relations 

{dtP l (t)P l .(t) = ^5 lv (81.6) 

with t=cos8. Eq. (81.5) then yields 

§ dte ikrt Pfit) = i AJ t (kr) ■ . (81.7) 

_i kr 2/+1 


To determine A x from this equation the integral on the left-hand side 
should be evaluated and compared with the spherical Bessel function 
on the right-hand side. Such a calculation, though quite elementary, 
would be rather cumbersome. Fortunately we are spared the necessity, 
because it suffices to compare the expressions on both sides of (81.7) 
for very large values of kr. Then, 

( In 
j t (kr)-+smi kr - — 


(81.8) 
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and the integral can, by repeated partial integrations, be represented by 
expansion into negative powers of kr as follows:* 


+1 



Asymptotically, only the first term signifies in which we use 


*S(± 1)=(±1/- 


Thus we get, 


+1 


dte ikrt P[(t) -*■ —^-(e ikr —(—l) , e~ ifcr ) = /'-^-sin (kr - — 
l Kr Kr \ z y 


-1 


Putting (81.8) and (81.9) into (81.7), we find 

A,=(2l+l)t, 

and the expansion (81.5) becomes Anally 

e ‘ fcz = 7 — ^(2l+l)iji(kr)P t (cos9). 
kr (=0 


Using normalized spherical harmonics, 

Y lt o = 


21+1 


471 


Pi 


(81-9) 


(81.10) 


(81.11) 


(81.12) 


the series can equally well by written 

e"“ = 2- I ]/W2I+l)fj,(kr)Y,^S). (81.13) 

k r 1=0 

Eqs. (81.11) and (81.13) may both be used to advantage. 


NB 1. From Eqs. (81.7) and (81.10), there follows an integral representation 
of the spherical Bessel functions, 


+ i 

jfc)=r l \ J dte izt P,(t). (81.14) 

-l 

Such integral representations are often found by the method applied to our special 
problem. 
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NB2. For m —0 there are two non-vanishing components, L x and L,. of the 
angular momentum which, of course, cannot be diagonal simultaneously with 
L z =0. This reflects the classical picture of dividing the particle-beam into con¬ 
centric cylindrical shells, of radii p, about the z axis in each of which L has a definite 
value, L=mvp, but all partitions of L into L x and L y components still occur. 
An ingenuous quantization, Lcahl, would render the relation 

hi . X 

p~ — = /— 

mv 2 n 

with X the de Broglie wavelength and p a rough measure of the distance at which 
a particle of the quantum number / passes the coordinate origin. 

Such a discussion of one expansion term singled out from the whole series is, 
of course, incorrect insofar as observables cannot but be attained by bilinearly 
combining u and u* (or their derivatives), thus necessarily originating interference 
terms. It is in the limit of large / only that a single partial wave may be interpreted 
in the classical particle picture, because the very high spherical harmonics produce 
rapidly oscillating and thus quenching interference terms, even when averaged 
over narrow angular intervals. 


NB 3. Let the plane wave propagate not in z direction, but in any other direc¬ 
tion k defined by polar angles 0, If denotes the angle between the vectors k 
and r, we have, according to (81.13), 

e itr = t- £ \/4n(2l+l)i l j t (kr) Y lt 0 (£>')■ 

Kr 1=0 


We then make use of the addition theorem of spherical harmonics, 


* 71 m=-l 


(81.15) 


yielding the generalized formula 


4n “ +i 

e ik ' = y- I E i l Mkr) Yf, m {0,<P) F J>m (9,<p). 

Kr 1 = 0 m= —l 


(81.16) 


Problem 82. Partial wave expansion of scattering amplitude 

Inside the sphere r = R there may be given a potential V(r); outside 
the sphere the potential may vanish. A beam of particles, described by 
a plane wave, is scattered at this potential field. The scattering amplitude 
shall be computed by expansion into a series of partial waves and shall 
then be expressed in terms of their logarithmic derivatives on the sphere 
r=R. 
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Solution. In the domain r < R the wave function can be written 

u = j- £ i l (2/+l)x,(/c,r)f|(cos5) (82.1) 

with 


Zi + 


2 /(/+ 1 ) 2m 


k 2 - 


h 2 


V{r) 


Zi= 0; xi(0)=0. 


(82.2) 


The boundary conditions determine the functions except for an amplitude 
factor of which the logarithmic derivatives 


\dlogr) r = R 


(82.3) 


are independent. In the following, the quantities L, will be supposed to 
be known. 

Outside the sphere r=R we write 

1 00 

w = — E f{2l+l){j l (kr)+^<x l h\ 1 \kr)']P l (cos9). (82.4) 

/cr i=o 

Were all a, = 0, this would be the plane wave of Problem 81; the terms 
proportional to spherical Hankel functions of the first kind represent 
additional outgoing spherical waves, since 

h\ l \kr) =j l (kr) + in l (kr)-> i~^ + l) e ikr . (82.5a) 

Remembering the asymptotic behaviour of j h 

h (k r ) sin (^k r - y ^, (82.5 b) 

we find that u, Eq. (82.4), at large distances becomes 


1 00 

- y(2/+l)[(l+a i )e <fa --(-iye- , ' fa ']^(cos9). (82.6) 

2 ikr l=0 

We may conclude from the conservation of the number of particles 
in elastic scattering that the absolute squares of the amplitudes of in¬ 
going and outgoing waves must be equal or that 

|l+a,| 2 = l, (82.7) 


a, = e 2W, -l. 


in other words, that 


(82.8) 
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Eq. (82.6) then can be written in the more compact form 

u —*■ — Y (2/+1)/ Q lh sin (kr -h <5 ,J P,(cos5) (82.9) 

kr j“ 0 V 2 ) 

where b x apparently is the asymptotic phase shift of the solution of Eq. 
(82.2) with respect to the force free case of Eq. (82.5 b). 

The scattering amplitude f(9) is defined from the scattered wave, u s , 

Qikr 

u s = u-e ikz -+f(9 )—; (82.10) 

r 

hence 

1 00 

/(9) = r~ £(2/+l)«,/j(cosS) (82.11a) 

ZlK J = 0 

or, using (82.8), 

/(S) = TTT f(2; + l)(e 2 “'-l)i>,(cos8). (82.11b) 

AIK i = o 

It remains to express the coefficients a, not only by the phase shifts 
<5j, but by the logarithmic derivatives L„ Eq. (82.3). This can be done 
with the help of the continuity of both Xi and dxjdr when passing 
through the sphere r=R, viz. 

Xi(k,R) = j l (kR)+^ct l h\ l) (kR); 

= ] c \f l (kR)+$<x l hb l), (kR)']. 


Here the prime denotes differentiation with respect to the argument 
kr, not to r. Dividing the second by the first of these relations, we get 


L t = x 


or inversely, 


<Xj= — 2 


ji(x)+l<*ih\ l) (x) ’ 
LJi(x)-xf t (x) 


x = kR, 


L l h\ 1) (x)—xh\ 1), (x) 


(82.12 a) 


(82.12b) 


Again, this result satisfies the law of conservation of particle number, 
Eq. (82.7), as can easily be seen if j t (x) is replaced by 

ji(x)=j[h ( l 1 \x)+hl 2) (x)] 


(82.13) 
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thus introducing the spherical Hankel function of the second kind which 
for real argument is the complex conjugate of /t{ 1) (-x) so that in 


L x /t; 2) (x) —xh\ 2y (x) 
L, h\ 1) (x)—xh\ iy (x) 


(82.14) 


the numerator is the complex conjugate of the denominator so that 
|1 +a,| = 1, in agreement with (82.7). 


Problem 83. Scattering at low energies 


The spherical harmonics expansion of the scattering amplitude converges 
the better, the smaller the parameter x = kR. This shall be shown by 
computing the coefficients a, for x<^ 1. a 0 and tx 1 shall then be expanded 
in series of powers of x assuming that a 2 is already small enough to be 
neglected. 

Solution. We start from (82.12 b) of the preceding problem, 


= L,y,(x)—xy,(x) 

1 L l h\ l) (x)—xh\ iy (x) 


(83.1) 


Here we use the definitions 

h\ 1 \x)=j l (x)+in l (x); h\ 2) (x)=j l (x)-in l (x) (83.2a) 

to replace the spherical Hankel functions by j t and n, whose power 
expansions run as follows: 


with 


Ji = A l x l + 1 
n t = —B l x~ l 


1 - 


+ 


x" 


2(2/+3) 8(2/+3)(2/+5) 


1 + 


+ 


2(2/-1) 8(2/ —1)(2/—3) 


] 


2'/! (2/)! 
A = 7+7TTTT > — 


( 2 /+ 1)1 


2 '/! 


(83.2 b) 


(83.2c) 


If x< 5 ; 1, the first term in each series is sufficient; we then have jt<\n,\ 
and and therefore 

L i y)-x;^(L l -/-lM,x , + 1 ; HL^-xh^-i(L l+ l)B lX - 1 


so that from 


(83.1), making use of (83.2c), we get 

2/ /2 '/!y L,-(/+l) 
° tl ~~2l+l\(2l)\) L x + l 


x 2,+ 1 


(83.3) 
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In this formula only the leading term has been computed, all higher 
powers in x having been neglected. 

The scattering amplitude is 


m = (21+ 1)«, Ji(cos3); (83.4) 

+-IK | = o 

this series will excellently converge if x<€ 1 since according to (83.3) 

(2/+3)a t + 1 1 L l+1 -(/+3) L l + l 

(21+ l)a, (21+1) 2 Li + i+(l+1 ) L ( —(/+1) 

If the convergence of (83.4) allows to neglect the term with 1=2 
already, this, according to Eq. (83.3), is equivalent to neglecting in the 
scattering amplitude x 5 and all higher powers of x. In this case, it be¬ 
comes possible to expand a 0 and oq to x 4 inclusively, using the two 
series (83.2 b). The same result is however arrived at much faster by 
starting from the special functions 

h ( Q \x)= —iQ lx \ h { i ) (x)= — 

and 

h\ 2) (x)=h\ 1) * (x) for real x. (83.5b) 


1 + 


(83.5 a) 


Using instead of (83.1) the equivalent Eq. (82.14) of the preceding prob¬ 
lem, 

1 + OCj = 


L l hi 2) (x) — xh\ 2) '(x) 


L l h\ 1) (x)-xh\ 1) '(xy 
we arrive at the exact expressions 

i + Uc/Lo 


l + a 0 = e~ 


and 


1 — ix/L 0 


(83.6) 


(83.7a) 


l + ix-x 2 /(L 1 + l) 
l — ix — x 2 /(L 1 + l) 


(83.7b) 


Power expansion of these two expressions leads on, within the approxim¬ 
ation wanted, to 



and 


oq = 



Li-2 
Li + 1 ' 



(83.8 a) 
(83.8 b) 
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(The expansion of a* has no term with x 4 .) In order to obtain sufficient 
accuracy when the influence of /= 1 is just noticeable we have to take 
account of at least three, if not four, terms in (83.8 a) so that it may 
often be simpler to use the exact formula (83.7a) instead. 


Problem 84. Scattering by a constant repulsive potential 


Given the potential V=V 0 >0 for r<R, and V=0 for r>R. The 
phase shift <5 0 and the partial scattering cross section cr 0 for /=0 shall 
be determined as functions of the energy of the incident particles. 

Solution. Using the abbreviations 


js2 2wt V l2 2 mE 

°~ h 2 ' k ~ h 2 ’ 


yt = ]/Kl~k 2 


(84.1) 


the radial wave function for 1=0, Xo( r )> can he written as follows: 
If the energy E is below threshold V 0 , 


Xo( r ) = 


A sinhxr 
sin(/cr+<5 0 ) 


for r<R ) 
for r>R) 


if E<V 0 


(84.2 a) 


and, if the energy is above, with x = ix' becoming purely imaginary, 


Xo( r ) = 


J^l'sin x'r 
\sin(kr+d 0 ) 


for r<R ) 
for r > JRj 


if E>V 0 . 


(84.2 b) 


The normalization outside the potential sphere is the same in all cases, 
the amplitude constants A and A' therefore being a measure of how much 
the interior of the sphere will be excited to vibrations. The boundary 
condition, Xo(0) = 0, has been taken care of in all expressions. Continuity 
of Xo and Xo at r=R imposes continuity on the logarithmic derivative 
so that its value at r=R, 


L 0 = R X o(R)/Xom, (84.3) 

can be formed from either of the two expressions for r<R or r>R. 
Thus we get 

L 0 = kRcot(kR + 3 0 ) = xRcothxR if E<V 0 (84.4a) 
and 

L 0 = kRcot(kR + S 0 ) = x’Rcotx r R if E>V 0 . (84.4b) 
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Only in the latter case is there a periodic solution in the interior whose 
amplitude is of some interest: 


A' 2 = 


1 


x 


n 


sin 2 x' R -\ —-cos 2 x' R 
k 


(84.5) 


We start discussion of these formulae at lowest energies. In the limit 
k-+ 0, x is to be replaced by K 0 and, in order to keep L 0 , Eq. (84.4a), 
finite, the argument of the cotangent on the left must tend towards 
zero as k. Eq. (84.4 a) then becomes 


yielding 


kR 

kR + Sq 


K 0 RcothK 0 R 


c , /tanh K 0 R 
8 0 = kRl -— 

V k 0 r 



(84.6) 


If the potential height Kq is very large (K 0 -» oo, hard sphere ), k 2 can be 
neglected compared to K% for all energies, so that the relation x = K 0 
and Eq. (84.6) will hold for all energies. This then means a linear increase 
of <5 0 with the parameter kR as represented by the straight line (1) in 
Fig. 43. The curve (2) in Fig. 43 has been computed from Eqs. (84.4a,b) 



kR 


Fig. 43. Phase shift <S 0 as a function of kR. The straight line (1) holds for a hard 
sphere (K 0 R = co), curve (2) for K 0 R = 4. The broken line has been computed in 
first Bom approximation. Resonances (amplitude maxima) marked by circles, 

minima of amplitude by crosses 
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for the numerical example K 0 R = 4. Even the start of this curve at 
kR = 0 shows that for a finite potential height the inclination of the 
phase curve differs from that of the hard sphere curve. This is a char¬ 
acteristic trait of quantum mechanics where the wave penetrates into 
the potential sphere even at energies below threshold, the penetration 
depth depending upon the potential height. In classical mechanics, 
where no such penetration would be possible, the scattering phenomenon 
below threshold could not show any effect of the potential height. 

If the energy E (or the parameter kR) increases to values above 
threshold, curve (2) reaches a minimum of S 0 , and then begins to rise 
again towards zero over a sequence of steps. At highest energies (kR-> oo) 
the limit must, of course, be <5 o = 0 again since for EpV 0 the potential 
hill becomes quite an unimportant obstacle. The cause of the formation 
of steps may be elucidated by a computation of the amplitudes A', 
Eq. (84.5), of the interior. In Fig. 44a these amplitudes have been drawn 
for our example K 0 R = 4. There are values of kR, i.e. of wavelengths 




Fig. 44 a and b. a) Amplitudes A! of wave function inside the scattering obstacle 
(K 0 R = 4) at different energies, showing resonances, b) The logarithmic derivative 
L 0 of the wave function shows singularities at resonance energies 
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of the steady particle beam exciting the interior of the potential sphere 
to vibrations, at which A' is maximum. Wavelength bands therefore 
exist in which the interior gets into resonance with the vibration impressed 
upon it from outside. Between any two resonances there lies a minimum 
amplitude A' = l holding for cosx'.R=0 or at x' R=(n+j)n. 

Each of these minimum amplitudes coincides with a zero of L 0 (as 
drawn in Fig. 44b) so that the wave function, having horizontal tangent 
at r=R, has the same amplitude inside and outside of the scattering 
sphere. Between these energies there lie resonance energies in the neigh¬ 
bourhood of x'R — nn or close to the singularities of L 0 , with the 
wave function vanishing for r=R but passing this point without break 
in the inclination of its tangent, thus in the interior with its longer wave¬ 
length rising to the highest possible amplitude. 

Now we know it to be a general principle of resonance phenomena 
that on passing through a resonance there occurs a phase jump of n 
(in the ideal case). This accounts for the amplitude minima (marked by 
crosses on curve (2) of Fig. 43) between which a steep rise of phase 
occurs when passing resonances (marked by circles on curve (2) of Fig. 43). 



Fig. 45. Cross section a 0 for 1=0 scattering as a function of kR, drawn on two 
different scales. The contributions of higher values of / may only be neglected for 
kR4: 1. The resonance maximum above kR = 5 will therefore stand out much less 

clearly in experiment 

The computation of the partial cross section, 

471 

<7 0 = p-sin 2 <5 0 (84.7) 

as a function of kR may be performed from the <5 0 curve without dif¬ 
ficulty. The result has been drawn in Fig. 45. In the low-energy limit, 
kR-*0, S 0 of Eq. (84.6) becomes infinitely small so that sin <5 0 in (84.7) 
may be replaced by its argument, and 

( tanh K 0 R 
a 0 = K 1-— 

V k 0 r 


a o {0)=4nal; 


(84.8) 
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The quantity a 0 defined by (84.8) is called the scattering length of the 
potential. In our numerical example it turns gut to be a o = 0.75R. 
(Cf. also Problem 88 for the importance of the scattering length.) With 
increasing energy, the resonances show their influence on the cross 
section curve, but only the first one at about kR — 5A in our example 
leads to a pronounced effect. The higher resonances are almost invisible 
in the cross section curve and become even more so in the experimental 
evidence, where an increasing contribution to a due to 0 has to be 
added. The information content of a cross section curve, therefore, is 
not very great. 


NB. At very high energies the decrease towards zero of the phase shift S 0 may 
be checked by applying the first Born approximation (cf. also Problem 105) for 1=0, 


5 0 = 


2m 1 
h 2 k 




0 


dr sin 2 krV(r), 


which yields in the special case of our constant repulsive potential, 

R 

K 2 C K 2 

S 0 = —~ dr sin 2 kr= --~~(2kR-sin2kR). (84.9) 

o 


The phase shifts computed from this formula are shown as the broken line in Fig. 
43. It is not to be expected that, for the rather large phase shifts in the energy region 
shown, the Bom approximation should give quantitatively satisfactory results. It 
seems remarkable, however, that except for a shift in position of the resonances 
the correct picture is roughly obtained even at these energies, including the forma¬ 
tion of steps in the curve as a consequence of the sine term in the Bom formula (84.9). 


Problem 85. Anomalous scattering 

Let the potential in the preceding problem be altered by cutting out of 
its centre a potential hole so that 

{ — K\ for 0<r<r x , 

+ K 2 0 for r l <r<R, (85.1) 

0 for R<r. 

The alteration of the phase shift <5 0 for /=0 compared to that de¬ 

termined in the preceding problem shall be calculated and discussed for 
the numerical example K 0 R = 4 (as before), K 1 r 1 = 1.5 and r 1 =jR. 

Solution. The potential is sketched in Fig. 46 where the following 
abbreviations are explained: 

x 2 = Kl~k 2 ; K 2 — K\ + k 2 


(85.2) 
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for energies below threshold ( k 2 <Kq, x real). The radial wave function, 
Xo(r), then becomes 


Xo(r) = 


BsinXr for 0 <r<r 15 

v4(sinhj<r+ycosher) for r 1 <r<R, 
sm(kr+d 0 ) for R<r. 


(85.3) 


2mV 

h 2 



r-^n 

X 


n 

a 


t 2 

K 2 o 

* i 

t 

k 2 

R _ 



*2 
k 2 


Fig. 46. Scattering potential of Problem 85 


For energies above threshold, x becomes imaginary, x — ix' with real x'. 
With this change, (85.2) and (85.3) may still be used. The problem differs 
from the preceding one by the additional boundary condition at r=r 1 . 
With r x = 0 it therefore becomes identical with the former problem that 
can formally be regained by y = 0 from (85.3). 

We now have two conditions of continuity of the logarithmic de¬ 
rivative of (85.3) at r=r r and r = R: 

l+ytanhjcr, 

L 0 (r 1 )=Kr l cotKr l =xr 1 ---; (85.4a) 

tanhxr 1 + y 

1 + y tanhxi? 

L 0 (R)—xR —-= kRcot{kR + 5 0 ). (85.4b) 

tanh*:.R + y 

From (85.4a) y may be obtained and then <5 0 from (85.4b): 


7C 

— tan Kr,— tanh x r , 

K 1 1 

y =-; (85.5) 

yc 

1-tan_K>, tanh xr x 

K 1 1 


<5 0 = —kR + tan 



tanhxR + y 
1 +y tanh xR 


(85.6) 


Eq. (85.5) shows that with r 1 = 0 we indeed find y = 0, as surmised 
above. For the practical purpose of numerical computation, it is more 
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comfortable to put y from (85.5) into Eq. (85.6) which gives after some 
elementary reordering: 


<5 0 =— fc.R + tan X 


, tanKr, 1 

kR t a nhx(R-r l)+ ^ 1 -^— 

xR tan Kr, , 

1 .+ xr t -tanh x{R — r,) 

Kr i 


>■ 


(85.7) 


The phase shifts computed according to Eq. (85.7) for the numerical 
example K 1 r 1 = 1.5; K 0 (R — r 1 )=2; K 0 R — 4 have been drawn in Fig. 



Fig. 47. Phase shifts S 0 for /=0 for anomalous scattering originated by a potential 
hole inside the wall. They are compared with those without potential hole, <S 0 , as 
determined in the preceding problem. The straight line obtains for a hard sphere 


47 where they have been compared with those obtained in the preceding 
problem (here denoted by <5 0 ) and those of the hard sphere of radius R 
(the straight line). There are no significant differences between <5 0 and <5 0 
at energies below kR^2; we may conclude that this shows that the 
wave has not entered far enough into the interior of the scattering 




Problem 86. Scattering resonances 


225 


region to be appreciably affected by the central hole. This changes 
grossly in the interval of about 3<kR<6 where the behaviour of the 
two curves is totally different. The steep ascent of <5 0 about kR — 3 
indicates resonance at this energy. 

Indeed it is along these lines that the deviation becomes under¬ 
standable. Let R be infinitely large, then there would remain just a 
potential hole of the depth 

K 2 ~ K 2 +Kq 

and there would be eigenstates whose energies could be determined 
from £ 

tan Kr, = - - . 

]/K 2 -K 2 

In our numerical example this equation would be satisfied for Kr t 
= 2.125 which, with our original radius R, would correspond to 
kR= 3.14, i.e. just to the place where the curve in Fig. 47 indicates the 
existence of a resonant level. 


Problem 86. Scattering resonances 


A spherical cavity of radius R is bounded by a thin wall of a given 
dimensionless opacity Q defined by 

/ h 2 Q 

V(r)=— -S(r-R). (86.1) 

2m R 

The scattering of the partial wave 1=0 shall be investigated. 

NB. This problem is closely related to the one-dimensional one dealt with in 
Problem 27. The definition of the opacity, however, differs by the factor 2 R in the 
denominator of (86.1) from the one given in Problem 20 and used in Problem 27, 
because in that case there was no characteristic length that could have been used 
in the same sense as the radius of the cavity in the present problem. Note that the 
one-dimensional d function has the dimension of a reciprocal length. 


Solution. The Schrodinger equation for the radial wave function, 
jCo(r), with the potential (86.1) is 


Xo + 


, Q 
R 


Zo = 0- 


( 86 . 2 ) 


The function Xo must be continuous at the potential singularity. Its 
derivative x'o, however, undergoes a jump following from an integration 
of Eq. (86.2) across the wall, 

R + e 

| drto = Xo(R + e) - Xo(R ~ e) = J Xo(R) 

R-e 
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so that, in terms of the logarithmic derivative, 

WD-rg, (86-3) 

there emerges the boundary condition 

L 0 {R + e)-L 0 (R-e)=Q. (86.4) 

The two parts of the wave function, inside and outside of the cavity, 


Xo(r) = Asinkr for r<R 

(86.5 a) 

and 


Xo(r) = sin(kr+S 0 ) for r>R, 

(86.5 b) 

may then be connected by (86.4), 


k[cot(kR + d 0 ) — cotfel?] = C2, 

( 86 . 6 ) 

or, in a more suitable shape for the determination of the phase shift, 

/ o- tanx 

tan(x + <5 0 ) =- with x = kR. 

tanx 

(86.7) 


x 


The amplitude A, Eq. (86.5 a), is easily determined from the continuity 
of Xo(r), 

sin(x + (5 0 ) 

A = -;- 

sinx 

or, using (86.7) to eliminate <5 0 , 


A 2 = 


tan 2 x + l 


. ( tanxY 

tan 2 x + ( 1 + 0-j 


( 86 . 8 ) 


It can be seen from Eq. (86.7) that an impenetrable wall (O-kxd) 
leads to the limiting case of the hard sphere, 

tan(;c + <5 0 ) = 0 or 5 0 = — x, (86.9) 

the amplitude A, according to Eq. ( 86 . 8 ), vanishing. 

If Q is very large but still finite, there are narrow energy bands 
around the zeros of the denominator of (86.7) where deviations occur 
from the hard sphere behaviour. These are the same narrow bands in 
which, as shown by Eq. ( 86 . 8 ), the amplitude A inside the cavity be¬ 
comes large. We therefore obtain typical resonance phenomena with 
strong coupling between the vibrations on both sides of the wall re¬ 
stricted to narrow energy bands, and almost complete decoupling for 



Problem 86. Scattering resonances 


227 


all other energies. The more penetrable the wall, the greater the damping 
of this resonance phenomenon. 

The resonances occur, if at about energies where x—nn. 

These are the energies at which x o (R) = 0, i.e. of the eigenstates of the 
cavity in the case where it is surrounded by an impenetrable wall. 
Resonance levels of maximum coupling therefore lie at, or close to, 
the eigenvalues of the cavity. 

Numerical discussion has been performed for 0 = 4 and 0=10. 
For the smaller of the two values, 0 = 4, the phase shift is shown in 
Fig. 48 as a function of x. At small energies the curve does not differ 


kR -- 



Fig. 48. Phase shifts 8 0 as a function of kR for a spherical cavity with 0=4. The 
larger Q, the more pronounced the resonances become (cf. Fig. 49 a) 


very much from the straight line of the hard sphere, its initial tangent 
inclination, however, being — 0/(1 +0)=—0.8 instead of -1 for the 
hard sphere. The first zero of the denominator in (86.7) occurs at = 2.57, 
the second at x 2 = 5.35; both have been marked in the figure by the 
vertical broken lines. These resonance energies still lie appreciably left 
of the values x = nn where the phase falls back to zero. For a larger 
value of O they draw nearer to x = nn, e.g. for 0= 10, where the first 
resonance shifts to x x =2.86 and the second to x 2 = 5.76 (see Fig. 49 a). 
The rise of the phase angle to zero then becomes steeper and the re¬ 
sonance more pronounced. In the limit Q->oo we finally get a sharp 
discontinuous jump of AS 0 = n at x„ = nn. This does not contradict 
the linear law (86.9) for the hard sphere since <5 0 is only defined modulo n. 

The resonance phenomena are investigated in still more detail for 
the case Q— 10. In Fig. 49b the amplitude A, Eq. (86.8), is shown with 
the two first pronounced resonance maxima lying at the x values marked 
by the vertical broken lines in the phase shift diagram (Fig. 49a). From 
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Fig. 49 c it can be seen that the cross section has a small but not very 
pronounced resonance peak, at least, at the first-of these x values. On 
both sides of each resonance there are two places where A=l, viz. if 


1 + & 


tanx 


+ 1 . 


(86.10) 



012345678 



Fig. 49 a—c. a) Phase shifts <5 0 as in Fig. 48, but for fl=10. b) Amplitudes A show 
pronounced resonances, c) Cross section for /=0 (drawn on two different scales). 
Even the pronounced resonance at k R — 2.86 causes only a rather small peak in the 
cross section curve, even with higher angular momenta neglected 
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The upper sign just leads to x = nn and thus to <5 o = 0 and <7 o = 0. This 
is very understandable since the wave function inside the wall then 
exactly agrees with the wave function without wall and hence no 
scattered wave at all. The lower sign in (47.10) leads to the immediate 
neighbourhood of minimum phase angles, the phase curve becoming 
stationary at tanx 2 

x Q— 1 ’ 

as can easily be found from dd 0 /dx = 0, i.e. at x = 2.616 and x = 5.406 
for 0=10, whereas (47.10) with the minus sign yields 

tanx 2 

x Q 

with the solutions x = 2.654 and x = 5.454 for 0=10 lying very close 
to the minimum positions. 

The information conveyed by the cross section curve, Fig. 49c, is 
rather scanty: The first resonance leads to a small peak only. Nothing can 
be seen of the second resonance except the two zeros, far left and right 
of it, from whose existence it may be deduced that somewhere between 
them there might be a resonance, though of unknown position, height 
and width. The results to be derived from an experimental cross section 
curve may give even less information in consequence of the background 
produced by the contribution of higher angular momenta, rising with 
increasing x, and obscuring the zeros of the o 0 curve. 


Problem 87. Contribution of higher angular momenta 

To calculate the phase shifts and partial scattering cross sections, for 
the opaque cavity discussed in the preceding problem, up to 1=2. 

Solution. The radial wave function for any l may be written 

Xi(r) = AJtikr) for r<R; (87.1a) 

Xi( r )= ji(kr)cosd t — /ij(fc/-)sin<5j for r>R. (87.1b) 

Since the spherical cylinder functions for krpl approach asymptoti- 

Ca “ y . ( ln\ 

ji(kr)^> smy kr — — I; «,(&/•)-► —cos 

Eq. (87.1b) leads to the asymptotic behaviour of Xi- 



X,-»sinl kr- — + <5, 


(87.2) 
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Therefore, 3 t is the phase shift of the fth partial wave, yielding the 
partial cross section, 

cri = 4n(2l+ 1) sin 2 (5,. (87.3) 

To determine the phase angles 3 t , we use the boundary conditions at 
r=R where, again, Xi has to be continuous, and the logarithmic de¬ 
rivative, rj6(r)/xi(r) jumps by Q: 

AJt (x) = ji (x) cos 3, - n, (x) sin <5,; 

x {- /K-*) —tan 3 t yij(x) j(x)| = 

( 7 /(x) — tan <5, n,(x) j,(x) J 


(87.4) 

(87.5) 


kR —- 

0 1 2 3 4 5 




Fig. 50 a and b. Phase shifts (a) and cross sections (b) for the spherical cavity, 
including higher angular momenta. The peak at fc ft = 2.86 still may be detected 
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Here the primes denote differentiations with respect to the argument 
kr, and x = kR. 

Eq. (87.5) enables the phase shifts <5, to be computed in the form 

tan (5, =-—-; (87.6) 

x 

these may then be put in (87.4) to obtain the amplitudes A t . 

For 1=0, the spherical cylinder functions reduce to j 0 (x) = smx 
and n 0 (x)= — cosx. Eqs. (87.4) and (87.6) then lead back to the preced¬ 
ing problem. 

For the numerical example, £2=10, the phase curves up to x = 5 
are shown in Fig. 50 a for /=0,1,2. They all depend upon x in a similar 
way, the main difference for small values of x being that, the higher /, 
the more slowly they deviate from zero. Thus, only head-on collisions 
with 1=0 contribute at low energies. From about x=l upwards, the 
contributions of /=1 become appreciable, and from about x = 2 those 
of 1=2. The partial cross sections (Fig. 48b) show small resonance 
peaks for 1=0 and 1=1; in the sum curve a = cr 0 + a 1 +<r 2 , however, 
they form no more than small humps over a continuous background. 
(The rather steep descent beyond x=4 is deceptive; it would be largely 
obliterated by the there rising contribution of /= 3 omitted in the curve.) 
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It shall be shown that for small energies there holds an expansion in 
powers of k 2 beginning in the form 

fccot<5 0 =-h — r 0 k 2 

a 2 

with the scattering length a and the effective range r 0 the only para¬ 
meters depending upon the potential. 

The consequence of the existence of such an expansion is, of course, that for 
energies small enough to let these two first terms suffice (i.e. as long as no effect of 
1=1 is observed) no experimental cross section curve, o(E), gives any more in¬ 
formation than the two constants. This means that the shape of the potential 
cannot be so determined. This is of special importance in low-energy nuclear 
physics and is one of the reasons, to put it in a nutshell, for our quantitative igno¬ 
rance of nuclear forces. 
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Solution. At these low energies, we shall deal only with 1=0. We 
write Xk( r ) for the radial wave function at the energy h 2 k 2 /2 m, and 
Xo{r) at zero energy. These two functions obey the differential equations 

Xo-U(r) Xo = 0 (88.1a) 

and 

x!k + k 2 Xk-U(r)x k = 0 ( 88 . 1 b) 

with 

. , 2 m , v 

U(r) = V(r), 

and the boundary conditions 

Zo(0)=0; Xt(0) = 0. (88.2) 

Their behaviour at a radius r>R 0 where the potential has become zero 
will be 

Xo = C(r-a ); x fc = sin(fcr + <5 0 ) (88.3) 

where either sign of a is still possible. 

Multiplication of (88.1 a) with of (88.1 b) with Xo and subtraction 
yields 

v _ V v" - v V 

XfcX0 AO Xk — K XoXfc* 

Let this equation be integrated from 0 to r, using (88.2): 

r 

Xk(r) Xo (r) ~ Xo(r) Xk( r ) = k 2 \dr x 0 Xk 


, , \drxoXk 

Xo Xk _ j ^2 0 

Xo Xk Xo (r)Xk(r)' 

Choosing as the upper limit of the integral any radius R>R 0 , we may 
use the expressions (88.3) on the left-hand side and get 


1 


\drx 0 (r)Xk(r) 


— kcot(kR^-S 0 ) = k 


2 o 


R-a Xo (R)Xk(R) 

Here we may decompose the cotangent, 

cot<5 0 — tmkR 


cot (kR + d 0 ) — 


1 + cot<5 0 tankR 


(88.4) 
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which makes Eq. (88.4) a linear equation in cot<5 0 with the solution 


where 


kcot<5 0 = 


Q + ktankR 
tan kR 


1-0 - 

* k 


, Sdrx 0 (r)Xk(r) 

__ k 2 0 _ 

R-a Xo (R)XM 


(88.5) 


( 88 . 6 ) 


In Eqs. (88.5) and (88.6) so far nothing has yet been neglected. 

We now start expanding in powers of k 2 , first replacing the tangent 
by its expansion, 


k cot<5 0 


Q + k 2 R+-- 
1 -QR-^Qk 2 R 3 ...’ 


and then replacing Q in (88.5) by the simpler expression 


with 


Q 


l 


R-a 


- k 2 X 


\drx 0 (r ) 2 

_ 

Xo(R ) 2 


(88.7) 


( 88 . 8 ) 


Thus we obtain in the numerator and denominator of (88.5) two series, 
each correct until the k 2 term. A final rearrangement then leads to the 
formula wanted 

k cot <5 0 =-1— r 0 k 2 (88.9) 

a 2 

with the effective range 


1 (R — a) 3 + a 3 

2 r °~ J7 2 



( 88 . 10 ) 


There yet remain two questions to be answered. 

1. As long as R>R 0 the choice of R is quite arbitrary. The effective 
range (88.10) then must not depend upon it. 

2. If the explanation of r 0 as a range is to make sense, this constant 
must always be positive. 
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The first question can easily be answered by a differential shift 
from R to R + dR: 


d( 1 \ / R-a \ 2 dX (R-a\ 2 R-a 

dR\2 7 V a ) ~~dR \ a ) _2jf a 2 


( 88 . 11 ) 


From the definition (88.8) it follows that 


X(R + dR) = 


X(R)x 0 (R) 2 + Xo(R) 2 dR 
Xo(R) 2 + 2Xo(R)Xo(R)dR 


or 


X{R)+dR 
2 dR 


1 + 


R — a 


dX _ 2X 
dR R — a 


( 88 . 12 ) 


Putting (88.12) in (88.11) we at once see that 


d 

dR 



= 0 


whatever the value of R if only above R 0 . Hence, r 0 is independent of R. 

To answer the second question let jR> |a| be chosen; then the first 
term in (88.10) will be positive, the second, due to X>0, negative. 
The range will turn out to be positive, therefore, if the first term out¬ 
weighs the second, or if 


X< 


(R - a) 3 + a 3 
3 (R-a) 2 


This is identical with the condition 


ldrXo(r) 2 < jdr[C(r — a)] 2 =jC 2 {(R — a) 3 + a 3 } 




Fig. 51 a and b. Wave function Xo ( r ) at zero energy and its asymptotic behaviour for 
different signs of the scattering length a 
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as can easily be seen comparing with (88.8). In the case a <0 (Fig. 51a) 
this follows from Xo everywhere being smaller than C(r — a); it holds 
equally for a>0 (Fig. 51 b) if the point r=a is not too far away from 
the zero of Xo( r )- 

NB. Because of 

] dr [C(r - a)] 2 =| C 2 {(/? - a) 3 + a 3 } 
o 

the range formula (88.10) may be reshaped into the form 


R 



r 

In the literature, in general, a normalization is used which makes x 0 -»l—— 
or C= — 1/#. Furthermore, the difference of Xo an ^ its asymptotic behaviour, 

is introduced permitting us to write 

oo 

\ r 0 = | drq>(r) 
o 

Here we have written infinity as the upper limit but, of course, <p(r) will be zero 
beyond r=R 0 . 


Problem 89. Rectangular hole: Low-energy scattering 

For the rectangular hole sketched in Fig. 52 (potential depth 
V 0 = h 2 Ko/2m, radius R) the low-energy expansion 

fccot<5 0 =- \-—k 2 r 0 (89.1) 

a 2 

shall be investigated 

a) by deriving Eq. (89.1) from the boundary conditions at r = R. 

b) by applying the general formula for r Q derived in the preceding 
problem to this special potential. 

Solution. For the present potential we have for r<R, 

X k —A k siaKr; Xo = A 0 sinK 0 r (89.2) 

and for r>R, 

X ft =sin(kr + <5 0 ); Xo = Q r ~ a )- (893) 


2 (i_^)-„ w . 
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The logarithmic derivative at r — R, for zero energy, becomes 

' R 

L 0 = R x'o(R)/Xo(R)=K 0 R cot K 0 R = - -. (89.4) 

R — a 



‘ Fig. 52. Potential hole with energy notations, except for the common factor 2 m/ft 2 


a) We form the same expression with Xk- 

L k =KRcotKR = kRcot(kR + 5 0 ). (89.5) 

Since 


cot{kR + (5 0 ) = 


cot<5 0 — tan/c/? 

1 +cot<5 0 tan kR ’ 


this equation can be solved with respect to cot5 0 and yields 


cot<5 0 = 


L k + kR tanfcR 
kR — L k tan kR 


(89.6) 


The expansion in powers of k may now best be performed in two steps. 
First we use kR< 1 and expand tm kR. The result is 


fccot(5 0 = 


U 

W-L k ) 


+ k 2 R 


"1 Li 

J^L k + Ml-L k f„ 


(89.7) 


It should be noted that Eqs. (89.6) and (89.7) still hold for any potential 
shape only if it vanishes for r>R. Only, when in a second step we 
now expand L k , do we make any use of the special rectangular shape of 
the hole. Let us from now on use the abbreviations 


X 0 — K 0 R; X — KR; x = kR ; 


(89.8) 
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then, from (89.5), 

x 2 

L k =XcotX with X=]/xl + x 2 = X 0 +-••• 

v 0 0 2X 0 

and 


L k — L 0 ) 1 + 


= L„ 


1 


2* 0 Uo 


— cotZ 0 —tanX 0 



This leads to 


(89.9) 


= + _ «_)1 

R(l-L,) R(l-L 0 )l 2 X 2 0 \ L 0 (l-L 0 )/j 


so that the first term in (89.7) may be decomposed into the scattering 
length contribution 


1 L 0 
a R(l-L 0 ) 


(89.10) 


and a contribution to the range correction term proportional to k 2 . In 
the k 2 term in (89.7) we may replace L k by L 0 in this approximation and 
thus arrive at 


! R , L o ( x x l \ J 1 \ 

2 r ° 2X 2 1-LoV Lo(l-Lo)/ \l-L 0 3(1 -L 0 ) 2 /' 

In this formula let us express L 0 by the dimensionless quantity 


a = 


a 

R 


then, with 


L 0 = 


1 


1 

a 


1 


1 —a 


o 1 — Lq 


1 —a 1 — L, 

and after some simple recasting, we finally obtain 


a 


-rn = ^l- 


2I^a 2 6a 2 ! 


(89.11) 


(89.12) 


(89.13) 


From (89.4) we yet have to construct the final expression of the scat¬ 
tering length, 


«=.R 1 - 


tanX 0 N 


(89.14) 
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Eqs. (89.13) and (89.14) together with (89.1) then represent the complete 
solution of the problem. 


b) The general method of the preceding problem allows for no 
other way of determining the scattering length than the use of Eq. 
(89.4), leading directly to (89.14). There is, however, no longer any 
necessity to introduce Xk or L k if we start from the general expression 
(88.10) which, with the abbreviation (89.11), becomes 


with 



j'(l-a) 3 + a 3 (1 — a) 2 ] 

CrC a | 


3 a 


or 


\drxo(r) 2 

o 


(89.15) 


The constant Jf is to be calculated by elementary integration using 
Xo (r), Eq. (89.2), 




R 

2X 0 sin 2 X 0 


(X 0 — sin X 0 cos 2f 0 ) 


Rf i _ cotXp 

2 \ *o 


+ cot 2 X 0 


or, since 


tan X 0 = X 0 (l — a), 


this may be reshaped into 




_?_y 

Jf5(i -«)V 


(89.16) 


Putting (89.16) into (89.15) we easily get again Eq. (89.13) for the effective 
range. 


Problem 90. Low-energy scattering and bound state 

To investigate the behaviour of cot5 0 in the vicinity of k—0 in the 
complex k plane. It shall be discovered in particular whether a bound 
state (k 2 < 0) exists at some value where the cot<5 0 expansion still 
converges. 

Solution. If the power expansion for small values of k, 


kcotS 0 = -b — r 0 k 2 + •••, 

a 2 


(90.1) 
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exists, cot<5 0 is an analytical function in the complex k plane with a 
pole at k=0. Bound states are lying on the imaginary axis of this plane, 
let us say at 

k = ix (90.2) 

with positive x. Putting this into (90.1) we have 

cot<5 0 = z‘(— + l~xr 0 ) (90.3) 

\xa 2 ) 

so that cot<5 0 becomes purely imaginary on the imaginary axis. Now 
the phase angle S 0 is connected with physical phenomena because of 
the asymptotic behaviour of the 1=0 radial wave function as 

Xo^Csm(kr + d 0 ). 

For negative energies, according to (90.3) and the analyticity, we then 
have 


Xo 



Q~ iS o e *r) 


Such a wave function is the eigenfunction of a stationary state if, and 
only if, for x>0 

Q~ ido = 0 (90.4) 

so that Xo may be normalized. The condition (90.4) may be written 

cos S 0 — i sin(5 o = 0 
or 

cot<5 0 = /. (90.5) 

Putting (90.5) into (90.3), we arrive at the real relation 

1 = —+ 4«r 0 , (90.6) 

xa 2 

a condition which connects the bound-state quantity x with the scat¬ 
tering parameters a and r 0 , and that may be used both ways. 

1. Determination of binding energy from scattering data: Supposing 
the last term in (90.6) to be simply a correction, this equation yields the 
solution 


xa- 


1 + 1 ~ 


(90.7) 
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so that the energy of the bound state becomes 


E= — 



2m 



(90.8) 


Since here only x 2 occurs, it should be noted that, according to Eq. 
(90.7), a bound state can only exist for positive scattering length, within 
the limits of this approximation. 

2. Determination of scattering cross section from binding energy: 
This can be performed less completely, as two parameters are needed 
whereas the binding energy provides only one. We write the scattering 
cross section 


4n . , 4n 1 
a ° = ~i? sm s ° = F !+cot% 


and solve (90.6) with respect to a, 


(90.9) 


1 1 

a = - + -r 0 
x 2 


in the same order of approximation as (90.7). Then we find from (90.1) 


cot 2 <5 0 = 
and thus 


1 1 y 

Ta + 2 kr ° “ 


1 


r 0 x 

-- 7l( 1 ~ xr o)-^ r o 

a 


k 2 a 2 a k 2 


x 2 \ 

so that finally there emerges the relation 

a o = + xr o) • (90.10) 

This cross-section formula holds for low energies and xr 0 <£ 1. It is 
the famous Bethe-Peierls formula of nuclear physics. 

Literature. Bethe, H. A., Peierls, R.: Proc. Roy. Soc. Lond. (A) 148,146 (1935). 


1 +cot 2 (5 0 = 


Problem 91. Deuteron potential with and without hard core 

Using the bound-state condition cot<5 0 = /, the depth of an idealized 
rectangular potential hole of radius R shall be determined to give one 
bound state of the deuteron binding energy E D = — 2.23 MeV. The 
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radius shall be taken to be R= 1.2fm (lfm== 10“ 13 cm).—What is the 
depth of the potential hole if a hard core of radius a =0.2 fm is cut out 
of its centre? 



Fig. 53. Deuteron model potential, without and with hard core. Cutting out the 
core makes the well deeper if the binding energy remains the same 


Solution. The /=0 wave function satisfying the boundary condition 
Xo(«)=0 is for positive energy 

Xo = C sinK(r — a) for a<r<R; 

Xo = sin(fcr + (5o) for .Rem¬ 
and continuity of the logarithmic derivative at r = R yields 

X cotpX = xcot(x + S 0 ) (91.1) 


with the abbreviations 


x=kR ; X = KR = ]/Xl + x z \ X 0 = K 0 R; p = 

For a bound state of negative energy let us put 
k=ix; x = i£; £ = xR; 

h 2 „ 


R-a 

R 


then 


E d =- 


2 m* R 2 


(91.2) 


(913) 


(91.4) 


with m* the reduced mass of the two nucleons cf. Problem 150). 

Instead of E D , we may equally well use the characteristic length 
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1 = -= 4.312 fm, (91.5a) 

]/2m»|£ i> | 

thence 

£ = y = 0.2783 (91.5b) 

in our numerical example. 

In Problem 90 it has been shown that a bound state is obtained for 
Q -is 0 = o or co t<5 0 = /; 
then, of course, we also have 

e -«(x+3 0 )_Q an( j cot(x + <5 0 ) = i 
so that Eq. (91.1) yields 

Xcotpx=-Z. (91.6) 


Since here the right-hand side is negative, the argument of the cotangent 
is bound to lie 19 between n/l and n, and, since £ is small, not very far 
from 7i/2: 

pX = ^+e; cot0X=-tane. (91.7) 

Wanted is the depth of the hole, i.e. the parameter Xl, for a given 
value of £, Eq. (91.5 b). To get this, we first compute e by putting (91.7) 
for X into (91.6) and expanding in powers of 6 and £: 


n \ n / 


Next, we put this result into the relation 


X 2 0 = X 2 +¥ = 


this yields 


n / 2e^ 

.2^V 


= H—~ + ( 1 — 


4 \ 


4j? 2 0 


n 


(91-8) 


(91.9) 


Let us now discuss this result. If there is no hard core, 0=1, and 
X 0 is just a little larger than tt/ 2. Were X 0 = n/2, the eigenvalue would 
have binding energy zero (£ = 0); since binding is stronger (£>0), the 


19 This holds if, as in the deuteron case, the potential hole can have only one 
bound state. For two eigenvalues in the hole, Eq. (91.6) would have two solutions, 
the lower energy level belonging to the interval n<flX<\n. 
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hole must be deeper. The presence of a hard core shifts this limiting 
value to tt/2 /? > tc/2, because, if a hard core is cut out, the hole has to 
be deeper than before to provide the same binding energy. 

With £ = 0.278, according to Eq. (91.5b), we find from (91.9) 



R 2 

T 


2.467 



0.557 

~T 


+ 0.046 + • • * 


with V 0 the hole depth. Without hard core (/?= 1) this gives Xq = 3.070 
and F 0 = 88.4 MeV. With core radius a=0.2 fm (/? = 0.8333) the values 
are shifted to X^ = 4.267 and V 0 = 122.9 MeV. Fig. 53 is drawn accord¬ 
ing to these numerical results. 


Problem 92. Low-energy cross section with and without hard core 


For the two deuteron potentials of the last problem, there shall be 
computed the scattering length and the low-energy limit for the neutron- 
proton scattering cross section. 


Solution. The scattering length a is connected with the limit of the 
logarithmic derivative at r=R for k-+ 0 by (89.10), 



L 0 = R 


x'(R) 

x(R) 


(92.1) 


On the other hand, according to (91.1), for the present potentials we 
have 


L 0 = X 0 cotpX 0 . (92.2) 

The low-energy cross section limit for k-*0 is 

a(0) = 47ta 2 . (92.3) 

Since X 0 and /? have been calculated in the preceding problem to match 
the correct binding energy of the deuteron, we may now simply compute 
a and cr(0) from Eqs. (92.1) to (92.3). The numerical results are: 

1. Potential hole without core: j? = 1; Xl = 3.070; 

L 0 = -0.3214; a=4.934fm; (7 = 3.059 barn. 

2. Potential hole with core: =0.8333; X% = 4.267; 

L 0 =—0.3135; a=5.028fm; (7 = 3.177 barn. 

These results are interesting as they show that, when gauged to the 
same deuteron binding energy and hole radius, there is a very small 
effect of only 3.8 per cent due to the existence of a hard core on the 
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low-energy cross section of neutron-proton scattering. Thus it is almost 
impossible to use such measurements to decide, whether a hard core 
really exists, or not. 

It should be noted that the experimental cross section in fact amounts to 
about 21 bams in consequence of the spin dependence of nuclear forces and the 
much higher contribution of the 1 S state. The figures computed in our model are 
in good agreement, however, with the 3 S scattering length. 


Problem 93. Low energy scattering by a modified 
Poschl-Teller potential hole 


Using the potential of Problem 39 in the spherical symmetrical form, 


V(r)= - 


h 2 <x 2 A(A-l) 
2 m cosh 2 a r 


(93.1) 


the scattering cross section at low energies (/=0) shall be derived. 

Solution. The one-dimensional Problem 39 provides the complete 
set of solutions of the three-dimensional case for 1=0. The additional 
boundary condition at r = 0, y o (0) = 0, however, leaves us with the odd 
solutions only, so that there remain Eq. (39.12 b) and the phase angles 
of (39.13b), (39.14): 

Xo(r)-»sin(fcr + <5 0 ); (93.2) 


n 


S 0 = - + arg 


— i — log 2 

r(i k/a) e * 



(93.3) 


There just remains the purely mathematical task of bringing (93.3) into 
a more suitable form for numerical evaluation. 

With the abbreviations 


k 

2a 


q. 


A 

2 + ‘ q=Z 


(93.4) 


we have 

<5 0 - j = argr(2/tf)-2tflog2-argr(z+i) + argr(l-z). (93.5) 
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From the general identities 


jT( 2 z) =- e 2zl09 2 r(z)J>+i) 


and 


2]/n 


r(z)r{i-z) = — 


n 


sin n z 


there follow the phase relations 

argT(2z) = 21og2*Imz+arg.T(z) + argr(z+|) 
and 


arg r(z) + arg F(1— z)= —arg sin7cz. 

Eliminating from these two identities argT(z), we have 

— arg r(z+j) + arg F(1 —z)= — arg.T(2z)+21og2- Imz — argsinnz. 
Replacing z according to (93.4) we then obtain from (93.5), 



or 


{arg T(2 iq)—2q log 2} 

+ |-argr(A + 2/^) + 2^1og2 —argsin7t^ + 



n ( u A ^ 

<5 0 = + arg F(2 i q) - arg F(/l + 2 i q) - tan 1 1 cot — tanh n q 

2 \ 2 j 


(93.6) 


The remaining two arguments of T functions are represented by the two 
series 


argr(X+2iq)=2q\-C+ £ l -—tan 1 —--Y1 

i n= i\n 2 q X+n — lJ) 

and 

argr(2i«)=2 ? {-C+_£ (i - 1 tan' 1 £)} 
so that the difference becomes 


arg F( 2 i q )—arg r{X + 2iq) 


00 


I 



2? 

A + n— 1 



= tan 




00 


I 



A + n 


tan 1 
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This leads to the final formula 


<5 0 = tan 1 ~ — tan 1 1 


' ' N 

cot — tanhrc# 

2 ) 


+ E ) tan ‘ 


n= 1 


2q_ 
A + w 


tan 


-i 2< l\ 


(93.7) 


It is easily seen that for zero energy of the scattered particles (i.e. 
for q= 0) the phase angle also tends to zero according to 


S 0 1 . n tcA * 

lim — =-cot-b > 

ro2 q A 2 2 „=i 

The resulting scattering cross section, 


1 


vA + n 


1 

n 


4tt . 2s 4 n: /sin<5 0 V 

= f sin 


(93.8) 


(93.9) 


then tends towards a finite limit at zero energy. The only exception 

n 

tj—>co occurs if cot — A becomes infinitely large, i.e. for A being an 

even integer. This is easily explained as a resonance phenomenon by 
the position of an energy level of the potential hole exactly at E =0 
for these A values. 

The computation of S 0 and a from Eqs. (93.7) and (93.9) is purely 
technical and will not be dealt with in detail. It should, however, be 
mentioned that for integer A (even or odd) the sum in (93.7) is finite 
and the second term on the right-hand side either zero (for odd A) or 
n/2 (for even A), so that for A = 2n, 


<5 0 = 


n 


2 v\ - 1 2 « 

E tan 

n= 1 


n 


and for A= 2n+1, 


x -i 2 * 

<5o = - L tan — • 

n =i n 


If A is not an integer, the infinite sum in (93.7) may be expanded into a series of 
powers of 2 q. Denoting X — N=n where N is the next integer below A (0</x< 1), 
we may write 


and 


£ 

n = N 


.,2? £ * 2 q 

V tan — = ) tan 1 —— 
„=o A + n n % n+n 


tan -1 —^—tan -1 —1= f (-l) v 
n + n n j v t 0 


2v + l 


( 2 ?) 


.2v+l 
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with 


00 

C v = £ 

n—N 


(n + n) 


,2v+l 



oo 



1 


»2v+l 




00 


= z 

n = N 


1 


n 


2v+l 


-(2v + l)^ + 


rr") 



where each term of the binomial expansion may be expressed by a £ function of 
the arguments 2v+2, 2v + 3, etc. This method leads to rapidly converging series 
expansions. 


A few numerical results are shown in Fig. 54, where the cross section 
is drawn versus the energy of the scattered particles, both in suitable 
units. The hyperbola 1/(2 q) 2 corresponds to the limit a = A%/k 2 never 



Fig. 54. Scattering cross sections for three modified Poschl-Teller potential holes. 
The hyperbola defines the limit 4n/k 2 never to be exceeded by <r 0 


to be exceeded by /=0 scattering. For 2=2 we have resonance at 
zero-energy; the other two curves for 2=2.5 and 2 = 3 have finite 
cross-section limits. In the case of 2 = 2.5, we approach a virtual level 

( Sq = —^ at about (2 q) 2 = 0.6, so that the cross section comes very 


close to the limiting hyperbola around this energy. For 2=4 (not shown 
in the figure) the cross section drops to zero (<5 0 = n) at (2 q) 2 = 1 but 
recovers at larger energies. 
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Problem 94. Radial integral equation 


To replace the radial differential equation 


X/" + - 


k 2 -U(r) 


/(/+!)' 


Xi — 0, 


(94.1) 


with k 2 — 2mE/h 2 and U(r) = 2mV(r)/h 2 , by an integral equation. How 
can this integral equation be given the form of an equation with a sym¬ 
metrical kernel? How can the asymptotic phase of Xi be determined 
by an integral? How is the solution of the integral equation by successive 
steps connected with Born’s approximation? 


Solution. We may formally write Eq. (94.1) as an inhomogeneous 
differential equation 

DXi=F(r) (94.2) 

with 

D = ^+e- l ^~-, F(r)=V(r)x,(r), (94.3) 


where F(r) may be considered the inhomogeneity. The homogeneous 
equation 

Dxi = 0 

has fundamental solutions 

/ ln\ ( ln\ 

j t (kr)-+sin I kr — — I; n,(kr)-»—cos I kr ——1. (94.4) 

The solution of the inhomogeneous equation (94.2) may be constructed 
as a superposition of that of the homogeneous equation and one special 
solution of the inhomogeneous one, the latter being determined by a 
Green’s function, G(r,r'), 


Xi(r)=Aj l (kr)+Bn l (kr)+ J dr'G{r,r’)F(r'). 

o 


A Green’s function is defined as simultaneous solution of 
DG(r,r')=S(r-r') and D'G(r,r')=5(r-r'); 
such a solution is e.g. 


G(r,rW 


jJi(kr)n l (kr f ) 

jriiik^j^kr') 

k 


for r<r', 
for r>r'. 


(94.5) 


(94.6) 
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Since we are interested only in wave functions Xi( r ) regular at the 
origin r=0, we may specialize (94.5) to B — 0 and (in arbitrary nor¬ 
malization) A=l, thus obtaining 

00 

Xi(r)=Mkr)+ J A-'G(r.rW) *,(!■'). (94.7) 

0 

This is the integral equation wanted. 

We now may turn to answer the special questions asked above. 

a) Symmetrical kernel. The inhomogeneous integral equation (94.7) 
has an asymmetrical kernel G(r,r') U(r'). By the substitution of 

y(r) = \/lJir)xi(r); f(r) = ]/ r U{r)j l (kr); 

K(r,r') = VuU)W) G(r,r') (94.8) 

it is, however, transformed into 

y(f)—f(r) + J dr K(r, r')y{r') (94.9) 

o 

with a symmetrical kernel 

K(r,r') = K(r',r). (94.10) 

The advantage of this transformation will be seen in the following 
Problem 95 (p. 253). 

b) Asymptotic phase. The solution Xi( r ) of the integral equation 
(94.7) for large values of r can be determined by using for the Green’s 
function, Eq. (94.6), the expression for r>r’ in the whole integration 
domain since only a region 0 <r'<R with R of atomic dimensions 
contributes to the integral in (94.7) in consequence of the factor U(r'). 
Thus we find 


Xi(r)-+ sin (kr - j cos (kr - y 


This may be written 


dr'U(r')Mkr') Xl (r'). (94.11) 


with the asymptotic phase angle S t determined by the integral 

00 

tan St = - j | dr U(r)j,(kr) xM). 


(94.12) 


(94.13) 
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c) Successive approximations to the solution are obtained in the 
form of a Neumann series by the sequence 


A 0) =ji(kr), 

X/ (1) =ji(kr) + f dr' G{r,r') U(/)j t (k /), 
o 


Xl n) =Mkr) + J dr' G(r , r') U(r') jf" »(/) 


(94.14a) 

(94.14b) 

(94.14c) 


It can be shown that the recursion (94.14 c) is, except for the normalization 
constants, identical with the Born approximation (cf. Problem 105), 


».(r)=e“*- 


1 /* pift|r — r'| 

- 

4* J 


U(r') u n _ l (r). 


(94.15) 


To show the equivalence of (94.14 c) and (94.15) we have to expand 
the functions occurring in (94.15) in partial waves. We may write (cf. 
Problems 81 and 82) 


1 


«JLr) = - £ |/4jr(2/+l) f jjp’M r,, 0 (9) 
icr l=0 


and 


e“' = - £ 1/4 k(2/+1) tj,(kr) Y,, 0 (S) 
kr l = o 


and use the expansion 

- 17-77 = 77 f 1/4 tt(2+ 1) r t (r,r')Y lt0 (y) 
\r — r | rr , =0 

where y is the angle between the two vectors r and r\ and 


(94.16) 

(94.17) 

(94.18a) 


ri(r,r') = J 


( i_ 

k 

i 


j t (kr) r') for r<r', 
h\ 1) (kr)j l (kr’) for r>r '. 


(94.18 b) 


We now project out of (94.15) the l-th partial wave by multiplying it 
with Y lt0 (S) and integrating over all directions of the vector r. In the 
second term on the right-hand side of (94.15) this is done by using the 
relation 


f/ey,,„(9)r,, 0 (r) = 


I 4jt 
2/+1 


y,.o(9') 
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The result is 


X\ n) (r) =j,{k r) - i 1 1 cPx' U (r) u„ _j. (r) y r, (r , r') 


I An 
2/+1 


Y t . oW- 


In the last integral we use the expansion analogous to (94.16) for 
and find w 

x\ n \r)=Ukr) - f dr' U(r') 1 V) • (94.19) 


This recurrence equation is already very similar to (94.14 c). To show its 
identity (except for normalization), we replace the spherical Hankel 
function in /J according to its definition. 


which gives 


h\ l) =j, + in l , 

r t (r, r’) = jj t (k r)j t (k r') - G (r, r ), 
k 


(94.20) 


where G means the Green’s function originally defined by Eq. (94.6). 
The first term of (94.20) then leads to an integral proportional to j)(kr) 
which may be joined with the first term on the right-hand side: 

53 " ) (r)=Aj,(kr)+ Jd/VWGMU-'y) (94.21) 

0 

with the constant 

00 

A = dr ' Uir'Uikr')^- 1 ^'). (94.22) 

o 

This is, indeed, identical with the wanted Eq. (94.14c), except for the 
factor A, leading to a somewhat changed (anyway arbitrary) normaliza¬ 
tion. 

NB. If the exact integral equation (94.7) for ^,(r) is compared with the exact 
integral equation 

1 C e i*|r-r'| 

u(r)=e ikz — (Px'- - ~U{r')u(r') (94.15') 

4 n J Ir — r I 

the superscripts n— 1, n, etc. have to be omitted. If we then put 

Ur)=AXi(r), 

the integral equation analogous to (94.21) is transformed into (94.7), and (94.22) 
becomes » 

A = 1-ja( dr'wmoxtr'). (94.22') 
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Here Eq. (94.13) may now be used, simplifying (94.22') into 

A= l + /j4tan<5, 


or 


/l=e id 'cos5 J . 


Taking further into account Eq. (94.12) for the asymptotic behaviour, the expansion 
(94.16) leads to 

1 oo _ / \ 

w(r)-> y r ]/4tc(2/+ 1) i l e iSl sin lkr - y + <5, J Yi, 0 (9) 
in perfect agreement with (82.9). 


Problem 95. Variational principle of Schwinger 


To construct a variational principle for the determination of the phase 
angle starting from the integral equation with symmetrical kernel 
established in the preceding problem. 


Solution. Let us write the integral equation (94.9) in the form 

y(r) - f dr' X(r,/)y(r')=/(r) (95.1) 

0 

with the inhomogeneity isolated on the right-hand side. Multiplying 
with y(r) and integrating over r, this yields 

h = I 2 (95.2) 

with 

*i=J dry{r)\y{r)- J dr K(r,r')y(r')\ 


and 


00 

h = J dry{r)f{r). 
o 


(95.3) 

(95.4) 


The two integrals are equal if y(r) satisfies the integral equation (95.1). 
From the preceding problem we gather that then 

I 2 = ]dr U{r)j l ( kr)xi{r)=-k tan<5,. (95.5) 

o 

Let us now take a neighbouring function y(r) + dy(r) instead of the 
correct solution y(r). The values of the two integrals then shift by 


and 


<5*i = 2 J dr3y(r) {y (r) - J dr' K {r, r') y (/) 


(95.6) 


Sh= } dr 5y{r) f(r). ( 95 . 7 ) 
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In Eq. (95.6) it is necessarily supposed that the kernel is symmetrical 
since in the variation of y(r') originally 3y(r) occurs, and in (95.6) the 
integration variables are exchanged to fall back even here onto Sy(r) 
which would lead to K(r',r). 

Since y(r), again, is meant to be the correct solution of the integral 
equation (95.1), the curly bracket in (95.6) may be replaced by f{r) so 
that we get 

3^=2312. (95.8) 

From (95.2) and (95.8) there follows 

^- 2^-0 

h h 

or 

3(h/li) = o. (95.9) 

This is the variational principle sought. Writing it in detail, we have 
to extremize the expression S, = IJI\, i.e. 


J dr U(r) Xi(r) < M - J dr' Xi(r’) U (/■') G(r, /) 


St = 


and 


“ 00 

l 

_o 


dr U{r) Xi(r)j t {kr) 


(95.10) 


3S t = 0. (95.11) 

The meaning of S, is easily seen from (95.5) with = J 2 , viz. 


1 

S, =-cot 3/ 

k 


(95.12) 


The extremal value of S t therefore directly determines the correct phase 
angle <5,. 

It should be remarked that this variational principle is independent 
of the normalization of the wave function. This is easily seen by replacing 
in (95.10) the wave function Xi by Cxi, which only leads to multiplying 
both numerator and denominator by C 2 , thus leaving S, unchanged. 


NB. For very low energies (fc->0) and an attractive potential, we are concerned 
only with the partial wave 1=0 for scattering phenomena. As has been shown in 
Problem 88, we may then introduce the scattering length, 

a 0 = — tan <5 q ■ 


Eq. (95.12) shows that 


1 
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so that the variational principle may also be used with advantage to determine 
the scattering length. 

Literature. Schwinger, J.: Phys. Rev. 72, 742 A (1947). — Cf. also Blatt, J. M., 
Jackson, J. D.: Phys. Rev. 76, 18 (1949). 


Problem 96. Successive approximations to partial-wave phase shift 


The radial Schrodinger equation for 1=0 may be written formally as 
an inhomogeneous differential equation by treating the potential term 
as its inhomogeneity. The “solution” then is an integral equation for 
X 0 (r) which in its turn may be solved by successive approximations 
in the Born sense. The second approximation to tan5 0 shall thus be 
determined in integral form. 

Solution. We write the radial Schrodinger equation for 1=0 (and 
omit in the following the subscript 0 in % Q , <5 0 etc. referring to /=0) 
in the form 

2 YYl 

f+k 2 x=Ux; u = -^m (96.1) 

Then, treating the right-hand side as inhomogeneity, the solution may be 
expressed in terms of a Green’s function G(r,r'), i.e. of a solution of the 
equations 

d 2 G , d 2 G 

-^-+k 2 G = S(r-r') = ~+k 2 G. (96.2) 

We thus obtain 

OO 

x(r)=A sinkr+Bcoskr + \dr' G(r,r') U(r')x(r') • (96.3) 

o 


There are different ways of introducing Green’s functions in (96.3); 
we will use 


G(r,r') 


{ — — sin k(r' — r) if r'< r, 
k 

0 if r’>r, 


(96.4) 


because this allows the boundary condition x(0) = 0 to be satisfied simply 
by putting B = 0. In arbitrary normalization (A = 1), which is irrelevant 
to phase shift determination, we then finally arrive at the Volterra 
integral equation 

1 

1 

x( r )—sm kr — — 

k 


dr' sin k{r' — r) U(r')x(r'). 


(96.5) 
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Decomposing the factor sin k(r' — r), we may write instead 


with 


x(r) = C(r) sin k r + S(r) cos k r 


r 

dr' cos kr' U{r') x(r'); 

j 

o 

r 

dr' sin kr' U(r') x(r'). 
o 



C(r)=l + - 


(96.6a) 


(96.6 b) 


The two amplitude functions C{r) and S(r) tend towards finite limits for 
r-+ oo if the potential goes to zero as r~ q with q> 1, when it follows from 
(96.6 a) that x( r ) — sin(/c r -t- ^). Therefore, the partial-wave phase shift <5 
can be determined from 

<an* = £4 (96.7) 

C(oo) 


Eqs. (96.6b) and (96.7) represent the rigorous solution to the problem. 

A Born approximation by successive steps is defined by using U(r) 
as a small quantity of the first order. Let us, the better to survey the 
approximation steps, write for a moment X U instead of U and expand x 
into a power series with respect to the “ordering parameter” X, 

X=Xo + *Xi+A 2 X2+-‘- (96.8) 


the subscripts denoting the orders of approximation. Eq. (96.5) in second- 
order approximation then will run as follows: 

Xo(r)+Xx 1 (r)+X 2 x 2 (r)-" 


= sin k r - j J dr' sin k(r' -r)U (/■') { Xo( r ’) +A Xi (O * • •} 
o 

or, decomposed into contributions of the orders X°, X 1 , X 2 : 


X 0 (r) = sin kr 



dr’ sin k(r' — r)U (/■') sin k r '; 


o 


(96.9 a) 
(96.9 b) 


X 2 ( r ) = 


Fj rfr ' ; 


^)f 


sin k(r' — r)U(r') J dr" sin k(r" — r') U (r") sin k r" . (96.9 c) 
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Here Xo is the unperturbed contribution of the plane wave. In first-order 
approximation we have x=Xo + Xi which, again decomposing sin k(r' — r ) 
in the same way as in (96.6), leads to 


C(r)= 1 + 


1 


dr' U ( r ') cos k r' sin k r '; 


S(r) = 


r 

-h\" vv - 


U(r') sin 2 kr' 


(96.10) 


In this order, S(r) may be identified with the tangent expression (96.7) so 
that the first approximation to the phase angle becomes 


tan 3 = 


00 



dr' U{r') sin 2 kr' 


o 


(96.11) 


which is indeed the first Born approximation (cf. Problem 106). In 
second-order approximation, Xi has to be added, and we find 



r- 


11 dr" U(r") sin k(r"-r') sin kr"}; 
0 


r 


S{r) = - — dr' U(r') sin kr' < 


sin kr' 


r' 


j | dr” U{r") sin k(r" - r') sin k r") 
o 


(96.12) 


This shows that the approximation becomes an expansion in negative 
powers of k corresponding to the high-energy character of Born’s method. 
This runs parallel to the increasing powers of U occurring in higher 
approximations. 

If we now proceed to construct tan <5 from (96.12) according to (96.7), 
we may expand l/C(oo) in the same way. Since S(oo) is proportional to 
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1/k, in C(oo) we need the first approximation only in order to get results 
correct to 1/k 2 , inclusive. Thus, 


tan (5 = < — — 


dr U(r) sin 2 kr 


oo 

w 


]*■ 


+ — j dr U(r) sin k r j dr' U (/•') sin k(r' — r) sin k r 

fv 


f 1 

• .1 

1 

dr’ U{r ) cos kr sin kr ) 

V 0 

i 


1 

fe 


dr U{r) sin 2 kr 


00 

y 


+ — | dr U(r) sin 2 kr 

K 


00 

j* dr' U(r') sin kr' 


cos k r' 


1 


r 

j dr' U(r') si 


dr U(r)sinkr dr' U (r) sin k(r' — r) sin k r'. 


A rather obvious reshaping of the 1/k 2 terms finally yields either 



(96.12b) 

This is the second-order approximation to the phase shift. 


NB. The same method may be applied to partial waves with /> 0, the only 
difference being that the trigonometric functions sin kr and cos kr have then to 
be replaced by the spherical Bessel functions j,{kr) and —n t {kr). 
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Problem 97. Calogero’s equation 


For the function 


t(r) = 


C(r) 


(97.1) 


with S(r) and C(r) defined in the preceding problem, a non-linear 
differential equation of the first order shall be constructed and a second- 
order approximation of its solution in the Born sense be derived. 

Solution. It has been shown that in 


X(r) = C(r) sin kr+S(r ) cos kr 
the amplitude functions and their derivatives are 


(97.2) 


ijw 


1 


C(r) = 1 + — dr' U(r’) cos kr' x(r'); C'(r) = — U cos kr x(r) ; 


(97.3) 


1 


1 


S(r)= — — dr' U(r',)sinkr'x{r'); S'(r)= — — Usinkrx(r). 


By differentiation of (97.1) we find 

CS'-SC 


t' = 


C 2 


with the numerator 


CS'-SC' = — — x{Csinkr+Scoskr\ = -~x 2 (r)- 
k k 

Therefore, 

— =- U(r) (sin k r+t(r) cos kr} 2 . (97.4) 

dr k 

This is the differential equation sought for t(r), the so-called Calogero 
equation. 

Successive approximations in the Bom sense are obtained if we 
again replace U by XU, expand t(r) in powers of X, 


t — Xt±-\- X 2 t2~\~ X 2 1 3 + ’'' , 


(97.5) 
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and decompose (97.4) into equations with respect to equal powers of X: 


U ■ 2, 

= -surfcr; 

k 

(97.6 a) 

U 

t' 2 — - t x sinlkr; 

k 

(97.6 b) 

t' 3 = -{ t 2 sin 2kr + ty cos 2 kr} 

k 

(97.6 c) 


etc. These equations can be solved successively by simple quadratures. 
Eq. (97.6 a) corresponds to the first Bom approximation, 


h(r)= r 


dr' U(r') sin 2 k r 


(97.7) 


with the asymptotic phase-shift formula 


tan^ = r 1 (oo) = — — 
k 


dr U(r) sin 2 kr. 


(97.8) 


The second Bom approximation ty + t 2 comes from (97.6 a) and (97.6 b): 


t(r) = —- J dr' U(r' 


U{r') sin k r' ^ sin k r' -cos k r' 

k 


dr" U (r") sin 2 kr" 


yielding a phase-shift formula 


(97.9) 


1 

tan 5 =- 

k 


dr U(r) sin kr< 


sin kr -cos kr 

k 


| dr' U(r') si 


sin 2 fcr 


'(97.10) 


in complete agreement with Eq. (96.12 b) of the preceding problem. 


Problem 98. Linearization of Calogero’s equation 

To solve approximately Calogero’s differential equation (97.4) of the 
preceding problem under the assumption of |/(oo)|^l. 



260 


One-Body Problems without Spin. Potentials of Spherical Symmetry 


Solution. In Calogero’s equation 
dt 1 

— =- U(r) {sin kr+t{r) cos kr} 2 

dr k 

dt TJ . , . . . . , 

— =- {sm z kr+tsm2kr+t cos^kr} 

dr k 


(98.1) 


the last term may be neglected for small t(r) so that we arrive at the 
linear equation 

dt U , . , 

— = — — {sm 2 kr+t sm2kr} (98.2) 

dr k 

for the approximate function f(r). Comparing (98.2) with (97.6) of the 
preceding problem, it is immediately apparent that the second Born 
approximation ^ 

— (^ + * 2 )=-(sin 2 kr+ti sin2/cr} 

dr k 


is worse than (98.2) which instead of t l has the same function t on the 
right as on the left-hand side, thus including the first term of (97.6 c). 
The linearization therefore leads in a single step to a solution of a quality 
intermediate between the second and the third Born approximations. 
The solution of (98.2) with the boundary condition 

/(0)=0 (98.3) 


can be found by standard methods to be 



(98.4) 


By expansion of the exponentials into powers of 1 jk one falls back upon 
the second Born approximation. It should, however, be noted that 
(98.4) is far better because, even for very small values of k or very large 
U(r), as in singular potentials, where the Bom expressions would become 
meaningless, a well-defined solution still exists as long as we are dealing 
with repulsive potentials only. 


Problem 99. Scattering length for a negative-power potential 


To determine the scattering length for the repulsive potential 


2m 


V{r) = U{r) = 




(99.1) 
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a) by exact integration of the Schrodinger equation for k = 0, 

b) by solving the linearized Calogero equation. 

Solution, a) The radial Schrodinger equation for /=0, in the limit 
of vanishing energy, runs 

Xo-0 2 *~"Xo = O; X = r/r 0 . (99.2) 

This equation is solved, with the boundary condition Xo(0)=0, by 

X„ = CI^Kj_(|x-4 A = ~ (99.3) 

where K v (z) stands for the modified Hankel function 

K,(z) = —— [J _ ,(z) - /,(*)] - ~ (99.4) 

2smv7t 2 

and has the asymptotic form for |z|-» oo,. 


KM- 


(99.5) 


Since, for very small x, the argument of K in (99.3) becomes large, we 
then may apply Eq. (99.5) and obtain 

1/^1 ~f x -A 

Xo-C j — x 2 e A 

so that the boundary condition x o (0) = 0 is satisfied. 

On the other hand, if x is large and z is small, we may use the power 
expansions of / ±v (z) which, with Eq. (99.4), yield 


1 / z vr z2 

ru+v) w l_ 1 + 4(i+v) + 


+ 4(l-v) + 


]} 


To find the asymptotic behaviour of Xo at large distances r, we use 
only the first term of each of the two series, viz. 
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This is a linear function of x and may be written 


XoW=^4 1 - 


(99.7) 


where a is by definition the scattering length (cf. Problem 88). By com¬ 
paring Eqs. (99.6) and (99.7) we arrive at the expression 

/ 1\ 


r l- 


2A7 g 


r i + 


(99.8) 


b) From Calogero’s equation we find by linearization (cf. Eq. (98.4)), 


tan<5 0 = — 


9 \ , / r o \ • 

— dr I — ) si 

^oJ W 


sin 2 kr exp 


g2 f d'( r °Y • 


sin2/cr'>; (99.9) 


it determines the asymptotic behaviour of y 0 which, in the limit k->0 
is found from 

Xo oc sin (k r+d 0 ) = sin k r cos <5 0 + cos k r sin 5 0 -» sin <5 0 (1 + k r cot <5 0 ) 

so that comparison with (99.7) leads to the definition of the scattering 

length by the phase angle: 4 - 

tandn 

a = — lim-(99.10) 

k-*0 k 

Using this definition, and introducing r/r 0 = x and r'/r 0 —y as dimension¬ 
less integration variables, we obtain from (99.9) the approximation 


a=g 2 r 0 \dxx 2 " expl — 2g 2 J dy y 1 " 


of the scattering length. The exponent can easily be calculated to be 
— 2g 2 x 2 ~"/(n — 2); by substituting 

* 2^ ,,2 — n _ 9 21 

l — ^ a — „ x 

n — 2 X 

the integral is reduced to Euler type so that we finally get 


2/n2A 


a=jr 0 (g 2 /X) 


r l- 


(99.11) 


The approximate result (99.11) may be compared with the exact 
formula (99.8). Both show the same dependence upon the dimensionless 
coupling constant g 2 so that their ratio 

®=ir(l + ^-)(4Ap 

a 2 V 2X 


(99.12) 
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becomes a function of X, and thus of the potential power exponent 
n = 2 (A+l), only. The quality of the approximation may be judged 
from the few values assembled in the accompanying table. There is 
no deviation in the case « = 3, the error of the approximation increasing 
up to 50 per cent in the hard-core case (n= oo). 


n 

a/a 

3 

1 

4 

0.886 

5 

0.810 

6 

0.762 

8 

0.702 

10 

0.665 

12 

0.642 

00 

0.500 


Problem 100. Second approximation to Calogero equation 

To exterfd the linearization of Calogero’s equation into a systematic 
approach by successive steps, and to compute the scattering length 
for the preceding problem in second approximation. 

Solution. If, instead of the correct equation 
dt U 

— =- {sin 2 kr + t sin2kr + t 2 cos 2 kr\ , (100.1) 

dr k 

we use the set of consecutive equations 

sit TJ 

—-= - {sin 2 kr + t„sin2kr + t 2 _ 1 cos 2 kr}; / o = 0 (100.2) 

dr k 

we shall, in first approximation, fall back upon the linear equation 

—-=——(sin 2 fcr + / 1 sin2fer} (100.3) 

dr k 

which has been solved in Problem 98. Any further approximation then 
follows from the preceding one by the same procedure of integrating a 
linear equation by quadrature, only with different inhomogeneities, viz. 

r 

t„(r ) = — — j* dr 1 U(r') [sin 2 kr' + t n _ x (r') 2 cos 2 kr'] 



(100.4) 
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In order to find the second approximation, we therefore only have 
to add a factor 

[1 + t 1 (r') 2 cot 2 fcr'] (100.5) 

to the integrand of the linear solution. To calculate scattering lengths, 
however, this rule may even be more simplified. The “interpolating” 
scattering length, a(r), defined by 


, v r t(r) 
a(r) = - lira —-, 
ft-o k 


(100.6) 


becomes in first approximation 

a t ( r ) = | dr' lJ(r') r' 2 exp { - 2 f dr" U(r") /'}; (100.7) 


r’ 


the second approximation of the scattering length, a 2 (ao) = a 2 , then is 


a^ d rU(ry[ 1 + a -lfj 


exp <—2 


dr'U {/)/}. (100.8) 


Eqs. (100.7) and (100.8) may now be used to determine the scattering 
length for the negative-power potential 


Using the abbreviations 




n — 2 


we have 


x = r/r 0 ; y=r’/r 0 ; z = r"/r 0 ; A = 


a 1 (r) = g 2 r 0 j dyy 2 "expj-2^ 2 jdzz 1 "j 


4 


9 


= g 2 r o I dyy 2A exp <J^(x 22 -y 2X ) 


(100.9) 


( 100 . 10 ) 


Substituting of the variables 


s = —x 22 and t = ^—y 22 
X X 


( 100 . 11 ) 
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will transform the expression into 

1 00 _ 1 _ 

a l (r) = \r 0 (g 2 /X) 2X z*\dtt 2A e-'. (100.12) 

This may be put into Eq. (100.8) thus rendering 


a 2 =i r o(g 2 /k) 2X f dss 22 e s 
0 


JL 00 

l+is A e 2s \dtt 

_ s 



(100.13) 


The first term in the curly brackets leads back, of course, to the first ap¬ 
proximation a u Eq. (99.11). The correction 


a 2 — a i 

<x = - ; a 2 =a 1 (l+a) (100.14) 

a i 

is then easily derived from (100.13), 


a = 


4r i 


00 


DO 

* 1 

dss 2X e s 


dtt 2 X q~ 1 




0 

_s 

- 


(100.15) 


The integral converges and may be evaluated, in general, by numerical 
computation. 

There are two cases permitting a rather simple evaluation, viz. 
n = 4 and «->oo. 

If « = 4 or X — 1, we find 


or 



Numerical integration with Simpson’s rule and an estimate of the 
contribution beyond £>2.4 using the asymptotic expression for the 
error function gives a = 0.0770. Since, for « = 4, we have found on p. 263 
for the first approximation 

a i = 0.886 a, 

we now get in second approximation. 


a 2 = 0.886 x 1.077 a= 0.954 a. 
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The error of 11.4% in the first is thus reduced to 4.6% in the second 
approximation. 

The convergence of the method is worse in the case n-»oo or 1/1=0. 
Eq. (100.15) then yields 


hence with 
we now arrive at 



a y = 0.500 a 
a 2 = 0.625 a. 
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On the other hand, the linearized Calogero equation, according 
to Problem 98 leads to 


tan <5 0 = - 


OO 

(* 

OO 

— — j dr' U(r')$in2kr' 

dr U(r) sin 2 kr exp 

V 

0 

r 


and, with the definition (101.5), further to 


a= \drr 2 l/(r)exp 


-2 \dr'r'U{r') 


With the potential well (101.1), there follows 


(101.7) 


a= —Kq J dr r 2 exp [ K%(R 2 -r 2 )] 
o 


or, with t=X 0 r/R, 


Xo 


a= —R 


X 


dt t 2 e - ' 2 . 


Using the identity 


o J 
o 


J dt t 2 e ' 2 = \ J dt e f2 — \ X 0 e 
o o 


( 101 . 8 ) 


the integral in (101.8) may be reduced to the error function. Thus we arrive 
at the final result 


a = 



(101.9) 


The results (101.6) of the exact, and (101.9) of the approximate 
calculations are compared in the accompanying table for a few values 
of the well size X 0 . Below about X Q = 0.7 the difference becomes very 
small. On the other hand, at X 0 = n/2, the exact values for the attractive 


attraction repulsion 


Xo 

a/R 

a/R 

a/R 

a/R 

1.0 

- 0.557 

-0.515 

0.238 

0.231 

1.2 

- 1.142 

-0.912 

0.305 

0.289 

1.4 

- 3.14 

-1.632 

0.368 

0.337 

1.6 

+ 20.4 

-3.02 

0.424 

0.375 
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potential become singular and change sign beyond this, a feature not 
reproduced by the approximation. It is therefore only safe to use the 
linearized approximation appreciably below resonance levels at zero 
energy. 

For a repulsive potential 


17 = 


+ K% for O^r^R, 
0 for r>R 


we find in a similar way the exact scattering length 


( 101 . 10 ) 


/tanhXo 
a= —R - 

V *0 


and its approximate value 



( 101 . 11 ) 


( 101 . 12 ) 


There is no resonance effect at repulsion and therefore the approximation 
is better, as is shown by the two last columns of the table above. 


Problem 102. Scattering length for a Yukawa potential 

To determine the scattering length for the attractive Yukawa potential 

K(r)=-F 0 -e-'- / '-°; V 0 = — f (102.1) 

r 2m Vq 

a) by solving the linearized Calogero equation, 

b) by numerical integration of the Schrodinger equation for g= 1, 

c) in the Born approximation. 

Solution. Since both linearizing the Calogero equation and using 
the Born approximation are typical high-energy methods, it is not to 
be expected that they will give reliable results for the scattering length, 
i.e. at zero energy. As shown in Problem 98, the linearized Calogero 
equation will be better than the second Born approximation, and that, 
of course, better than the first. We may therefore expect to see in this 
example that such an order of approximations does indeed occur. It 
is amazing that the results obtained are at least sufficient to give a 
general impression of the behaviour of the scattering phenomena, even 
at zero energy. 
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a) Using Eq. (98.4) for t(r) and the definition 

tan<5 0 

a — — lim- 

fc-o k 

of the scattering length, and writing 

, 2m , g e~* 

U{x) = -T V(r) = - 4-- with x = r/r 4i 

ft f* Q X 

we get the approximation 

oo 

a=—gr 0 J dx xq~ x Q 2ae * . 


Substituting 
this can be written 


y = 2ge- 


2 g 


a=-jr 0 \ dye y (\og2g-logy) 


or, with the exponential integral 


y 

f dt , 

E„= j 7 e 


by partial integration 


~l r o (Ei2gr —log2g —C), 


(102.2) 


(102.3) 


(102.4) 


(102.5) 


C=0.5772... being the Euler constant. Numerical results for some 
values of the potential-strength parameter g are given in the accom¬ 
panying table. 


9 

~d/r 0 

9 

~a/r 0 

0.1 

0.1052 

0.9 

1.5425 

0.2 

0.2220 

1.0 

1.8420 

0.3 

0.3518 

1.1 

2.1835 

0.4 

0.4967 

1.2 

2.5740 

0.5 

0.6589 

1.3 

3.0217 

0.6 

0.8413 

1.4 

3.5362 

0.7 

1.0468 

1.5 

4.1290 

0.8 

1.2790 
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b) The scattering length can be determined from the solution of the 
radial Schrodinger equation at zero energy, 

x'o=~g — Xo, (102.6) 


that is defined by the boundary conditions 

Xo(0)=0; x'o(0)=l. (102.7) 

At large values of x, where the potential term on the right-hand side of 
(102.6) has become practically zero, the asymptotic form of the solution 
becomes a linear function, 

l-£), (102.8) 

ct = a/r 0 (102.9) 

defining the scattering length a. Solving (102.8) with respect to a yields 



Xo(*) 

Xo(*) 


— x . 


( 102 . 10 ) 


In a numerical integration of (102.6), starting with the initial values 
(102.7), the combination (102.10) will slowly increase from zero at x = 0 
to a constant value at large x which determines the scattering length. 


X 

X 

i 

— a 

0 

0 

1 

0 

1 

0.638 

0.457 

0.348 

2 

1.040 

0298 

1.484 

3 

1.312 

0.255 

2.15 

4 

1.559 

0.241 

2.47 

5 

1.798 

0.237 

2.60 

5.5 

1.916 

0.236 

2.63 

6 

2.033 

0.235 

2.65 


The accompanying table shows a few Figures for the example g = 1 and 
gives the scattering length 

a= —2.65 r 0 (102.11a) 

in this case, to be compared with the approximation (102.5) for g = 1, viz. 

a=- 1.842 r 0 . (102.11b) 
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c) The first Born approximation follows from (102.4) by using the 
linear term only in g: 

00 

<*i=-9ro \dxxQ~ x = -gr 0 , 
o 

i.e. for g= 1 it leads to 

a t = —r 0 . (102.11c) 

Including the quadratic term in g, by expansion of (102.4), we arrive 
at the second Born approximation, 

OO 

a 2 = ~gr 0 f dxxe~ x (l+2gQ~ x )= -gr 0 {\+\g), 
o 

correcting for g=\ to 

a 2 = - 1.500 r 0 . (102.1 Id) 

The deviations from the exact value of the three approximations 
discussed, of course, become the larger the greater the potential strength. 
The ordering of the approximations is the one predicted at the beginning 
of this problem. 

Literature to Problems 96—102. Calogero, F.: Nuovo Cimento 27, 261 (1963). — 
Klar, H., Kruger, H.: Z. Physik 191, 409 (1966); Kruger, H.: Z. Physik 204, 114, 
205, 338 (1967). 


Problem 103. Improvement of convergence in a spherical 
harmonics series 


Using the recurrence relations between neighbouring Legendre poly¬ 
nomials, instead of the series 


m=Zfi p M (io3.i) 

1 = 0 

a better converging series shall be derived for (1 — x) f(x). 

Solution. The recurrence relation 

(/+l)f? +1 (x) + //?_ 1 (x) = (2/+l)x/l(x) (103.2) 

can be used to write 


d-,)/W = | o /,(/!-^i U +1 


/ 


21 +1 


Pi -1 
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Renumbering the subscripts taking special care of the first terms leads to 


with 


i= 1 

f =f _ l _ f _ /+1 f 

Ji Ji 21-V ,_1 2/+3^' + 1 ' 


In order to get an idea of the improvement let 

fi = Cl ~* 

for large /. Then, 

/, = C\r x - -j— (I- 1 )~* - (/+ 1 ) - *] 

Jl [ 21-V 1 2/+3 ; 


= cr*< i 


/ / / 


/+i ( i 


21—\ \l—\J 2/+3V/+T 


can be expanded for 1: 


(103.3) 

(103.4) 


/,=/« 





+ 



The terms with 1° and / 1 then cancel, and the leading term becomes 



(K+l ) 2 
21 2 


which is indeed a considerable improvement. 

NB. The formulae simplify even more if we write 

f = ( 2/+l)a, 

corresponding to the form such coefficients have in most cases. We then find, 

(1 -*)/(•*) = «o-“i + £ {(2/+ l)a, —/a,_ 1 —(/+ l)a, + i}P,(x). 

1 = 1 

Literature. Yennie, D. R., Ravenhall, D. G., Wilson, R. N.: Phys. Rev. 95, 
500 (1954). 


Problem 104. Collision-parameter integral 

If kRP 1, with R a measure for the extension of the scattering region, 
angular momenta of l> 1 will appreciably contribute to the scattering 
amplitude. The sum over l then shall be replaced by an integral over 
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collision parameters b, a high-energy relation for 5(6) be derived from 
the WKB approach, and the total cross section determined. 

Solution. Into the general formula 

/(9) = 2- £ (2/+ l)(e 2 ->‘-1) ^(cos3) (104.1) 

j = o 

we introduce the collision parameter 

6=(/+i)//c (104.2) 

and use it as integration variable: 

f{9)= - ik | db b(e 2im -1) /?(cos S ). (104.3) 

o 

The lower integration bound may be taken to be zero instead of 1/(2 k ) R. 
It is a little more difficult to replace P t by a function of b. The definition 
of Legendre polynomials, 

*«,»>-*(/+,.- t ,;»’!). (.04,4a) 

by a hypergeometric series, viz. 


//(cos S) = 1 - l ^~r- sin 2 - + 


$ (/ —!)/(/+!)(/+ 2) . . 3 


2! 2 


sin 


(104.4 b) 


leads to a simple asymptotic expression for /§> 1. With the abbreviation 

A = /+£ (104.5) 

we obtain 


/(/+ l) = A 2 -i; (/—1)(/ + 2) = A 2 — f; (/-«) (/+»+ l) = A 2 -(n+i) 2 . 

The coefficients of the series (104.4 b) therefore differ from A 2 " only by 
terms smaller by the order of A -2 . Neglecting this correction for large 
values of /, Eq. (104.4 b) becomes 

n( A 2 . , 9 A 4 . . 9 

//(cos 9) = 1 - — sm 2 - + ^2 sin 4 - • • • . 

This being the Bessel series, we arrive at 


/ .9 

lim //(cos #) = J 0 (2 / +1) sm — 

!-* oo V 2 


(104.6) 
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Putting (104.6) into (104.3), taking account of (104.2), we find 


f(9)=-ik J db b(e 2id(b) — 1) J 0 
o 


^2 kb sin 



(104.7) 


Dealing with high energies, we may further use the WKB approx¬ 
imation to compute the phase function S(b) using the quasipotential 
formalism of Problem 124. Eq. (104.7) then immediately yields 



m 

E ’ 


where Q(t) may be identified with V(r) in the high-energy limit, i.e. if 


W(r)\<E 


for all values of r. We then may write r again instead of t and have the 
simple result 


m= 


00 

k f drrV(r) 
2EJ ' 

b r 


(104.8) 


It should be noted that this expression is linear in the potential thus 
permitting addition of partial phase contributions for potentials com¬ 
posed as a sum of simple terms, as e.g. the intermolecular potentials 
composed of two or more negative-power contributions (Lennard- 
Jones potential etc.). 

Finally, the total scattering cross section follows by applying the 
optical theorem 

471 

<r = — Im/(0) 
k 


to the integral (104.7). The result is 


a = 4n J db b[\ —cos 26(b)] . 
o 


(104.9) 


NB. Eq. (104.6) is a fit approximation for high-energy scattering phenomena 
and much better than the well-known asymptotic relation 


i}(cos,9) 


7t/sin3 


cos 



(104.6') 


which has singularities at 3=0 and 3= n. It is almost correct in the neighbourhood 
of 3 = 0 (forward scattering, i.e. the angle of greatest interest). On the other hand. 
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Eq. (104.6) becomes worse the greater S, at 9 = n leading to J 0 (21+1) instead of 
(— 1)'. In Fig. 55, Pi o is compared with its approximation by (104.6). As backscattering 
becomes less and less important at high energies (kR > 1), however, this error does 
not appreciably affect our purpose. 

Literature. Moliere, G.: Z. Naturforsch. 2a, 133 (1947). — Blankenbecler, R., 
Goldberger, M. L.: Phys. Rev. 126,766 (1962). — Flugge, S., Kruger, H.: Z. Physik 
216,213 (1968). 



Fig. 55. The Legendre polynomial P 10 (cos9) (full line) and its approximation by 
the Bessel function (104.6) (broken line) 


Problem 105. Born scattering: Successive approximation steps 

To solve the problem of potential scattering by treating the scattering 
potential as a perturbation. The case of central forces shall be dealt 
with in more detail. 

Solution. We write the Schrodinger equation in the form 

V 2 u + k 2 u=g W(r)u (105.1) 

with 

, 2m 2m , 

gW(r) = -pV(r). 


(105.2) 
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The left-hand side of (105.1) has a Green’s function 


G(r,r') = 


gifc|r — r'| 

4n\r — r'\ 


(105.3) 


that permits the right-hand side of (105.1) to be formally considered as 
an inhomogeneity so that this equation can be solved according to the 
general method for inhomogeneous differential equations, 


u(r)=u 0 {r) + g J cPr' G(r,r') W(r')u(r') (105.4) 


where u 0 (r) is a solution of the homogeneous equation. Our result is 
an integral equation for u(r). 

It can easily be seen that the integral term in (105.4) describes asymp¬ 
totically, for large r, an outgoing spherical wave, because the potential 
function decreases rapidly enough with increasing r' to confine integra¬ 
tion practically to a finite region, thus permitting us to consider the 
case of rpr' with the Green’s function (105.3) becoming 

G ( r , /)->- — Q~ ikr ' cos (105.5) 
4nr 

where & is the angle between the vectors r and r'. The homogeneous 
solution, u 0 {r), in case of a scattering problem, must be the plane wave 
of the incident particle beam which we write in standard normalization 

Uo (r)=e ikor ; \k 0 \ = k. (105.6) 

The solution of (105.4) can be performed in successive steps: 


u n (r) = u 0 (r) + g\cPr'G(r,r') W^u^^r'); (105.7) 


in other words, it may be written as a Neumann series, 
«W=«oW +9 J ‘Pr 0(r,r') W , (r'){M r ') 


+g JdV G(r'.r") WV) [«„(>■")+ -]}■ 

This is a power expansion in the “coupling parameter” g. The n-th 
approximation is found by an n-fold volume integration which makes 
all terms but the first-order one rather cumbersome to evaluate. 

The first-order problem is greatly simplified if W(r) depends only 
on the absolute value of r. We then find from (105.7) with (105.5) and 
(105.6) for the asymptotic behaviour of u^r): 


g e 


ikr 


!• 

d 3 / e - ikr ' cos0 ' W(r')e iko r '. 


u i (r)=Q ikor 


4nr J 


(105.8) 
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Let us define a vector with \k t \ = k pointing in the direction of r. 
Then kr' cos0’={k 1 r l ), so that the integral in (105.8) becomes 


The vector 


J dr' r' 2 §d£2' e i < ft °- ,tl)r ' W(r'). 
o 


K = k l — k 0 


(105.9) 

(105.10) 


is the momentum (in units of h ) transferred to a scattered particle in the 
direction r. If we denote by 9 the angle of deflection, i.e. the angle be¬ 
tween k 0 and r, then (Fig. 56) 


K = 2ksin 


9 


(105.11) 



Fig. 56. Wave vectors and angle of deflection 


The integration over all directions in (105.9) gives 

§dQ’Q- tKr ' = 4 rc S1 ^/ (105.12) 

so that finally Eq. (105.8) yields the first approximation 

u 1 (r)=e ,fc °- r +/(3) — (105.13) 

r 

with 

OO 

J Sm 

dr’ r' 2 • (105.14) 

0 


The scattering amplitude, f (9), is simply connected with the differen¬ 
tial scattering cross section, 


da 

dQ 


= \m \ 2 ■ 


(105.15) 
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Eq. (105.14) for the scattering amplitude cannot be used if the integral 
diverges at either the lower or the upper integration bound. In the 
vicinity of r'=0 the potential must not therefore diverge stronger than 
r'~ 3+e , e>0; for large r, on the other hand, it must decrease more 
steeply than the Coulomb potential, i.e. at least as 


Problem 106. Scattering by a Yukawa potential 


The scattering amplitude for an attractive Yukawa potential, 

• V(r)=-V o-—; a=l/r 0 (106.1) 

a r 

is to be determined in first Born approximation. In order to judge the 
quality of the approximation, use shall be made of the phase angles of 
the partial wave expansion. 

Solution. On the one hand, we have 

00 

2m f , sin Kr $ 

fO)= I drr 2 K = 2ksm~. (106.2) 

o 

For the potential (106.1) this leads by elementary integration to 

(, °w> 

with the “hole size” constant 


2 mV 0 rl 
h 2 ‘ 

On the other hand, partial wave expansion leads to 


(106.4) 


/(») = T- f (2/+l)(e 2iil -1) J}(cos 9). (106.5) 

2ik l=0 

To judge Eq. (106.3), the phase angles S { may be used only if we either 
expand (106.3) in a spherical harmonics series or, doing the same with 
(106.2), specialize the result afterwards to the Yukawa case. Both ways 
will, of course, lead to the same final result. They will be sketched in 
what follows. 
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1. Expansion of the scattering amplitude (106.3) may be written 

00 (*2idi _1 p v 

X (2/+1)—— Pi(cosS) = 0 -- 

,to 2 1 1+2xq( 1 —cosS) 

with the abbreviation 

Xo — kro- (106.6) 

Taking advantage of the spherical harmonics’ orthogonality, we find 


e 2i5i_l 

2i 


+ i 

r 


4 Xf) 


dtm. , ,. i 

, t o — 1 


t n -t 


2xl 


2 ' 


(106.7) 


Here, the integral 


+ i 


2 J * 0 -* 


— CM*o) 


(106.8) 


-1 


defines a spherical harmonic of the second kind (t 0 > 1). The first two 
of these run as follows: 

eo(^o) = 7log^ii; et(fo) = ^olog^|-l. 

Z t 0 l Z t o - '1 

Introducing x 0 instead of t 0 , we thus arrive at the final formulae 
1 


with 


(e 2W, -l)=I>i(*o) 

2 1 

<Po( x o) — ~r~~ 1°8 (1 + 4 xq) ; 

4a: 0 

* i( *° )= iU( 1 + i) log(1+44) “ 2 }' 


(106.9) 


2. Expanding the scattering amplitude (106.2), we make use of the 
identity 

sin y ® 

——= I (2l+l)j,(k'f P,i.oosS); (106.10) 

ixr l = 0 

t 

then, by comparing (106.2) with (106.5), we get the general relation 
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If we here insert the Yukawa expression (106.1) for V(r) and use the 
abbreviations kr=z and a—oc/k — l/(/c r 0 ) = 1 /x 0 we find 


-l.(e 2ia ' —1) = — 

2/ Ea 


dzze az y,(z) 2 ■ 


The general formula 


ji(z? = 


2 z* 

7T 


n/2 


d9 j t (2 z sin 9) sin 1 +1 9 cos 21 +1 9 


(106.12) 


o 

then permits the integral (106.11) to be reshaped so that the Bessel 
function occurs linearly only in the integrand. The relation 


finally leads to 


00 

j* dz z , + 1 j l (bz)Q~ az 
o 


(2 b) 1 1\ 
(a 2 + b 2 ) l + 1 


d 


i — 


— (e 2ia ‘ 
2 i 


- 1 ) = 


Jt/2 

P f jn s'm 2l + 1 9cos 2l + 1 9 
2^J d9 (sin 2 9+p 2 ) l+1 


o 


Substituting the denominator bracket by 

t = sin 2 9 + p 2 


(106.13) 


(106.14) 


the integral in the new variable becomes simply 


1 

2 



(t-p 2 ) l (l + p 2 -t) 1 
^ + 1 


P 2 


(106.15) 


and may be evaluated for each l in turn. The results will again be the 
ones summarized above in Eqs. (106.9). 

In order now to judge the quality of the approximation, the functions 
<p 0 (*o) and <Pi(x 0 ) have been drawn in Fig. 57 versus a logarithmic x 0 
scdle. Both functions vanish at x o = 0; for low energies they start as 


(po(x 0 ) =*o(i - 2 xl +•••); 

<M*o)=t*o(l- 4 *o+"-) 


(106.16) 


and, passing through a maximum, they tend to zero again at high ener¬ 
gies. If, at the energy wanted, P(p 0 < 1 and kr 0 > 1, the Born approxima- 
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tion will be good. If Pq> 0 does not satisfy this condition well enough, 
P(p t may still do so. Then we may write 

m = ^ T (e 2id0 -e 2i60B )+fB(S) (106.17) 

2 ik 

where the subscript B refers to the Born approximations (106.9) and 
(106.3). Exact phase calculation has in this case to be performed for 



Fig. 57. Yukawa potential scattering phases in first approximation, <5,= — P<p, (/cr 0 ) 
with P a potential size parameter. The abscissae describe the energy in logarithmic 

scale 


/=0 only in order to find <5 0 ; the rest of f(9) may be summed up in 
f B (S) according to (106.3). 

NB. The scattering amplitude (106.3) as well as the phase expressions (106.9) for 

( e 2 — 1)= e iil sin <5, 

turn out to be real in first Bom approximation. This can only be satisfied by real 
phase angles 1, because power expansion leads to 

e ia ' sin <5, = <5 ( + i<5 ( 2 + •••. 

Since in the total scattering cross section 

4n 00 

° = J 2 E (2/+l)sin 2 (5, 

K 1=0 

only sin 2 <5, = <5f —-F •" occurs, here even the condition Sf -4 1 will suffice. 
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Problem 107. Scattering by an exponential potential 

* 

The scattering amplitude in the potential field 

V{r) = -V 0 Q~ r/ro (107.1) 

shall be determined in first Born approximation and the phases <5 0 and 
<5! calculated by projection on the states with /=0 and / = 1. The results 
shall be checked for d 0 by computing this in second Born approximation 
according to the procedure of Problem 96. 

Solution. The scattering amplitude in first Born approximation, 


m= 


2m 

h 2 


drr 2 V(r) 


sin Kr 
Kr ! 


K = 2k sin 


9 

2 ’ 


(107.2) 


can with the dimensionsless abbreviations 

2 mV 0 rl 

P =—^—; x 0 = kr 0 

and with the integration variable x = r/r 0 , be reshaped into 


m = 


K 


00 

J 


.9 

dxxe *sin#x; q=2x 0 sm —. 


(107.3) 


(107.4) 


Evaluation of this integral is elementary and yields 

P 2 q 


m = 


or 


m = 


2 Pr 0 


{a — bcos9) 2 ’ 


K (1 + q 2 ) 2 

a= \ + 2 xq\ b=2 xq. 


(107.5) 


This amplitude permits first the total scattering cross section to be 
calculated: 


a = (D dQ\f(9)\ 2 = 4P 2 r\-2n 


+ i 

r 


J 


dcosS 


(a—b cos 9y 


-l 


which, by an elementary integration, turns out to be 


<7 = 


3 llp2 r 2 1+2 *0 


0 (l+4*o) 2 


(107.6) 
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This approximation, of course, shows neither dependence on the sign 
of P (attraction or repulsion) nor resonance effects. So far, it is a typical 
high-energy formula and can, with xl > 1, be simplified to 


a = 


An 

T 


P 2 rl 


x? 


An P 2 

T ¥’ 


decreasing as 1/E with increasing energy E. 
It further permits by using the expansion 


m = (21+ l)(e 2£5 ‘- l)P,(cos9) (107.7) 

2 ik l = 0 

to find the phase angles S t in Born approximation by projection: 

+1 

1 k f 

— (e 2ia '-l) = - I d cos Sf ($) Pi (cos 9). (107.8) 

2 1 2 J 

- i 

With (107.5) for /(#), these expressions become very simple integrals 
whose evaluation leads to 


— (e 2i5o -l)=P 
2i 


and 


— (e 2i *-l )=P 
2/ 


1+2xq 


, 2x 0 

(107.9) 

l+4xj) 

1 _ ) 

4x ,log(l+4xS)|. 

(107.10) 



Fig. 58. Bom scattering phases d 0 and ^ for an exponential potential, in units 
of potential size parameter P, drawn over a logarithmic energy scale 


These expressions may as well be written in the form e idl sin d t and 
will be equal to <5, if small. They have been drawn in Fig. 58, except 
for the factor P. It is clearly apparent that for small values of x 0 the 
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phase ^<^5 0 , i.e. P scattering, may be neglected compared with the 
S wave. This is a general feature at low energies preserved even by so 
typical a high-energy approximation as Born’s. For x 0 >l, both <5 0 
and ^ are of the same order of magnitude so that forward scattering 
begins to prevail. 

To get some insight into the bounds within which the Born approxi¬ 
mation holds, we now investigate the phase angle <5 0 to second Born 
approximation, inclusively, by applying Eq. (96.12 a), 




Fig. 59. The function \Pg\ must be small, if the first Bom approximation shall be 

good 
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Complex decomposition of the trigonometric functions then allows the 
integrand to be broken up into a sum of (complex) exponentials. 
The evaluation of the integrals is a little cumbersome but quite element¬ 
ary and leads to the result 


tan S 0 = P ■ 


2* 0 
l + 4*g 



5-4xg | 

8(l+*o)(l + 4*o)j 


(107.12) 


The first term is identical with (107.9). As long as the second term in 
the curly bracket remains small compared to unity, the Born method 
will converge fairly well. Its validity, therefore, is bounded by the con¬ 
dition 


I P-g(x 0 )\ 



5-4x1 

8(1+*£)(!+ 4*§) 


< 1 . 


The function g(x 0 ) has been drawn in Fig. 59 (on two different ordinate 
scales in the left and right half of the diagram). 


Example. Let a potential be given with the size parameter P= 3, and an ap¬ 
proximation within an error of 2% in the amplitude (4% in scattered intensity) be 
sufficient. Then the condition of validity becomes |Pp(x 0 )| <0.02 or |p(x 0 )| <0.0067. 
This value will be reached at x 0 = 4 which then determines the smallest energy at 
which the first Bom approximation may be used. The phase angle becomes S 0 ^ 21° 
at this energy as can be derived from Fig. 58. 


Problem 108. Born scattering by a charge distribution 
of spherical symmetry 

To express the differential scattering cross section for electrons scat¬ 
tered at a nucleus in first Born approximation by an integral over the 
electrical density p (r) of the spherically symmetrical charge distribution. 
The result may be applied to a nucleus of constant charge density. 

Solution. The Poisson equation of classical electrostatics, connect¬ 
ing V(r) with p(r), may be written 

„ 1 d 2 

V 2 V = - n( r V) = 4nep{r) (108.1) 

r dr z 

if the scattered particle is an electron of charge — e. The charge density 
is positive and normalized so that 

00 

4n \drr 2 p(r) = Ze. 
o 


(108.2) 
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The scattering amplitude f(8), in first Born approximation, is 


m = - 


2m 

V 


dr r 2 V(r) 


sin Kr 
Kr '' 


K=2ksin 


8 


(108.3) 


It should be noted that, outside the nucleus, V(r) = —Z e 2 /r and the inte¬ 
gral does not converge at its upper limit, but becomes indefinite. This 
difficulty may easily be removed, as was first shown by Wentzel 20 , if 
a convergence-generating factor e _ar is added to the integrand and a 
put =0 in the final result. Screening by the atomic electrons may give 
physical justification to this mathematically somewhat dubious proce¬ 
dure. 

Performing two consecutive integrations in part we find 


dr(r V ) e‘ Kr = 


iK 


JKrl 


1 ' 

rV - (rV)' 

iK , 


00 

*!• 


- — 7 | drWJ*' 
0 K 

0 


At the upper limit, the integrated term will vanish due to Wentzel’s 
trick. At the lower limit, in the vicinity of r = 0, the function V(r) must 
be of the form V= F 0 — V l r 2 + ■■■ so that rV ^0 and (rV)'-> V 0 . 
Hence, the integrated term becomes — V 0 /K 2 . The same obtains for the 
complex conjugate to be subtracted in the sine integral (108.3) so that 
no contribution comes from the integrated term. In the remaining 
integral (rV)" may be replaced according to (108.1) thus yielding 


2m Ane f 

f( S ) = I drr P ( r ) sinKr - (108.4) 

o 


This integral will no longer cause any convergence difficulties. 

If the nucleus can be treated as a point charge, only the vicinity of 
r = 0 will contribute so that (108.2) may be applied directly and f(8) 
becomes 


/o(3) = 


2mZe 2 
h 2 K 2 


mZe 2 

2 h 2 k 2 sin 2 — 
2 


(108.5) 


With hk — mv, \mv 2 = E this may be written 


/o(») = 


Ze 2 


4J5 sin 2 


8 

2 


20 Wentzel, G.: Z. Physik 40 , 590 (1927). 
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and leads to the well-known Rutherford scattering formula 


do o 
dQ 


= 1/oW = 


'Ze 
, 4 ~E 


2 \ 2 


1 


3 


sin 


(108.6) 


Eq. (108.4) may be written 

m=M$)F(K) 

with a “form factor ” 


F{K) 


_ 4rc f 

= zi J 


dr r 2 p (r) 


sin Kr 
Kr 


(108.7) 


(108.8) 


determining the deviation of the scattering amplitude /($) from its 
Rutherford value: 

~ = F(K ) 2 . (108.9) 

do o 

An obvious example would be a nucleus of constant charge density 
within its radius R. The normalization (108.2) then becomes 


All 


pR 2 = Ze 


and the form factor 


R 

3 f, , sin Kr 3 . . . 

F = -3 \drr 2 -= -- ^{smKR-KRcosKR} (108.10) 

R* J Kr (KR) 
o 

or 

Vi(lkR sin 

F = —. .. . ■ (108.11) 

4 k 2 R 2 sin 2 — 

2 

In the angle interval 0<9<n the argument of the spherical Bessel 
function will vary from 0 to 2kR which, since the Born approximation 
should be applied only if kRp 1 , is a rather large interval in which 
the Bessel function will have several zeros. Instead of the Rutherford 
scattering intensity, falling off monotonously with increasing angle, we 
shall therefore find a sequence of diffraction maxima, in a manner well 
known from similar patterns in classical optics. The number of maxima 
(if all are resolved) allows for a rough determination of the nuclear 
radius. 
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NB. If the potential energy of a neutron in the field of another nucleon is 
roughly determined by a Yukawa attraction, 

2 

F(r) = -ye~ xr , (108.12) 

a differential equation similar to that of Poisson may be set up for the interaction 
of a neutron with a nucleus of particle density p : 

~(rV)-x 2 (rV)=4ng 2 p(r)r. (108.13) 

Here the normalization 

4n J dr r 2 p(r)=A (108.14) 

o 

will hold with A the atomic number of the nucleus. The partial integration then 
leads to 

oo oo 

J dr(rV)sinKr = — J dr(rV)" sinKr, 
o o 

even without Wentzel’s trick, or, if use is made of (108.13), 


oo oo 


f dr(rV)sinKr— — f dr{4ng 2 pr+x 2 {rV)}sinKr 


ft 

leading to 

J 

0 


j 

dr(r V) sin Kr = — + J d rr p(r)sinK r . 


Thus we find for a 

. point nucleus, 



f /o\ A 

Jo() ~h 2 (K 2 + x 2 ) 

(108.15) 

and for an extended nucleus, 


m=fo(9)F(K) 

with the form factor 

nn 

(108.16) 


_ 4n C , 2 . .sinXr 

F = A J irr l,{r) Kr 

(108.17) 


0 


essentially the same as above. 


Problem 109. Hard sphere: High energy scattering 

To show that the scattering cross section of a hard sphere of radius R 
tends towards 2 nR 2 for very high energies. 
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Solution. The Born approximation, usually to be applied to high- 
energy scattering, breaks down for all singular potentials where the 
Born integral diverges. We are therefore forced to apply the partial 
wave expansion method in spite of the fact that it converges worse and 
worse at high energies. 

For any value of /, the radial wave function outside the hard sphere, 

Xi( r )—ji{k r ) cos<5, — H,(kr) sin S t -> sin^fcr — — + (109.1) 

has to satisfy the boundary condition 

h(R) = 0 (109.2) 

so that 

tan<5,=^-^; x = kR. (109.3) 

n t (x) 

The cross section therefore becomes 


a-£ie/ + i>.i.’* = ££u/ + i> 

k 2 i= 0 k 2 ,=o Ji(x) + n 2 


(x) 


(109.4) 


If the energy is high enough to make xM, the infinite sum (109.4) can 
be decomposed into two parts. As long as l<x, the sum terms cor¬ 
respond to particles hitting the sphere ( hl<mvR ) and the functions j t 
and n, may be well represented by the asymptotic expressions, 


ji( x ) = sin 



n,(x) = — cos 



(109.5) 


If, on the other hand, l>x, the particles would in the classical picture 
pass by the sphere without hitting it ( hl>mvR ). j x and n t might then 
be represented by the first term of their power expansions. Since these 
are y,xx I + 1 and n l ccx~ l , the ratio in (109.4) becomes very small, and 
these sum terms may be neglected. In this approximation we may 
therefore write 

47t ^ / ln\ 

ff — E q ( 2/ + !) sin Y “ y )■ (109.6) 

Of course this approximation does not hold for the terms around 
lux where the transition from the one to the other of the two approxi¬ 
mations of j x and n x is performed. The bigger x, however, and the more 
terms contributing to the sum (109.6), the smaller must be the effect of 
these few terms upon the sum and thus the smaller the error of the 
approximation. 
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Eq. (109.6) may be recast using the relation 


In 


In 


sin 2 ( x-= sin 2 x + sin 2 —cos2x; 


it then runs 


a = 


An 

¥ 


r m ui ) 

sin 2 x Y, (2/+1) + cos2x £ (2/+l)>. 

I 1 = 0 1 = 1,3,5,... J 


The summations can he performed in an elementary way, 

I*] M 

I (2 f+l)=i(x + l)(x+2) 

1 = 1,3,5,... 


I(2l+l) = (x+;l) 2 ; 
1 = 0 


which finally leads to 
471 


o = — {-(x + l)sin 2 x+^(x + l)(x+2)}. 


(109.7) 


Since this approximation will hold only for x> 1, it is sufficient to 
take the largest term in the. bracket. That yields finally, 


= A ^--x 2 = 2nR\ 
;k 2 2 


(109.8) 


i.e. the formula to be proved. 

NB. This is a well-known result in classical optics and has an obvious explana¬ 
tion: all the particles hitting the geometrical cross section nR 2 form the scattered 
wave. Since they are then lacking in the primary beam behind the obstacle (shadow 
effect), the same cross section again obtains for this deficiency.—Note that the 
condition x > 1 of validity of this simple picture is identical with the wavelength 
being large compared to the radius of the obstacle. 


Problem 110. Rutherford scattering formula 


To solve the problem of scattering in the Coulomb field of two point 
charges by using parabolic coordinates. 


Solution. Let us write the Sdhrodinger equation 

2 kx\ 


V 2 u + yk 2 

with the standard abbreviations 
mv 


1 


u = 0 


k = 


h ’ 


x = 


£ i g 2 . 
hv 


2m 

2 kx = -j^ e i e 2 


( 110 . 1 ) 


( 110 . 2 ) 
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where e l and e 2 are the two point charges, m is the mass of the scattered 
particles and v their velocity at infinity. The problem is of rotational 
symmetry about the z axis so that the solution depends on coordinates 
in a meridional plane only, as r and #, or, using parabolic coordinates, on 

„ S fl 

£ = r—z = 2r sin 2 —; n = r + z = 2rcos 2 — . (110.3) 

2 2 


That to use these coordinates will be reasonable can easily be seen 
from the well-known result. Except for phase factors, the asymptotic 
solution must, according to Rutherford’s law, become 


u->e ifcz + 



Q ikr 

r 


Q ikz 




so that there should be, at least, some hope of reducing the problem 
by factorizing the wave function into 

u = Q ikz v{® (110.4) 

to a function of only one variable £. 

Putting (110.4) into the Schrodinger equation (110.1) without any 
special assumption about the factor v we arrive at 


V 2 


dv 

v + 2ik~~ 
dz 


2kx 

- v = 0 . 

r 


From the definitions (110.3) one gets (omitting derivatives with respect 
to ri and <p), 


4 d f dv 2d, dv 

T+vdZVdd)’ ~ Z + ri dd ; 


r= \ (S + »f), 


thus transforming the differential equation into 


cPv 


+ (1 -ikd) 


dv 

dt 


kxv=0. 


(110.5) 


This is a Kummer equation whose solutions are the confluent hyper¬ 
geometric functions, the solution regular at the origin £ = 0 being in 
arbitrary normalization 

v=C 1 F 1 ( — ix, l; ikd). (110.6) 


The scattering problem will now be solved by 
w=Ce' kz 1 F 1 ( —/x, 1; ikd) 


(110.7) 
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with a suitable choice of C. To prove this, we need the asymptotics of 
(110.7) for large values of the positive imaginary argument ik£. This 
implies a little mathematical difficulty. The confluent series has a branch 
cut from 0 to oo, generally put along the positive imaginary axis, so that 
the well-known asymptotic expansion 


r(c) r{c) 

if|z|>a; \z\$>c; c^—n, n = 0,1,2,... 


( 110 . 8 ) 


cannot be used there without caution. On the other hand, we may apply 
(110.8) without any caution to the complex conjugate, u*, where it renders 

e** 1 

Mix, 1; -/tfl- .., . + ■ 

1(1 —IX) l(ix) 

Using such identities as 


and 

we then arrive at 


(-/fc£)" ix = (e 2 k£)~ ix =e 2 e - ixlogft « 
r(l + ix)=ixT(ix ), 


Mix, 1; -ifcf)-> 


r(\-ix) 


f . . r(\-ix) e ixl09fcl? ) 

{ e -.«ioBk«_ l (U0 9) 


r(l+ix) 




Taking again the complex conjugate of this formula, putting it into 
(110.7), making use of z + £ = r, and finally choosing 

nx 

c=q~ r(i+ix) (lio.io) 


we find the asymptotic behaviour of the wave function (110.7): 


u 


with 


i £fcr-xlog(2 fcr sin 2 y ) j 

i£kz + xlog(2krsin 2 -^)] Xe 2^,,0 e 

2 k sin 2 — 

2 

7o = argr(l -H'x). 


( 110 . 11 ) 


( 110 . 12 ) 


This, indeed, is the solution to the scattering problem in standard 
normalization, the only difference from other similar problems being 
the logarithmic phases characteristic for the Coulomb potential. From 
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the amplitude of the outgoing spherical wave we get the 
scattering cross section 


da 

dQ 


= \m\ 2 = 




This is the Rutherford law. 


differential 


(110.13) 


NB 1. At r=0, we gather from (110.7) that u = C or, according to (110.10), that 

|M(0)| 2 = e~**|r(l + ix)| 2 . 

According to an elementary property of the F function we may write instead, 

nx 2nx 


| u (0)| 2 = e-’ tx 


sinhxx e 2 ** — 1 


(110.14) 


For positive x this is always smaller than 1, and for 2 n x > 1 it becomes exponentially 
very small. Since 


2 xx = 


2jt£ 1 e 2 
hv 


this means that, for strong repulsion and low energy, the wave will only penetrate 
the potential barrier at the origin with a rapidly decreasing amplitude (Gamow 
factor). 


NB 2, The asymptotic solution (110-11) has been derived under the assumption 
of large k£, say, k^c with c>l, not of large krpc. It is valid, therefore, not 
outside the sphere r=c/k but outside the paraboloid 


9 

2krsin — = c or r—z—cjk. (110.15) 

It may thus be wrong, even at very large r, if 3 is very small. This restriction, how¬ 
ever, is not very important. The wavelength will in most cases not be larger than 
the atomic dimensions, say, l/k— 10“ 7 cm, and the distance of the counter detecting 
the scattered particles, say, at least r= 10cm. This leads to kr= 10 8 . Let c be about 
10 3 , then (110.15) leads to 3=10 -5 for any deviations, i.e. to an angle much too 
small to permit separating the scattered from the primary beam. 


Problem 111. Partial wave expansion for the Coulomb field 

To expand the Rutherford solution of the preceding problem into partial 
waves. 

Solution. The Coulomb potential depending upon r only, the wave 
function may as well be constructed by factorization in spherical polar 
coordinates in the form 


u = 



CtXMPti cos 3) 


( 111 . 1 ) 
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with Xi being the solution of the differential equation 

r, 2 kx /(/+in 

Xi+ k 2 -Xi = 0 (111.2) 

r r 

satisfying the boundary condition 

X,(0) = 0 (111.3) 

in a suitable normalization. If we put 

Xi=(2kr) l + 1 e lkr F(p); p = —2ikr (111.4) 

we get, instead of (111.2), the Kummer equation 

pF"+(2l+2 — p) F' — (l+l+ix) F=0 (111.5) 

whose regular solution is 

F(p)=a t ^(l+l + ix ,2/+2; —2 ikr), (111.6) 


a, being a constant still suitably to be chosen. The asymptotic behaviour 
of (111.6) may be directly determined from Eq. (110.8) of the preceding 
problem; using the abbreviation (generalising Eq. (110.12) for i/ 0 ) 


we find 


77, = argr(/+l+ix) 


(111.7) 


F ^ a ^ 2kr > F ( /+x- iX ) i e 

q 2 ^ + ^ gixlog 2kr — — 2ifcr^. 


q — ix log 2 kr 


in ] 

q 2 ^ + ^ gixlog 2kr — 2itii — 2ikr' 


Setting this into (111.4) and choosing 



( 111 . 8 ) 

(111.9) 


to have the asymptotic form 

X/-+sin (kr—x log2 kr + rj t — —^ . (111.10) 

Our main problem now will become the expansion of the wave 
function u, determined in the preceding problem, into the series (111.1) 
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of partial waves with y, as given by Eqs. (111.8-10). This wave function, 
rewritten in polar coordinates, runs as follows: 

nx 

u(r,9)=Q 2 F(l + /x)e ikrcos ® 1 F 1 ( — ix,\,ikr{\ — cosS)). (Hl.H) 
By inverting (111.1) we obtain 


Ci 


Xi(r) 2/+1 


+ i 


d cos <9 u(r, S) cos 9) 


-l 


Introducing into (111.11) the variable 

x = — ik£ = —/kr(l—cos$), 

writing 

nx h 

«=e 2 r(l + /x)e ,k, 'e x 1 F 1 ( —ix, 1; — x) 
which, using the identity 

e x 1 F 1 (a, c; —x)= 1 F 1 (c —a, c;x), 
may be transformed into 


nx 

2 rvi i 


u — Q 2 F(l + /x)e ,kr 1 F 1 (l + /x, l;x) 
and putting this into (111.12), we get 


Jtkr 


c, —= + 


with 


( 111 . 12 ) 


(111.13) 


(111.14) 


U 

J,= j* JxjF^l+ix,l;x)/J^l+—(111.15) 

— 2ikr 

The problem is thus essentially reduced to evaluating the integrals J„ 
especially under the assumption kr$> 1. This can be performed by 
repeated partial integrations, making use of the relation 21 

Ma , l;x) = ^-[ 1 F 1 (a, l;x)~Ma-1, l;x)] . (111.16) 

dx 


21 This follows for c— 1 from the general formula 

d 1 — c 

[iFd^cjx)- iFil a -1 ,c;x)] = ^foc;*) + —^( 0,0 + l;x) 

which may easily be derived from the relations listed in the Appendix, p. 273 f. of 
vol. II. 
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In each integration step, P t then undergoes one differentiation with 
respect to x: 

d n P l 

—l = (ikr)-"P^ 
ax 

where If n) denotes the n-th derivative of P, with respect to its argument. 
Since it is a polynomial of /-th degree, it will be reduced to zero after the 
/-th step, thus putting an end to the integration procedure. The details 
of this calculation are given in the appendix to this problem. The result 
is, for krp 1, 


Jr 




1 


,-2 ikr 


W + ix) 


( — 2 ikr) 1 


Q-in(ix-n) 

+ (— 1 )" +1 77TT- ~A-2ikrr 

T( 1 + n — ix) 


(111.17) 


In the curly bracket, only for n = 0 both terms have the same order of 
magnitude, whereas for all 1 only the second term contributes. 
With some elementary reshaping, using Eq. (111.22) of the appendix, 
we then find 


1ZX 
* 2 


JiM-iy 


i + i 


I A - 2 ikr + ix log 2 kr 
k v 


[i 

Ln = 0 


T(l + /X) 

(/+«)! r(i 


(- 1 )" 


n\(l—ri)\ r(l+n — 


+ f *> ~ | c — ix log 2fcrl 

n — ix) J J 


2 

It can be shown that the coefficient in the square bracket is e 2 
so that we finally have 




nx 

*~2 


. K'Ji-t) 


r(i +ix) 


2/e 


e ,fcr sin I kr — x\og2kr + rh — 


/ 7T N 


(111.18) 


Setting this into Eq. (111.14) and using the asymptotic expression 
(111.10) for Xi we obtain 

C, = -(2/+l)/ l e i ’" (111.19) 

k 

so that the expansion wanted becomes for large kr 

1 o° / ln\ 

u -+—V (21+ 1) f e"" sin ( kr — x \og2kr + rh -JjFJ(cos5). (111.20) 

kr i=o V 2/ 
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It should be noted that, in a sense, the wave function (111.11) and 
its expansion stand in strong analogy to the plane wave and its expansion. 
Omitting the Coulomb field effect by putting x = 0, Eq. (111.7) gives 
rji — 0, thus transforming Xu Eq. (111.9), into a spherical Bessel function, 
the wave function u into the plane wave and the series (111.20) into its 
partial wave expansion. 

Appendix. Let us write F a instead of iF t (a, l;x). Then, with a=ix, partial 
integration leads to 

| dxP l F a+1 = J* dxP l -j^{F a+l —F a )=P l (F a+1 — F a ) + -j^^ dxP t '(F a+l -F a ) 
and its being l times repeated to 
^dxP,F m+l = 

At the upper integration bound, x = 0, all the F v = 1 and cancel in the curly bracket. 
Therefore there will only remain a contribution of the lower bound, x= —2 ikr, 
where the spherical harmonics have the argument — 1: 


with 


n — 0 


i ‘- 1 *’ 


v=-l 


n+1 V 

v+l 1 a ~ v 


( 111 . 21 ) 


F a _ v = 1 F 1 (ix—v,l; —2 ikr). 
For /cr> 1, there holds the asymptotic expression 


g-iit(ix-v) a~2i kr 


Fa-v ^r(i+v-ix) 


— ( —2ikr) v ~‘* + 


F(-v + /x) 


-A-2 ikr) 


— v— 1 -Fix 


with its first term being proportional to (fcr) v , its second to (fcr)~ v-1 . In the sum 
—1< in (111.21), therefore, only v=n remains of the first, and only v= — 1 
of the second term thus leading to Eq. (111.17), above. 

The derivatives of the Legendre polynomials follow easily from 

IJ(cos 3) = 2 Fi (/ +1, - /,1; 0 = £ ( —ir . r (/ ^ - ,2 with? = ^(1-cos 9). 

m =o {i — my.mi z 

Differentiating this repeatedly with respect to t and then putting t—0 or cos 9= 1, 
we find 


d"P,( 1) 

df 


= «!(-!)' 


and therefore 


thence 


n (* + ")» 

(/— n )!«! 2 


=(-d- ^ 


(rfcos $)” 


2"(l—n)!nl ’ 


' V ' 2 n (/—n)!n! ’ 


( 111 . 22 ) 
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Problem 112. Anomalous scattering 

Let a short-range force be added to the Coulomb field of the preceding 
problems so that kR < 4 1 if R is the range of this force (e.g. nuclear forces 
or finite extension of a charge cloud). The scattering amplitude shall be 
expressed in terms of additional phase shifts. 

Solution. If kR4 1, only the phase for 1 = 0 will undergo an altera¬ 
tion in consequence of the additional short-range force so that, instead 
of Eq. (111.10) in the preceding problem, we now get the asymptotic 
expression 

Xo~*A sin(kr — ylog2kr + r] 0 + S 0 ) (112.1) 

with an additional phase shift S 0 , to be compared with the original 


X 0 -* sin (k r — y log 2 k r + r] 0 ) 
for the point-charge field. Their difference, 

J_ { e '(* r _ *log 2 fcr+tio )^4 e «5o_ 

_g- i(kr-x log 2kr+»io)^ g-ido_ 

should then contribute only an outgoing spherical wave, hence 

A = Q ido 


( 112 . 2 ) 


and 


Xo ~ Xo — (e 2,3 ° — 1) e' (ft '' - * l ° 9 2kr+, io) 
2 i 


(112.3) 

(112.4) 


Eq. (111.20) then has to be supplemented by a term 

^e"'°(2o-Xo) 

kr 


so that, if (111.20) is replaced by (110.11), we get the scattered wave 


gi(fcr —xlog 2fcr + 2»(o) 


U s 


2 kr 


y 


3 




sin " 1 


and the scattering amplitude 


y — ix log sin 2 — 1 

m= -— e 


2 k sin 2 




2 + ^7(e 2{5o -l). 
2 ik 


(112.5) 


( 112 . 6 ) 
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It should be remarked (1) that the additional term, not depending 
upon the angle of deflection, will have its strongest influence at large 
scattering angles where the Rutherford term becomes small, and (2) that 
in cross section measurements |/($)| 2 will show an interference term 
of Rutherford and anomalous scattering. 


Problem 113. Sommerfeld-Watson transform 

Let the scattering amplitude 

/(9)= f (2i+l)/,JJ(cos9) (113.1) 

1 = 0 

be transformed into an integral in the plane of the complex variable / 
by assuming each sum term in (113.1) to be the residue at an integer /. 
Under the assumption of /,=/(/) to be a meromorphic function of l, 
the integral shall then be decomposed into pole contributions and a 
background integral, taken along a path parallel to the imaginary l 
axis through the point /= — j. 

Solution. It is reasonable to replace l by the complex variable 

A=l+{. (113.2) 

Eq. (113.1) may then be replaced by 

/(8) = 4- f dUf(X-i) (H3.3) 

i cos n A 

c 



Fig. 60. Integration path which may either be replaced by loop integrals about the 
poles on the positive real axis or by a background integral along the imaginary A 
axis plus Regge pole loops in the right half plane 

where the integration path C is shown in Fig. 60. This can easily be 
proved. The function 

1 _ 1 
cos u A sinra l 
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has poles at all integer real points /=0, ±1, ±2,... or at X = ±j, +§, 
±f,...; their residues are 1/n ( — l) i + 1 . If the other factors of the integrand 
in (113.3) are regular on the positive real axis, the integral over C may 
be decomposed into a sum of clockwise (— 2ni) loop integrals about 
the poles: 


m = ~. I(-27tO(-l) , + 1 (/+i)/(/)P l (-cosd). (113.4) 

m i=o 

The parity property of the Legendre polynomials, 

(— 1/.P,( — cos3) = P,(cos5) (/integer) (113.5) 


then reduces (113.4) to (113.1). 

Let us now deform the integration path until it consists of the im¬ 
aginary X axis and an infinitely large semicircle in the right half of the 
X plane. The latter does not contribute to the integral if the integrand 
falls off at least as |A| -1-8 on the semicircle, as we shall suppose. Then 
there remains only the background integral along the imaginary X 
axis, and the loop integrals around all the poles in the right half-plane 
the path sweeps over under deformation. Let these poles lie at the 
points X = a„, and let the residues of /(/) at these poles be /?„, then we 
get the pole contribution to (113.3): 


/ P (9)=2£ft, 

n 


QC n P a „-x(—cos.9) 
cos n a n 


(113.6) 


There remains the background integral, with X—iy and real y, 


f’W—hj IT; 91 - (1137) 

— oo 

The scattering amplitude /(#) then consists of the sum of pole con¬ 
tributions and background contribution, 


m=fpW+f B (v)- (H3.8) 


NB. A pole of /(/) in the / plane is called a Regge pole. Its path through the l 
plane, if the energy varies, is called a Regge trajectory. The importance of Regge 
poles is that they offer an alternative to describing the interaction between two 
colliding particles by a potential. If the positions (a„) and residues (/?„) of the poles 
are known, it may be possible to describe scattering by these parameters. This 
method seems to be of special advantage in elementary particle physics (where, 
of course, energies are high and the theory has to be rewritten in relativistic form), 
because the main features revealed by experiment there are rather sharp resonance 
states (intermediary particles or particle resonances). In nuclear physics the un- 
relativistic theory may be used to describe compound states. 
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Problem 114. Regge pole 


Let a pole of /(/) lie close to a physical value of l, say l=L with in¬ 
teger L, for a given energy. What physical situation does the pole de¬ 
scribe if the energy varies a little? 

Solution. We shall consider only the contribution of one term in 
the sum (113.6) to the scattering amplitude which, omitting the sub¬ 
script n, becomes 


Here, 


/,($) = 2/*« 


P„-j(- cos 3) 
cos7ra 




(114.1) 

(114.2) 


with £ and // real numbers, both supposed to be small (|£| 1, \rj\< 1). 

Then, 

coS7ra = (— 1) L sin n(£ + iri). (114.3) 


The Legendre function of complex index v = a-^ can be expressed by 
the usual Legendre polynomials of integer indices: 


ic"+i> , yi° T Ti 

n n % (v-n)(v + n+l) 


(114.4) 


so that, in our special case, we get 
(- 1) L sin n({ + irj) 


P a _ i (- cos 9) 
This leads to 


(2n + l)P„(cos 8) 


n 


„=o (L-n + Z + itj)(L + n + l + Z + iri) 

(114.5) 


/p(S> = 


2J 

n 



+ £ + irj 


oo 


I 


(2n+ l)P„(cos$) 

(L—n + £ + iri)(L+n+l + {; + iri) 

(114.6) 


So far, nothing has been neglected for this pole contribution. Making 
use now of the smallness of £ and t], the first factor in the denominator 
will become very small for n = L, thus making this term much bigger 
than the rest. We then may confine our attention, in reasonable ap¬ 
proximation, to this main term and arrive at 


/p(8) — —(2L+ 1) 

n 


Pl( cosfl) 
t + i*l 


(114.7) 
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Let us now study the dependence of this expression upon the energy 
E of the scattered particle. The pole does not correspond to a state of 
integer momentum, but it is of course situated at a for a real energy E. 
On the other hand, a physical state of integer angular momentum L 
(or, A = L+^) is supposed to lie close to the pole; its energy then can 
have only a very small imaginary part, its real part E 0 differing very 
little from E, say, 

E l = E 0 —jir . (114.8) 

According to Eq. (114.2), this means for £ and rj as functions of the 
energy that 

Z(E L ) + ir,(E L ) = 0. (114.9) 


Let E be any real energy of a physical state, not far from E L , then we 
have 


m+WE) 



e l ). 


(114.10) 


Putting this expression into (114.7) we get 


M&) = - 


2L +1 


7i (da/dE) 


P L (cos 9) 




E — E 0 +%ir 


(114.11) 


This is the scattering amplitude for a typical resonance line of Breit- 
Wigner type with a differential cross section 


i f P m 2 * 


i 

{e-e 0 ) 2 +ir 2; 


(114.12) 


E 0 being explained as the resonance energy and r as the line width 
defining the mean lifetime x = h/r of the intermediate resonance state. 

Let now £ 0 and rj 0 be the values of £ and rj for the point of energy 
E=E 0 on the pole trajectory. Then we may write for l — L+\, 


or, using (114.8), 



a(£ 0 ) + 



I (E l -E 0 ) 

Eo 


1 {d(x\ 


\dE) 


Eo 


(114.13) 


It can be shown (see below) that ( da/dE) Eo is practically real so that 


£ o = 0 and 



(114.14) 


is a measure for the width of the resonance line. 
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NB. A proof of the reality of dtx/dE in the neighbourhood of a resonance can 
easily be obtained for potential scattering, cf. De Alfaro and Regge: Potential 
Scattering, Amsterdam 1965, p. 104. If R is a measure of the radius of the scattering 
domain, and v the velocity of the particles scattered, one gets dct/dE ~ R/(h v). 


E. The Wentzel-Kramers-Brillouin (WKB) Approximation 


Problem 115. Eikonal expansion 


To solve the Schrodinger equation by successive steps following the 
optical method of solving the wave equation 

'V 2 u + k 2 n(r) 2 u = 0 (115.1) 

with slowly varying n(r) by introducing the eikonal function S(r), putting 


2 7ti 


S(r) 

u = e A (115.2) 

where X = 2n/k is the vacuum wavelength, and expanding S{r) into a 
series of powers of A. 

Solution. Let A be the deBroglie wavelength at all points where 
F(r)=0: 

A =-; p = |/2 mE = hk. (115.3) 

P 

Then we may introduce the index of refraction, 





E 


(115.4) 


Slow variation of n means, that it varies appreciably only over a dis¬ 
tance />A, i.e. 


1 

-Vn 

n 



(115.5) 


Putting (115.2) into (115.1) we arrive at the Riccati equation 

- V 2 S + (VS) 2 — n 2 = 0. (115.6) 

2ni 

Were n a constant, then S would be a linear function of the co¬ 
ordinates and V 2 S = 0. If n varies slowly, only a small effect of non- 
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linearity is to be expected in the exponent of (115.2) over a distance A. 
Since, in any direction x, we have 

S(x + A) = S(x )+A S\x )+i A 2 S"{x) +■■■, 

the non-linear term j A 2 S" can contribute very little to the exponent, i.e. 

2 1 1 
y -A 2 S" 4 1 or |V 2 S|«y 


The first term of the Riccati equation (115.6) therefore is small compared 
to the other two so that, in a first approximation, we get the eikonal 
equation instead: 


(V S) 2 = n 2 . 

(115.7) 

Let us now expand 


a / a y 

S=S 0 + il ^2^“" 

2ml \2nilJ 

(115.8) 

with respect to the dimensionless parameter 


A 

2tt/^ L 

(115.9) 


Eq. (115.6) then yields the following set of equations: 


(VS o ) 2 -n 2 =0, 

IV 2 S 0 + 2V S 0 -V Si= 0, 
l V 2 S 1 +(VS 1 ) 2 + 2V5 o -VS2 = 0, 
/V 2 S 2 + 2VS 1 -VS 2 + 2VS 0 -VS 3 =0, etc. 


(115.10) 


In these equations, the derivatives only occur so that we may introduce 
the dimensionless vectors 

y„ = VS„; (115.11) 

then 

/V 2 S, = /(V- y„) 

becomes the dimensionless divergence of y n , and the set of equations 
will run 

yl = n\ 

3VJ\>= -iHy-yo), 
y2-yo= -i(7(V-yi)+y?], 

>V.Vo= -iP(V-y 2 )+2yry 2 ]> etc. 


- 

► (115.12) 

- 
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These equations permit the successive determination of the y n from 
whom, according to (115.11), the S n may be determined by quadratures. 
We do not, however, go into details about boundary conditions here. 


Problem 116. Radial WKB solutions 


To apply the method developed in the preceding problem to the deter¬ 
mination of the radial wave functions for a potential of spherical 
symmetry. 

Solution. If the eikonal depends upon one variable r only, the wave 
equations 


with 


may be reduced by putting 


2 ni 


Xi~ G 


Sir) 


to Riccati equations 


+ 


2ni dr 2 \dr) k 2 


The expansion 


0 


(116.1) 


2mE 

(116.2) 

h 2 

II 

*.1 


(116.3) 

Q 2 

F = ° 


(116.4) 

2 

S 2 +‘" 


(116.5) 


with the dimensionless parameter 


£ = 


2nR 


< 1 , 


(116.6) 


where R is a radius characteristic for the extension of the scattering 
region, then leads to the equations 

S' 0 2 = Q 2 /k 2 , 

S ' C' 1 O C" 

1 Oo — 2 ^ 

S' 2 S' 0 = -^[R S';+S’ 2 i 
S' 3 S' 0 = -±[RS^ + 2S;S' 2 ], etc. J 


(116.7) 
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Introducing dimensionless functions 


we obtain 


y n (r) = S'„(r) 


y 0 = 

Jl = 

y 2 = 

J 3 = 


±Q/k, 

2 Jo 

_Ryi+y± 

2 Jo ’ 
flj' 2 + 2jij 2 
2j 0 


(116.8) 


etc. From these equations we may consecutively express the functions 
y„(r) by y 0 (r) and its derivatives: 


etc. If 


R y' 0 R 2 

^ 2 y 0 ’ y2 4 


R 3 (y'o 

.Jo Jo 

~ 8 \Jo ' 

6 4 

Jo 



H 2 \ 

2 ylr 


Jo = 



/(/+ 1 ) 

k 2 r 2 


(116.9) 


(116.10) 


is real, all the functions y n (r) also become real, and since we have ex¬ 
panded S into powers of the purely imaginary parameter e/i, the con¬ 
tributions of the S n become alternately real and imaginary, leading to 
alternate corrections of phase and amplitude in the radial wave func¬ 
tion Xi(r): 


M = exp 


r 


t* 




dr \ i e 

-=-S-J0+Jl +-J2 + 
R le i 



(116.11) 


If we invert the sign of j 0 , the odd functions j 2n +i remain unchanged 
and thus also the amplitude corrections, whereas the even functions 
y 2n invert their signs too, leading to the complex conjugate solution. 
Hence, the method yields a complete fundamental system of solutions. 


Problem 117. WKB boundary condition of Langer 

At the classical turning point r t in a repulsive potential field (distance 
of closest approach) the WKB approximation has a singularity prevent¬ 
ing formulation of a boundary condition. This difficulty can be circum- 
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vented by replacing the differential equation which has the WKB 
functions as exact solutions by another differential equation which (a) 
agrees with the Schrodinger equation in the vicinity of the classical 
turning point, and ( b ) agrees with the WKB differential equation else¬ 
where. This procedure is best performed using 

x=]dr Q{r) (117.1) 

rt 

instead of r as independent variable. 

Solution. Since 


Q 2 = k 2 



m 

E 


/(/+1)\ 

k 2 r 2 ) 


k 2 rt(r) 2 


(117.2) 


vanishes at the classical turning point, the WKB functions 

u = Q~? expj + z J</rg(r)j (117.3) 

have a singular amplitude at r = r t . We want a solution remaining 
finite at r t so that we may continue the oscillating solution of the domain 
r>r t by an exponentially decreasing solution in r<r t . 

The variable x defined by Eq. (117.1) can easily be introduced by 
the relation 

d _ d 
dr ^ dx 


which transforms the radial Schrodinger equation into 

X + ^X + X = 0 (117.4) 

where the dot denotes differentiation with respect to x. On the other 
hand, the WKB functions (117.3), 

u=Q~±e ±ix , (117.5) 

form a fundamental system of solutions to the differential equation 


u" + 


3 r i r 

4 q 2 2 e. 


u — 0, 


(117.6) 


the prime denoting differentiation with respect to r, or in the variable x, 


-_.fi 

u H- u + 

Q 


16 

4 Q 2 2 Q_ 


u— 0. 


(117.7) 
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In the vicinity of r—r t the function Q 2 becomes linear in the dif¬ 
ference r — r t so that the integral (117.1) will become proportional 
to (r — r t )%: 

Qcc{r-r t f; xcc(r-r t f\ 

hence, 

gocxi (117.8) 

In this infinitesimal region, therefore, we find 


The two differential 
for rczr t by 


Q 1 J 

— = — and — = 
Q 3x Q 


9x 2 


equations (117.4) and (117.7) then can be replaced 


1 

x +—x+x=o 

3x 


(117.4') 


and 

a+ -k u+ ( l -d?) u ’ 0 - (mr) 

Changing the notations into 

X=x>(p(x); u = x*f{x) (117.9) 

these two equations render 

4> + ^<i> + ( l-^Wo; (117.4") 

/ + i/ + (l__L) /=0 . (117.7") 

Both these equations are of Bessel type with solutions 


<P(a)=J ± i(a); f{x) = J ± ±{x). 

Taking account of J v (jc)ocx v for small x, this gives the fundamental 
solutions for x behaving as x° and x\ both finite or zero at x = 0, and 
for u behaving as and x% one singular and one zero at x = 0. This 
is the singularity of the WKB solution at the classical turning point 
preventing the formulation of the boundary condition. It can be removed 
by replacing the term 1/4 x 2 in (117.7") by 1/9 x 2 as in (117.4"), i. e. by 
adding 5/36 x 2 in (117.7"), (117.7') and (117.7). This means an alteration 
of the WKB equation (117.7) only in the neighbourhood of x = 0 and 
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leaves it unchanged elsewhere. Let v(x) be a function satisfying this 
differential equation, replacing the WKB equation (117.7), then 


u + — u + 

Q 


5 1 Q 2 1 Q 

1 .I-— j— — 

36x 2 4 Q 2 2 Q 


v = 0 


(117.10) 


is the differential equation wanted. 

Writing the solution, in analogy to (117.3) or (117.5), in the form 


we arrive at 


F + 


v(x) = Q * F(x), 
5 


1 + 


36 x 2 


F = 0 


leading to the complete solution 


v(x) = 


-{C 1 Ji{x)+C 2 J_l(x)} 


(117.11) 

(117.12) 


(117.13) 


In consequence of (115.8), this solution has no singularity at x = 0 and 
differs from the WKB equation only by replacing the factors e ±ix by 
1 fxJ +i(x) which, for again asymptotically becomes 


]fx J ± |(x) 



(117.14) 


We are now prepared to formulate the boundary value problem. 
Knowing the complete solution (117.13) for r>r t where <2>0, jc> 0, 
we need its continuation into the domain r<r t where 

3i)t 

Q = i\Q\; x = e~^, ^>0. (117.15) 


For small values of the complex variable x there hold the relations 


JJx) = 


1 /x\* . x 1 fx s 

nijw ; ■ ,_i<x)_ ?(|jV2 / 


leading for the imaginary values of x, Eq. (117.15), to 


Jx{x) ■■ 


YiV 


ni)\2. 


J-dx) = 




m\2. 


The so-called modified Bessel functions / v (£) defined by 
J.(x) = // i (0; J-x(x)=-iI_x(0 
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are real for real £ > 0. So is the modified Hankel function 


x,(0=--—[/_,(9-UD] 

2 sinv7i 


in 

2” 


e 2 


its asymptotic form for large real £>0 being 

n 


KM)- 




U 


(117.16) 


Using this general mathematical apparatus, the solution (117.13) 
with the argument (117.15) may be written 

"to- = / jlj . 


Since the solution wanted shall decrease when penetrating the potential 
barrier, i.e. with increasing as the combination (117.16) does, we have 
to put 

C 1 = C 2 , say, =C (117.17) 


and arrive at 


»(*) = 



KM) 


On the other hand, the phase angle at large values of x > 0 is thus deter¬ 
mined. If we go into (117.14) and (117.13) with (117.17) we find 



This agrees asymptotically with the WKB solution (117.3) but definitely 
fixes the phase angle. 

NB. The discussion of the solution in the vicinity of the classical turning 
point can be simplified by using the Airy functions, cf. Problem 40. 

Literature to Problems 113—115. Wentzel, G.: Z. Physik 38, 518 (1926). — 
Kramers, H. A.: Z. Physik 39, 828 (1926). — Brillouin, L.: C. R. Acad. Sci. Paris 
183, 24 (1926). — Langer, R. E.: Phys. Rev. 51, 669 (1937). 


Problem 118. Oscillator according to WKB approach 

The harmonic oscillator levels shall be found by applying the boundary 
conditions of Langer to the WKB wave functions. 
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Solution. In the oscillator potential 

V(r)=$mco 2 x 2 (118.1) 

the turning points of classical motion at an energy 

E=jmv 2 , (118.2) 

with v the classical velocity at x = 0, lie at 

v 

x=±x 0 ; x 0 = — . (118.3) 

03 

It follows that 

(1184) 

The WKB wave functions, satisfying the Langer boundary condition at 
turning point *= — x 0 , become 


w(x) — Q^ cos dx Q(x) - 


(118.5) 


Evaluation of this integral for the function Q(x) defined by (118.4) 
making use of 

mv v 2E 

kx 0 = -- = — 


h (a hco 


yields 


< f E r . X X~\ / X 2 7C I 71 1 

fiW=e-*cos|— sm - + /l- + - . ( 118 . 6 ) 

{JiW |_ aq Aq aq A _J J 


This solution has still to be adapted to satisfy the other Langer boundary 
condition at x = +x 0 as well. That means either an odd or an even 
function. With the abbreviations 


>>(*) = t— sin 
h(o 


x x / x 2 E n n 

x 0 x 0 ! xl_ ’ ^ ho) 2 4 


(118.7) 


where y(x) is an odd function, y( - *) = — y(x), we obtain 

u(x) — Q~^ cos{y(;c)+<p} = <2 - ^ (cosy cos<p —siny sin<p} 
so that u becomes even if 


<P — 2n — ; u 2n (x)=Q *(-!)" cosy 


(118.8a) 
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and it becomes odd if 

<P=(2»+1)|; S 1 . + iW=fi- i (-ir +I «iii^. ( 118 . 8 b) 

Both conditions for q> may be summed up in one formula 

n 

(p = n — 

2 

or, according to (118.7), 

E = hco(n+$). (118.9) 

Negative values of n can be excluded, because they would not satisfy 
the condition E>V min =0 necessary for applying the WKB approach. 

To get an estimate of the quality of the WKB approach to the wave 
functions it is interesting to compare the position of their zeros for the 
WKB functions u n and the exact solutions u n given in Problem 30. 
They are compiled in the accompanying table. 


n x/x 0 values of the zeros of 
u„ u„ 


0 

— 

_ 

1 

0 

0 

2 

±0.320 

±0.316 

3 

0 

±0.466 

0 

±0.462 

4 

±0.1754 

±0.553 

±0.1750 

±0.550 


Problem 119. WKB eigenvalues in a homogeneous field 


In the gravitational field 

V(z)—mgz 

above the surface of the earth at z=0 the eigenvalues of stationary 
motion shall be determined in WKB approximation. Cf. the exact 
solution in Problem 40. 


Solution. There are two classical turning points at z t = 0 and 
z 2 — E/mg. The Langer condition at the left turning point z x =0 leads to 



dz Q(z) - 



u(z) — Q^ cos 


(119.1) 
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with 


Q{z)=k 


\ mg 

1-z. 

E 


Integration is elementary and yields 
u(z)=Q~$ cos |y kz 2 


1 


4 1 


(119.2) 


(119.3) 


On the other hand, a Langer condition has to be satisfied at z=z 2 . 
Using the variable y — — z, this again becomes a left turning point 
so that 22 


w(z)=±Q *cos< 

K | 'St 
1 

1 

©> 

V_ 

>=±Q *cos < 

t 

r ] 

, It 

dz Q(z) - - 


,- z ° 


>. J 


or 


u{z)= ±Q % cos< 


z 

J 


1*2 


dz Q(z) + 


n 


(119.4 a) 


Since the relation (119.1) may be generalized to 


m(z) = <2 ^ cos<( 1 dz Q(z) — 


n 


. z 1 


(119.4 b) 


we find that the arguments of the cosines in (119.4a) and (119.4b) can 
only differ by an integer multiple of n: 


z 

J 


Z1 


dzQ(z)-^= dz Q(z) + ^ + nn 


*2 


or 


22 

1 

Zl 


\dz Q(z) = {n+j)n. 


(119.5) 


This is the general WKB eigenvalue formula which we now apply 
to our gravitational field: 


%kz 2 = {n+$)n. 


(119.6) 


22 The double sign in this formula is left open in the derivation of the Langer 
formula because it is independent of normalization. 
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Replacing k by the energy and putting z 2 = E/mg, this leads to the 

final result _ - 

E„=i[3rt(n+%)]$ ]/h 2 mg 2 , (119.7) 

a formula which agrees with the asymptotic expression (40.14) of the 
exact solution. 

NB. The result (119.5) can easily be applied to the harmonic oscillator of 
Problem 118 where 

i JCO 

•J dxQ(x)-^x 

-XO 

leads directly to the level formula 

E = ha)(n +%). 


Problem 120. Kepler problem in WKB approach 


To determine the eigenvalues in the attractive Coulomb field 

e 2 

V(r)= - - 
r 


by applying the WKB method to the radial wave equations. 
Solution. The WKB eigenvalue condition 

| Q(r)dr=(n r + j)n; n r = 0,1,2,... 

»"x 

with 


Q 2 


(120.1) 


( 120 . 2 ) 


and r t <r 2 the two classical turning points may be applied to negative 
as well as to positive energies E. The symbol V e{{ means inclusion of 
the centrifugal term, with 1(1+ 1) replaced by (/+i) 2 (cf. Problem 121). 
In our case, therefore, we have 




2mr 2 J 


or, using the abbreviations 

k 2 _ 2mj£| 

IV V? 9 u 0 5 

h me 1 


(120.3) 


A = Z + i 


(120.4) 
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with which the turning points become 
1 


1 


r, = 


1 k 2 a 

we have 


{1—|/1—(AM 2 }; r 2 = -^{l+]/i-(lka) 2 } (120.5) 


k 2 

Q 2 = 


( 120 . 6 ) 


The eigenvalue condition (120.1) therefore becomes 

r 2 


r 2 

I d r 

— ]/(r-r 1 )(r 2 -r) = {n r + ^)n. (120.7) 


The integral (120.7) may be evaluated in three steps. First substituting a new 
variable x by putting 

r = i(r2-ri)x + $(r 2 + r 1 ), 

the quadratic form under the root is diagonalized. This may be followed by a second 
substitution of 

/l — x 


1 -t-x 


which leads to a rational integral: 


+ 00 

. ( r 2~ r i) 2 J ( 


with 


* J V + l ) 2 (>’ 2 + P 2 ) 2 “ ( " r + * ) ” 


P 2 = r 2 /ri- 


Deformation of the integration path into an infinite half-circle in the upper half 
of the complex y plane leaves us with the poles at y = i and y=ip, the latter 
being a second-order pole. Taking the residues, we finally arrive at 


7t 


-kr^]/ r 2 /r 1 -1) 2 = (n r +$)n. 


( 120 . 8 ) 


With Xka = t this may be written 


A 
21 

or more simply, 


[1 _,/I3p ] (l/i±l^_ 1 ) = „,+ ■ 
\K i-l/I ^t 2 / 


, l -t . 

A—= n r + 2- 


(120.9) 


t = 


n r +i+A 


or ka = 


1 


n r +j + A 


It follows that 
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hence, according to Eq. (120.4): 

me 4 1 

2h 2 (n r +j + X) 2 


( 120 . 10 ) 


Since X —l+j, this renders the well-known exact eigenvalue relation 
with the principal quantum number 


n = n r +1 + 1 . 


(120.11) 


NB. In order to get this result it was essential to use (I+ 2) 2 in the centrifugal 
term instead of /(/+1). This means that even for an S state this term does not 
vanish. Had we omitted it above and used 


Q 2 = 


2m 

V 




we should have arrived at half-integer quantum numbers n. This is easily seen. 
With 2 = 0, the turning points follow from (120.5) to lie at r 1 =0,r 2 = 2/(k 2 a), and 
the condition (120.8) may be written 


^k(\/r 2 -V7 1 ) 2 =~ = {n r + %)n. 


Problem 121. WKB phases in the force-free case 


To show that, by replacing 1(1+ 1) in the radial wave functions by (l+?) 2 , 
the asymptotic behaviour of the wave functions of the forcefree case 
becomes correct. 


Solution. According to Eq. (117.18) we find for V=0 in arbitrary 
normalization, 

WKB — (j _ ^ 

*' ~V 

where A. 2 = 1(1- l-l) and the turning point is at r t =X/k. The amplitude 
factor of this function tends towards 1 at large r and may thus be omitted 
in a discussion of the asymptotic behaviour. The integral may easily 
be evaluated in the variable x=rjr : 




sin< 



k \ dr\ 1 — 


X 2 Tt 

r~ + 4 


k 2 - 2 


( 121 . 1 ) 



Expanding this expression into powers of rjr < 1 we get 


r t 


l 

r 2 \ r t 

4 +-+•• 

n 


LrA 

" 2 

r 2 ) r 

~ 2_ 
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Hence, the WKB function, at large values of r, becomes 

Xj WKB -v sin (k r - y k r t + = sin (k r - ^A - ^)) • < 121 - 2 ) 

On the other hand, the exact solution, in the same normalization, is 

%=ji(kr)-*sm(kr - . (121.3) 

The expressions (121.2) and (121.3) become identical for large r if 

A-£=/ or A = /+i (121.4) 

thus replacing /(/+1 ) by (l+j) 2 in the centrifugal term as was to be 
proved. 


Problem 122. Calculation of WKB phases 


To prove that, when replacing 1(1 +1) by 

A 2 = (/+i) 2 , 


( 122 . 1 ) 


the asymptotic phase of the radial WKB wave function determined by 
the Langer condition (Problem 117) can equally well be found according 
to the formula 


3 x = k lim<! 


f 


dr 


L v a 2 r 

1 - — - - dr 


1 


k 2 r 2 


( 122 . 2 ) 


J \ E k 2 r 2 

. n A/k 

i.e. as difference of the WKB integrals with and without scattering 
potential, each integral taken from its own turning point. 

Solution. The Langer expression for the phase d t follows from 
Eq. (117.18) giving asymptotically for large values of r, 


sin dr 


' V A 2 n 
l ~~E~¥r 2+ 4 


■ fi ln 

sinl kr -b <5j 

\ 2 ) 


i.e. 


b x — k lim< dr 


V 

~E 


k 2 r 2 



(122.3) 
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The identity of the expressions (122.2) and (122.3) can easily be shown, 
since (see Problem 121) 


f* 

dr 

1 X 2 X 

1 , = 


/ r 2 . X/k n 

/ , 1 + sin" 1 

J 

1 k 2 r 2 k 


/ (X/k) 2 r 2_ 


X/k 

tends towards 

2j k 2 k\ 2)2 

for large r. Putting this into (122.2) for the second integral, it becomes 
identical with (122.3) as had to be proved. 


Problem 123. Coulomb phases by WKB method 


To determine the asymptotics of partial waves in a Coulomb field in 
WKB approximation and to compare it with the exact solutions. 


Solution. Using the abbreviations 

2mE Z 1 Z 2 e 2 

~T2~ = k > —7 - = = 

hr hv 

we have the asymptotic behaviour (cf. Problem 111) 

In 


ftocsinl kr -— x log2/cr + ^, 

V 2 / 


with 


7/j = argF(/+l+ix). 

On the other hand, the WKB method yields 


• (r l7C / 

^ocsinl kr -b o t 

V 2 , 


with 


<5, = lim< dr 


2 xk X 2 


<k 2 - 


r 



t X 2 

dr 

r-7\ 

x/k 

J 


(123.1) 

(123.2) 

(123.3) 

(123.4) 

(123.5) 


We therefore have to show that (123.5) is an approximation to the 
exact expression, 

S t = — x\og2kr+rh (123.6) 


with rh given by (123.3). 
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With the variable x=kr and the abbreviation 

X — x 2 — 2xx — X 2 

we may write 


with 


^ Xt A 

x t = x + ]/x 2 + X 2 . 


The integration formula 

dx 
x 


1 


]/X = ]/x - x log(x - x + ]/X) + X sin -1 

x]/x 2 + X 2 


leads, with the correct integration bounds, to 
(5, = lim jj/X — |/x 2 — X 2 — x log ; 


:-x + ]/X 
]/x 2 + X 2 


+ A 


. xx + X 2 . 1 
sin -— - — — sin — 


x]/x 2 + X 2 x . 

Expanding into powers of 1/x, the limit may be evaluated. The result is 


<5, — — >c + xlog|/x 2 + A 2 +/lsin 1 


x 


]/x 2 + X 

or, with (123.6), there holds the WKB approximation 
ru = x{\ogx-l) + xf(^j, 

f ( z) = log ]/1 +z 2 + z sin -1 


— xlog 2 x 


\/TT: 


(123.7) 


We now have to compare the WKB result (123.7) with the correct 
expression (123.3). 

In the accompanying table we give a few numerical values for the 
example x=2. Computation of the WKB values according to (123.7) 
is straightforward; the computation of the 17 ,, Eq. (123.3), follows the 
relations 

i/, = tan -1 y + >?,_!; (123.8a) 


rj 0 = ^ + x(l°gx-l)- 1 


I2x 


1 

360 x 3 " 


(123.8 b) 
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with (123.8 b) a fairly convergent series for x> 2. The results are in 
good agreement. This may be seen more explicitly for 1=0 when 


l 

m 

correct 

WKB 

0 

0.130 

0.110 

1 

1.237 

1.222 

2 

2.022 

2.012 

3 

2.610 

2.610 

4 

3.074 

3.076 


Eq.(123.7), with z = l/x=\^\, permits the expansion 

,r»=| + x,.o gK -i,-T +s i ? - 


differing from (123.8 b) only by 


r\o KB -no - ~ 


24 x 


If, on the other hand, Xpx, and A> 1, Eq. (123.7) yields 
/ xWKR x x x x 3 

ini + 1-rii) ~J~2P + 3P~JX 3 '" 

whereas it follows from (123.8 a) that 


(»7 I+ i-^r ac, = 


X X 


X X J 


A 2 A 2 4 A 3 3A 3 
so that the difference of the two expressions tends to zero as 


x 


12A 3 ’ 


This means that continuing our table beyond 1 = 4 will not lead to 
any appreciable deviations of the WKB from the exact phase values. 


Problem 124. Quasipotential 

Instead of the variable r, it is often useful to introduce a new variable 
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(Sabatier transform). Then the WKB phase can be written as a simple 
integral in this variable with a quasipotential 

G(0 = 2£log^ (124.2) 

essentially replacing the potential V(r). 

Solution. With the abbreviation 

[l + $)/k = b (124.3) 


(“collision parameter”) the WKB phase may be written according to 
( 122 . 2 ), 

<5 i — k lim 

r~* oo 

where r t is the largest zero of the radical in the first integral. It is a 
little troublesome that the limit for r-* oo exists for the difference only 
of the two integrals, each single integral tending towards infinity and 
both having different lower bounds. 

This difficulty, however, may be remedied by using the transforma¬ 
tion (124.1) which alters the first integral in (124.4) into 



\- b - 
x 2 


(124.4) 


j <««> 

r t b 

This, of course, can only be done if the transformation t = t(r) may be 
uniquely inverted into r=r(t), i. e. if t is a monotonous function of r. 
If we put (124.5) into (124.4) and replace the letter r in the second 
integral of (124.4) by the letter t, we arrive at 




(124.6) 


This integral may even be more simplified by a partial integration, 
making use of the identity 


the result is 


d\ogr 1 d r(t) 

~Jt 7 = ^ log T ; 

00 

1 f dtt <2(0 

2 J i/przp E 


with <2(0 the function defined by Eq. (124.2). 


(124.7) 
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The function Q(t) differs little from V(r) as long as |F(r)|<^£. This 
may be seen if we write instead of (124.2), 


fi(t)=-£log 1 



(124.8) 


which, in first approximation, yields Q{t) = V(r). In particular, the zeros 
of Q(t) and their immediate neighbourhood will entirely coincide with 
V{r) in the same regions. 


Literature. Sabatier, P. C.: Nuovo Cimento 37, 1180 (1965) introduced the 
transform (124.1). The quasipotential method was developed by Vollmer, G., 
Kruger, H.: Physics Letters 28A, no. 2 (1968). Details are given by Vollmer, G., 
in: Z. Physik 226, 423 (1969). 


F. The Magnetic Field 


Problem 125. Introduction of a magnetic field 

To construct the hamiltonian in presence of a magnetic field, and to 
show that the occurrence of the vector potential in the thus extended 
Schrodinger equation does not contradict gauge invariance. 

Solution. A magnetic field, described by a vector potential A, is 
shown 23 in classical mechanics to cause the momentum p of any particle 
of electric charge e, to be replaced by 

P = p--A (125.1) 

c 

so that the unrelativistic hamiltonian becomes 

H^^-(p--A) +e^(r)+V(r) (125.2) 

2 m\ c J 

where is the scalar electromagnetic potential, and V(r) any other 
potential due to non-electromagnetic forces (e. g. nuclear forces). This 


23 This is shown by using the hamiltonian (125.2) to construct the canonical 
equations and, by eliminating momenta, deriving the equation of motion, 



i. e. the correct expression for the Lorentz force acting on the particle of charge e. 
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classical expression may be translated into quantum mechanics re- 

fl 

placing p by the operator —V. We thus arrive at the generalized 
Schrodinger equation 1 


with 


As 


h dil/ 

- = 

i dt 


fa 2 ehi e 2 

H= - — V 2 +-—(V-,4-M-V) + -- 2 A 2 + e$+V. 

2m 2 me 2 me 2 


(125.3) 


V- A\]/ = ij/drvA+A-Vil/, 
this may be simplified to 

fi 2 p fi p 2 

H = - — V 2 -l-i(A-V + idiv,4) + -- ~A 2 + e<P+V. (125.4) 

2m me 2 me 2 


In the classical theory of the Maxwell field it is further shown that 
the vector potential A and the scalar potential may be subjected to 
the simultaneous gauge transformation 

A-+A' = A+V X ; = <p--x, (125.5) 

c 

where x is an arbitrary function of space and time, without any change 
in the field strengths 

0S = cui\A; $= -grad(P — — A. (125.6) 

c 

This gauge invariance must also hold in quantum theory, if the field 
strengths only, and not the potentials, are to determine physical 
phenomena. 

If we now simply put (125.5) into the hamiltonian (125.4) we would, 
of course, get a number of additional terms destroying gauge invariance 
of the Schrodinger equation. To dispose of these terms becomes possible 
only by letting the wave function take part in the gauge transformation. 
Since il/*ij/, however, has a physical meaning and should no more be 
altered by the transformation than the field strengths, there only remains 
to try 

i//-*il/' — e ia i// (125.7 a) 

where a may still be any appropriate function of r and t. Then, 

Vi y = e“* {V^ + i^Va}; 

VV = e ia {VV + 2iViA-Va + iiAV 2 a-(Va) 2 ^}; 
i (/' = e ia {\J/ + i&il/}. 
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Putting these expressions into (125.4) and replacing A and <P simul¬ 
taneously by A' and <P' according to (125.5), we find 


h 2 


~ ia H'V = - ^-{V 2 iA + 2iVa-V^-H>V 2 a-(Va) 2 t/t} 
ch 

+ — i{A- V»A + i>/l-Va + VyViA + i>Vx*Va+^(V-d)+i^V 2 Z } 


me 


+ 


{A 2 +2A ■ V x+ (V x ) 2 },J, + (e0 - f *V+ . 


2 me 2 

We rearrange the terms and get instead 


eh ( 

+ — iV(x 

me V 


he 


a Vi// 


+ 


eh 

2mc 

e 2 

2 me 2 


he 


he 


i V 2 Z --a +—.A-V x--a }rj, 


me 


he 


h 2 c 2 


e 

2 1 


(V X ) 2 -2 — V r Va + —(V °0 2 r 


-X'I'+V'I'- 

c 


This expression apparently contracts in the desired manner by setting 

<x=^X. (125.7 b) 

he 

after which there remains 

e~ ia H'\l/' = Hil/ --M- 
c 

Since the other side of the Schrodinger equation (125.3), by the same 
transformation, renders 

- 4e“ ia i J/'= - 4(^ + ia^)= - -T^ ~ - X'A. 

i i i c 

where the last term will cancel on both sides, Eq. (125.3) again emerges 
in the primed quantities. This proves the gauge invariance of the theory 
if i j/ is transformed according to (125.7 a, b). 


Problem 126. Current in presence of a magnetic field 

To derive the current density for the Schrodinger equation with vector 
potential, and to prove its gauge invariance. 
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Solution. The probability conversation law has been derived in 
Problem 1 by constructing an equation of continuity from the Schro- 
dinger equation and its complex conjugate. We shall proceed in the same 
way here, starting from 


fi 2 gfi 

-V 2 ^ H- i(A ■ V+jdi\ A)i// 

2m me 


+ 


v2mc‘ 


A 2 + e<P+V U = 


h 8ij/ 

i dt 


(126.1a) 


and 


h 2 ~ eh 

^V 2 f-- 
2m me 


+ 


i (a • V + y div a\ i//* 


A 2 + e<P+V )i J/* = + 


h di//* 


,2 me 4 


i dt 


(126.1b) 


Multiplying by i j/* and if/, respectively, and subtracting (126.1b) from 
(126.1a) we get 

-^^(il/*W 2 il/ — il/W 2 il/*) + ~i{A-V(il/*il/) + iJ/*il/dmA} — — ^ J^(<A*i/0- 


Since 

and 


ij/* W 2 ij/ — i//S7 2 iJ/* = div(i l/*Vij/ — if/Vil/*) 


7 2 \h* 


A ■ V (ij/* if/) + ij/* i//di\ A = div(^4 1 p*ij/), 

the left-hand side may be written as the divergence of a vector field. 
Keeping the definition of probability density, 

p — if/* \j/ 

we thus arrive at an equation of continuity, 


(126.2) 


divs + -J- = 0 

dt 


with the probability current density 
h 


2mi il/Vij/* — 2i j^-Ail/*^ 


(126.3) 


(126.4) 


This is a generalization of Eq. (1.6) derived for A =0. 

Applying the gauge transformation derived in the preceding problem, 


A' = A+Vx', <//' = e ia il/; a = —x, 

he 


(126.5) 
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we find 


and 


tj/ ViA*)'= iJ/*(Vil/ + iil/ Va) - 1 - i ip* Va) 
= (i/i* V«/i —i/iVi/i*) + 2ii/i*i/iVa 

he he 


= — 2i^-A \J/*il/ — 2i Va 

it C/ 

thus showing the gauge invariance of the current density (126.4). Ob¬ 
viously, this invariance will hold for p, Eq. (126.2) as well and therefore 
for the law of conservation. 


Problem 127. Normal Zeeman effect 


To determine the stationary states of an electron in a central field to 
which an homogeneous magnetic field is applied. The electron spin 
shall not be taken account of. 

Solution. Neglecting effects of a relativistic order, the differential 
equation for the electron charge — e becomes 


h 2 ~ eh... 

— -— V 2 u - i(A • V)m + Vu = Eu. (127.1) 

2m me 

Here A has been taken in a gauge making div/1 =0. This can, for an 
homogeneous field in z direction be done by setting 


Then, 


A x =-\j^y, A=^jfx\ A z = 0. 


AVu = ^Jtf’lx 


du du\ _ 1 5m 
dy ^ dxj 2 d(p 


and (127.1) can be written 


h 2 ~ eh M .du 
— -—V 2 u — -—i -—b Vu = Eu. 
2m 2 me d(p 

The magnetic term may as well be written in the form 


(127.2) 

(127.3) 


(127.4) 


e 


l 


2m c 


(127.5) 
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with L the angular momentum operator whose z component is 


K 


h d_ 
i d(p' 


According to the Maxwell theory of the electromagnetic field, a charge 
— e moving with angular momentum L originates a magnetic dipole 
field of magnetic moment 

M = — L (127.6) 

2 me 


so that (127.5) may be written in the form — M-tff. This is in fact the 
well-known expression for the potential energy of a dipole M in a 
field JT. 

The differential equation (127.4) may be solved by 

u^fMY^cpy, (127.7) 


the magnetic term then yields 


eh 
2 me 


JP gu 


so that we may write, instead of (127.4), 

~^-V 2 u + Vu = (e—— jPg\u. (127.8) 

2m \ 2 me / 

This is the same differential equation as the one for Jf =0 whose 
eigenvalues we will denote by E° tl . The eigenvalues of the system under 
action of the magnetic field then shift to 

E n.,., = E °n.l + (127.9) 

or, as hfi — L z , according to (127.6), 

E.j,. = (127.10) 

as was to be expected even by classical considerations. 

The characteristic magnetic moment eh/(2mc) is called the Bohr 
magneton, the quantum number g the magnetic quantum number. We 
have the same eigenstates now as for — 0, but the orientation de¬ 
generacy in the energy values is destroyed by the magnetic field. 


NB. The energy formula (127.9) might as well be obtained by treating the 
magnetic energy operator (127.5), 
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as perturbation. The first-order energy shift then is the diagonal element of 
formed with the unperturbed eigenfunctions, 

AE „,i,n = 

h u -'-=£rc* h >‘- (12712 > 

This approximation is in perfect agreement with the exact result (127.9) because 
the zero-order eigenfunctions in the integral (127.12) are identical with the exact 
ones.—See also Problem 216 for selection rules. 


Problem 128. Paramagnetic and diamagnetic 
susceptibilities without spin 


For one bound electron without spin in a central field, formulae shall 
be derived for the paramagnetic and diamagnetic susceptibilities. 

Solution. If a magnetic field Jf\\z is applied to the atomic electron 
under consideration, having the hamiltonian H 0 , we get 

H — H 0 — — M • V + x/4 2 (128.1) 

me 2 me 


if the vector potential is normalized to vanishing divergence. This 
can be achieved with 


y\ 


A y = x; 


A = 0 


(128.2) 


so that 


eh je( d d\ e 2 Jf 2 . 

h=h o + —- *t-) + ~—2 --r( x +y ) 

me 2 \ ox oyj 2me 4 


or 


eJt e 2 3tf 2 

H = H 0 + r-L* + --?r 2 sin 2 S. 


2 me 


8 me 


(128.3) 


The magnetic energy perturbation, up to second order, in a state 
|n> (where n stands for all quantum numbers of the electron state) becomes 


/ eJf e 2 Jf 2 , 
d£ n =(n|^— L z + 


2 me 


Kmc 2 


r 2 sin 2 d| nj + Y,' 


/ e * . , ' 


E.-E. 


(128.4) 

Let all the atoms of a substance be in their ground state (which is a 
reasonable assumption since the excitation energy, in general, amounts 
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to several eV’s and is thus much larger than the thermal energy available). 
Let this ground state have an angular momentum h l, then there may yet 
occur any orientation with component hm l in field direction. The first 
term in (128.4) then, for one atom, contributes the magnetic energy 

= (128.5) 

2 me 


The number of atoms with angular momentum component m, is, in 
thermal equilibrium, proportional to the Boltzmann factor exp (— E {1) /k T) 
so that the thermal average of the magnetic energy term becomes, per 
atom, 


+i 


_ P ft 

2 me 


X m l e~ am ' 

mi = — l 


+ 1 

I e- 


ami 


with 


eh 

2me kT 


(128.6) 


mi = —l 

For all reasonable field strengths JF, the dimensionless quantity a is 
small (a<^ 1) so that the exponentials may be expanded, 


£m,e ami X( m /~ amf +ja 2 mf ...) 
Xe'"”' ]T(1 — am i +^a 2 m, 2 ...) 


All the sums are symmetrical about m, = 0 so that all odd-power sums 
vanish and the expression reduces to 

-a^m ; 2 + 0(a 3 ) $l{l+ 1)(2/+1) + - 

XI + 0(a 2 ) “ a (2/+l)H— 


where the neglected terms are of the order a 2 smaller than the leading 
ones. Thus we arrive at the magnetic energy per c.c., with N atoms 
per c.c., 


E {1) N=-N 


eh / eh 




2me \2 me kT / 


\m+v. 


(128.7) 


Note that the energy becomes proportional to the square of the field 
strength although the original £ (1) was linear. 

The second term in (128.4), 

E (2) — - - <n|r 2 sin 2 3|n> (128.8) 

8 me 1 


turns out to be much smaller than E w (cf. below) so that it really plays 
no large role if the first term does not vanish. The same holds for the third 
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term in (128.4). For all /> 0, therefore, the first term suffices, whereas 
for 1 = 0 the term E i2) determines the magnetic behaviour of the substance. 
Since 


we may write 


1 

47t 


* 


dQ sin 2 d=§, 


E (2) = 


e 2 Jf 2 
12 me 2 


<0|r 2 |0> 


(128.9) 


where |0> denotes a groundstate S wave function and <0|r 2 |0> the 
expectation value of r 2 in this state. No thermal averaging is needed. 
The first and third terms of (128.4) vanish for an S state because of 
L z |0> = 0; so we need not consider them. 

According to Maxwellian electrodynamics a change of by btf 

changes the magnetic energy density by 

bE=-Jlb3te (128.10) 

where Jt is the magnetization, i.e. the magnetic moment per c.c. induced 
by the field. It is supposed to be proportional to 3tf, 

= (128.11) 

the factor x being called the magnetic susceptibility. Combining (128.10) 

with (128.11) we get 

bE= -x^bJe 


so that the magnetic energy density becomes 


E = -\x^ 2 - (128.12) 

If x is positive we speak of paramagnetism, if negative, of diamagnetism. 

The macroscopic expression (128.12) of the magnetic energy density 
must be identified either with (128.7) if MO or with N times Eq. (128.9) 
if /=0. In the first case we thus get paramagnetic behaviour with the 
positive susceptibility. 

1 J efl V W +!) 

X P .,.- 3 ^( 2m J kT , (128.13) 


in the second case diamagnetic behaviour with the negative susceptibility 


e 


2 


6 me 2 


<0|r ! |0>. 


Xdia N 


(128.14) 
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Eq. (128.13) is identical with the classical Langevin expression for 
the orientation statistics of a constant dipole moment 


f* = 



2 me 


(128.15) 


as was to be expected. The diamagnetic susceptibility is much smaller 
than the paramagnetic one (so that we were allowed to neglect it in 
paramagnetic substances) as is seen from the ratio 


X para h 2 Kl+l) L 

X dia 2m(r 2 ) / : 


(128.16) 


i.e. the ratio of rotational electron energy and thermal energy, the 
first 24 attaining several eV’s, the second being of the order of 0.03 eV 
at room temperature. 


♦ 


24 With <r 2 >~(ft 2 /me 2 ) 2 of the order of the square of the Bohr radius, and 
1=1, the numerator of (128.16) becomes me*/h 2 = 27.2 eV. 
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III. Particles with Spin 


A. One-Body Problems 
Problem 129. Construction of Pauli matrices 


A particle of spin \ has three basic properties: 

1. It bears an intrinsic vector property that does not depend upon 
space coordinates. 

2. This vector is an angular momentum (= spin) to be added to the 
orbital momentum of the particle. 

3. If one of the components of the spin is measured, the result can 
be only one of its two eigenvalues, +jh or —jh. 

These properties can be described by using a two-component wave 
function and correspondingly 2x2 matrices for the spin operators. 
These matrices shall be constructed. 


Solution. Let S = —a be the spin vector operator; then according 

to property 2 the three components have to obey the commutation 
relations of angular momentum operators, 


S x S y — S y S x = ti i S z (etc. cyclic) (129.1 a) 

or, written in the dimensionless operators a i , 

a x G y — a y a x — 2io z (etc. cyclic). (129.1 b) 


Since, according to property 3, each o t has eigenvalues +1 and — 1 
only, it ought to be possible to represent these operators by 2 x 2 matrices 
in a two-dimensional Hilbert space. They cannot be all diagonal in the 
same Hilbert coordinate system since they do not commute. Let us 
choose the Hilbert coordinate system in such a way that 


G 


z 




(129.2) 
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is diagonal; then the unit vectors of the coordinate directions are 


« = Q and /)-H (129.3) 

so that 

<r z a = a; G z p=-p. (129.4) 


If a particle is in the state with Hilbert vector a(j8) its spin points in the 
positive (negative) z direction. 

We now write g x and o y in the general form 


a 


X 




(129.5) 


To determine their matrix elements we first use the two commutators 
(129.1b) linear in g x and G y , viz. 


a x o z — a z a x = — 2 ia y , or: 


( 0 
u 2 i 


-2a 

0 


12 


and 


G y G z G z G y -t-2i G x 


or: 


' 0 -lb i2 s 

\2b 2 i 0 j 


This yields, 


= —2 i 

(bn 

b 12 


\b 2 1 

^22 

= +2i 

fan 

a l2 


V*21 

a 22 

^21 = 

+ ia 2 1 

(12 


so that there yet remain only two matrix elements a l2 and a 2i still to 
be fixed. The third commutation relation, 


G x Gy — G y G x = 2 iG z , or: 


2 i Uj 2 a 2 j 0 
v 0 —2ia 12 a 2l/ 


— 2 i\ 


f l 0\ 

-ir 


leads to one relation between them, viz. 

a l2 a 2t ~ 1 • 


(129.7) 


Eqs. (129.6) and (129.7) yet leave one complex number, say a 12 , 
mined. We arbitrarily fix that parameter: 

fli2 = l; 

then we obtain the representation by the three Pauli matrices, 



undeter- 

(129.8) 


(129.9) 
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In terms of the eigenvectors of g z , Eq. (129.3), we may replace (129.9) 
by the equivalent relations 


cr x a = /?; o y <x = ifi ; <r z a = a; 

a x P = or, GyP= —ia; G z p=-p. 


(129.10) 


Problem 130. Eigenstates of Pauli matrices 


To determine the eigenvectors of the operators o x and o y and to show 
that |ai 2 | 2 = l is a necessary condition. What are the properties of the 
two “shift operators” 

a + = <j x + i<j y ; G-—<j x —i(j y (130.1) 

and of the absolute square of the spin vector operator 

a 1 = a x + a y + <r z ? (130.2) 


Solution. Writing a instead of a 12 , the last problem gave the results 




and hence, 


Let 


' 0 a\ 

r /a or 

'0 2a\ 

,o or 

'u' 


Gy = 


G- = 


'0 — ia N 

J/a 0 , 

' 0 0\ 

,2/a or 


T 




•A = =m L + *> «=“« + »/* 


00 


L 


be a two-component wave function, then 


u 1 

<Vj 


' av 
\u/a / 

( 2 A 

U ) 


" 

yV/ 

fu' 


G-\ 


_ iu/a / 

'°\ 

k 2 u) 


(130.3) 


(130.4) 


(130.5) 


(130.6) 


The eigenvectors of g x satisfy the equation g x \I/ — Xi{/ with X an 
eigenvalue, i. e. in components 

av — Xu and u/a = Xv. 
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These relations are compatible with one another only for A=+l. 
Thus we find the eigensolutions 


for Aj = +1: i/q — u\ 
for A 2 = — 1: ^ 2 — u \ 


a/«) = “( a+ H 

.-I /-M-H 


(130.7) 


The probabilities that the spin may point upward (i.e. in the +z direc¬ 
tion) and downward are proportional to the absolute squares of the 
factors in front of the Hilbert vectors a and /J, viz. l:l/|a| 2 . Since there 
is no reason why the one should be greater than the other, it follows that 

|a| 2 = l. (130.8) 


The same consideration is possible for a y . 

Let us, from now on, definitely choose a=l. Then we have eigen¬ 
values Ai = +1 and A 2 = — 1 for each of the three a ?s and the following 
eigenvectors. 


o 


x 



^2-iQ; 


<7 


y 





°z = 





(130.9a) 
*); (130.9b) 

*2=Q. (130.9 c) 


The three Pauli matrices are hermitian operators, = a h with real 
eigenvalues. The two operators 


<r+ 




and 




(130.10) 


are not hermitian, o\=o- and oL = <r + . They have no eigenvalues or 
eigenvectors, because they cannot even be diagonalized. This may be 
seen as follows. 

The most general unitary matrix in two dimensions may be written 
(apart from an irrelevant phase factor) 

/ cos$; sin#e i,s \ 

\ — sin^e"*; cos^e^^y 
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with real parameters #, rj. The unitary transformation of a + then 
becomes 

. . (— sinScosS; cos 2 #e‘^ \ 

. n J, 

\ —sin 2 #e sinScos 

and this cannot be made diagonal for any choice of the real parameters 
since sin$ and cos 9 never vanish at the same argument S. 

If the operators a + and o_ are applied to the Hilbert vectors a and 
(i we find according to (130.6): 

<j+(x= 0; O- oi = 2 f}; er + <r_ a = 4a; <7_<7 + oe = 0; 

cr + ^=2a; <r_ /?=0; o+o-_/? = 0; o~a + f}=4fl. 

When commuted with a z , these operators are essentially reproduced, 

(T+ a z — o z o+ = — 2<t + ; <r_ a z — = +2<7_. (130.12) 

The operators o + and er_, in angular momentum normalization, 

fl \x 

S+ = —<r + ; S_=-<r_ (130.13) 

have the same property as the analogous operators L+ and L_ (Prob¬ 
lem 56) to shift the z component by one (in units h ): 

S + a = 0; S-.(x = hfi; 

S + fi = hoc, S_/f = 0. 

State /? with spin component —jh is altered by S+ into state a with 
+jh, and inversely by S_. Both, S+ a and ft must vanish because, 
according to this shift rule, they would lead to states with +§h and 
—f h not existing in the Hilbert space used. 

We finally investigate the absolute square of the spin operator, 

a 2 = o\ +o* + o 2 z = j(<j+ <r_ + <r_ a+) + of. (130.14) 

It is easily seen that all three of are the unit matrix so that 



is diagonal with its only value 3 for whatever Hilbert vector we choose, 
or—in less sophisticated wording—it is =3. This can also be seen 
from the second form in (130.14) using the relations for a + a_ and <j_(r + 
given in (130.11). 
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Eq. (130.14) leads to S 2 = f ft 2 or, with S being the quantum number 
describing the spin, to h 2 S{S+ 1) with S = j. This* is the meaning of a 
state to have “spin 


Problem 131. Spin algebra 

To show that the three Pauli matrices together with unity form the 
complete basis of an algebra. 

Solution. If 1, a x , a y , a z form a complete basis, no number outside 
the algebra can be generated either by adding or by multiplying any 
pair of numbers of the form 

N = a 0 + a i a x + a 2 (T y + a 3 (T z (131.1) 

with complex number coefficients a ; . Obviously the rule obtains for 
addition, but it still has to be proved for a product of two numbers. 
For this purpose we shall construct a multiplication table of the Pauli 
matrices. 

Let i,k,l be an arbitrary cyclic permutation of the three subscripts 
x, y, z, then the er/s satisfy the commutation relations 

°i a k — °k a i — 2i<Ti (131.2) 

and the normalization relations 

of = 1. (131.3) 

Besides, the Pauli matrices obey anticommutation rules, 

o-jO-fc + o-fcff—O (i^k) (131.4) 

as may easily be verified. Then, by addition and subtraction of (131.2) 
and (131.4), we find the products 

< T t a k — iOi\ <r k <r £ — — ia l . (131.5) 

Hence, any product of two basis elements leads back again, except for 
a complex number factor, to another basis element. 


Multiplication table 


first 

factor 

second factor 

1 a x 

a y 

°z 

1 

1 

°x 

a y 

Oz 

° x 

<*x 

1 

ia z 

— ia y 



— j°z 

1 

ia x 

<*z 

o z 

ia y 

-ia x 

1 
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It should be noted that the product of all three Pauli matrices there¬ 
fore simply becomes 

o x o y o z = i. (131.6) 

Further, another argument may now be added for a + and <r_ having 
no eigenvalues. From the multiplication table one gets 

<r± = (0x + i(T y) 2 = <rx-<Ty+ i (Gx (r y + (7 y (7 x) = Q- 

This is an interesting result showing that in the Pauli algebra the square 
of a non-vanishing number may be zero. It is, by the way, corroborated 
by the fact that neither for a + nor <x_ do any reciprocal numbers exist. 
A number N for which the relation 


N = N 2 (131.7) 

holds is called an idempotent number. Such numbers belong to our 
algebra, viz. 

?(l + <Ti) and j(l-a f ) (i = x,y,z ). (131.8) 

In matrix representation we have e. g. 


P + =U l + a z ) 




P-=ki\-o z ) 




applied to the basic Hilbert vectors a and P they give 


P+a = <x; P- oe = 0; 

P + P = 0; P-P = p. 

Thus they suppress either p or a in a state vector of mixed spin orienta¬ 
tions: 

P + {u<x + vP) = ua .; P^{uct. + vp) — vP 

and leave us with the projection of the state vector upon one of the 
basic directions in Hilbert space. They are therefore called projection 
operators. 


NB. The Pauli algebra is essentially the same as the algebra of quaternions 
which uses ia k instead of a k as basis elements. 


Problem 132. Spinor transformation properties 

How can it be proved that the spin of a one-particle state, 

s — \d 3 x^aij/, (132.1) 

is a vector? It should be noted that the <t ; ’s shall not transform with the 
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coordinates under space rotation, but the transformation properties of 
s shall rest entirely upon the wave function. 

Solution. In consequence of the group property of space rotations, 
it suffices to investigate an infinitesimal rotation, 

X,- = X; -(- ^ &ki £ ifc (132.2) 

k 

with infinitesimal angles of rotation about the three axes, 

£i 2 = a 3 ; e 23 = oc 1 ; £ 3 i = a 2 . (132.3) 

If s is a vector, it has to obey the same transformation rule, 

s[ = Sj + ]jT' e ik s k . (132.4) 

k 

This has to be achieved by transforming only the wave function, 

= f t =lf' , (l + { t ) (132.5) 

with infinitesimal This transformation shall now be determined. 

We begin by stating that is a scalar so that 

fV = iA+(l+ £+)(!+ = ^ 

or 

<?=-£. (132.6) 

Putting (132.4) and (132.5) in (132.1), we get 

Si = J d 3 x il/\l - 0 cr f (l + £)i p = s i + $d 3 x »A + (cr £ £ - £ <7;) ^ . 

Comparison of this expression with (132.4) leads to the determining 
equations for the operator <*;: 

<tiS-Zoi = Y:Wk (U = 1,2,3). (132.7) 

k 

It can easily be shown that these equations are solved unambiguously by 

f = -^(*12*3+ e 23*l+*31*2) (132.8) 

because, using the commutation rules, we find for the left-hand side of 
Eq. (132.7), e. g. with 1 — 1: 

» £ 12 °3 T £ 23 <7 1 T £ 31 a 2 ] — — { — S i2 m 2i<j 2 + £ 31 * 2i<T 3 } 

~ £ 12°’2+ £ 1 3 <T 3 


in agreement with the right-hand side. Analogous results are found for 
i = 2 or 3. 
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The operator (132.8) can be written in a simpler form using the angles 
of rotation in the notation (132.3), 

{ = < 132 - 9 ) 
± k 

Applied to any two-component wave function, 

= u<x + vp (132.10) 

this leads to the transformed wave function 



with 



u'a + v' ft 


u' = |l + j a 3 j u + j (a x 
v' = j (aj + ia 2 )u + ^1 - 


-ia 2 )v; 


(132.10') 


(132.11) 


A two-component function with these transformation properties is 
called a spinor. 


Problem 133. Spin electron in a central field 


To determine the wave functions of a spinning electron in a central 
spin-independent force field. The wave functions must be eigenfunctions 
of the two operators 

J 2 = (L + S) 2 and J z = L z + S z (133.1) 


with L the orbital momentum and S the spin of the electron. 


Solution. We begin with the z component of the angular momentum. 
Since 

r h d a h (1 0\ 

Lz ~ i dq> ; S z~ 2 a2 ’ \0 -l) 

we can write 


J z = h 


1 d 


2 ’ 



d 


1 


(133.2) 
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The eigenfunctions of this operator have the form 

^ - \C 2 e i(m -' + * ) ’7 


(133.3) 


with Cj and C 2 still arbitrary functions of the variables r and S. This 
can easily be seen by letting J z operate on if/; the result is 

J z il/ = hrrijil/ (133.4) 

so that hnij is an eigenvalue of the z component of the total angular 
momentum J. A better understanding of Eq. (133.3) is achieved by using 
the notation 

^ = c 1 e i( " , '“± ) *a + C 2 e i(,,, ' + * ) * p (133.3') 


because it is then seen that the first term describes the dependence 
of i]/ on the coordinates if the spin points upward, and the second term 
if it points downward. This coordinate dependence determines the com¬ 
ponent hm l of the orbital momentum L which makes m,=0, +1, ±2,... 
an integer. With spin upward we have m — mj-f j and with spin down¬ 
ward m j =m l —% so that nij becomes a half-integer. These are the 
addition rules well-known for the vector model. The characteristic 
feature of the wave function (133.3) or (133.3') is that rrij is a “good 
quantum number” but that m l is not, because the state vector ^ is a 
mixture of two parts with different values of m ; . 

We now investigate the operator J 2 . We have 

J 2 = L 2 + S 2 + 2(L-S) = L 2 +lh 2 + h(^ z _ L L ^j 


if the Pauli matrices are used for S — — a. We therefore have to solve 
the eigenvalue problem 


J 2 i/,= 


/L 2 +lh 2 + hL z ; hL_\ 
\hL + ; ll +|ft 2 — hL z ) 


ip = h 2 j(j + l)\l/ 


(133.5) 


if, in analogy toL 2 , we arbitrarily call the eigenvalue h 2 j(j+ 1). In order 
to make ij/ simultaneously an eigenfunction of J z and J 2 it must have 
the form (133.3) where now the dependence of C t and C 2 upon the 
variable S has to be determined. This can be done by putting 


(f{r)Y Lmj .,(9,cp)\ 

\9(r)Y lmj+ ±(9,(p))' 


(133.6) 


The spherical harmonics in (133.6) depend upon (p just in the way of 
Eq. (133.3). When J 2 \}/ is formed from (133.5) and (133.6), and we apply 
the general formulae (cf. Problem 56) 
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we obtain 


L + Y i,m = -h]/(l + m + l )(/-m) Yj >m + 1 ; 

L-Y,, m - -Al/d+mHI-m + ljr,,.-,; 

L z Yi t m = hrnY l<m ; 

L 2 Y Um = h 2 l{l + 


(133.7a) 
(133.7b) 
(133.7c) 
(133.7 d) 


J 2 if/ = ft 2 


/(r)[/(/ + l)+! + K-i)]7 Iimj _x 
- 0 O") 1/0 + (/ -m } +\) 7 !>TOj _x 


\—f( r ) Vd + m j + j) 0 — m j +i) Y l,mj +i I 

\+ 0 ( r )[W+l) + 4 — ( m j + i)] Y l,mj / 

so that the eigenvalue problem (133.5) leads to two linear algebraic 
equations for / (r) and #(r), viz. 

/[/(/+ \)+i+{f n J —j) —j(j+1 )] — g]/(l+i) 2 — m ) = 0; 

-/K^+t) 2 -^ 2 +#[/(!+l)+f-(m j +|)-/(j'+l)] = 0. ‘ ) 

The possibility of thus eliminating the spherical harmonics shows that 
the function (133.6) suffices to solve the problem. Thus l is still a “good” 
quantum number even in spin theory. 

The equations (133.8) are compatible with one another only if f(r) 
and g(r) differ only by a constant factor. We write 

f(r) = AF(r)- g{r) = BF(r). (133.9) 

Then (133.8) permits to determine the ratio B/A. As the linear equations 
(133.8) are homogeneous, their determinant must vanish, 

DO + 1 ) - a+i ) 2 ] 2 - m? - [(/+i ) 2 - mj] = 0 . (133.10) 

Obviously, this condition is independent of ntj. That is one of the sim¬ 
plest consequences of a very general theorem of Wigner and Eckart. 
There are two different values of j(j+ 1) satisfying (133.10), viz. 

r ; — 7 ji • v— a 1 ■ 


Solution I. j = /+ j; B — 

]/2i+i \ 

Solution II. j = l—j ; B = 

, F t (r) 

•An — , - 

1/21+1 


y l+j+nij 

1 + j+m.j Y l mj _± 
l + j-ntj Y l mj+ j. 

/1+j + ntj 
l + j—mj ’ 

+i + m j Yi, mj +x) 


(133.11) 


(133.12) 
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Both solutions are normalized. Since in all component functions a 
spherical harmonic of the same order l is split off, and since the potential 
is supposed not to depend upon spin, the function F t is to be determined 
from the radial Schrodinger equation, 

- ~ (x’l - ft) + V(r)x, = E,x, (133.13) 

with 

Xi^rFfr). (133.14) 

NB. The formulae (133.11) and (133.12) may be applied to states with 1=0 
if attention is paid to the fact that the spherical harmonics then vanish if rrij+j 
does not equal zero. Thus we get 

for,=0 ’ m '- +i 

and 

The other function, \j/ n , vanishes identically in both cases so that no solutions 
with negative j are originated. The same results are found by applying the oper¬ 
ators J 2 and J z to a two-component function that depends on the radius only. 


Problem 134. Quadrupole moment of a spin state 

To determine the quadrupole moment of a one-electron state in a 
potential field of spherical symmetry, taking the electron spin into 
account. 

Solution. The eigenfunctions (cf. Eqs. (133.11,12)) have the absolute 
squares 

W 2 = yjyy- {(/+i+m j )|r,,. j _ i | 2 +(i+i-m,)|y,,„ J++ | 2 } (134.1a) 

if ;=l+i, and 

\M 2 = {(l+i- my )|y,, m ,_ i | 2 +(l+i+m j )|y,,„ j+1 | 2 ) (134.1b) 

if j = l—\. It should be noted that |mj| ^j, and that for 1 = 0 the func¬ 
tion i ft u vanishes identically. 

Since (134.1a, b) do not depend upon the angle cp, the argument 
of Problem 61 still holds, so that the non-diagonal elements of the 
quadrupole tensor have vanishing averages and that 

<Q XX > = <Qyy>=-J<Q ZZ >- 


(134.2) 
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Thus again, we need only calculate {Q zz } according to the formula 


With the relation 


* 


<8zz> ~$d 3 x |^| 2 r 2 (3cos 2 $ — 1). 


, 2 o i \ i v , a _2f«+l)-6m a 


d(2(3cos 2 5-l)|y J>m h 


(2/-l)(2/+3) 
proved in Problem 61, and the abbreviation 

J drr*\Fi(r)\ 2 = <r 2 >, 

o 

we get from (134.1a, b): 


< Q ”> “ 2iTl iV + 2 * m V 


(2 / — 1) (2 / + 3) 
2 ~> 


. , 1_ \2/(/+l)-6(m i+ i) 

+ {l + 1 + mj (2 ,_ 1)(2 , + 3) -- 


(134.3) 

(134.4) 


(134.5) 


with the upper signs for j = l+j, the lower ones for j = l—j and 12:1. 
An elementary reordering in the curly bracket leads to 


<Qzz> = <r 2 > 


2l(I+l)-«(J»J + l)± 5 i? T mJ 

(21—1)(21 + 3) 


(134.6) 


a formula to be compared with (61.8). 

It is possible, by using j instead of /, to write instead of (134.6) one 
comprehensive formula, 


<Q ZZ > = <r 2 > ■ Ul 


3m j \ 

j U +i)7 


(134.7) 


wich obtains for both signs, j = l±j, equally. Numerical results for 
the lowest values of j are listed in the accompanying table. 


States 

j 

«2zz>/<r 2 
m j= ±2 

> for 

m j— ±1 

±1 

J 

II 

1+ 

M-J 


1 

2 

0 

— 

— 

— 


3 

2 

+ f 

2 

— 5 

— 

— 

D b F i 

5 

2 


+ £ 

_2fi 

35 

— 

F b G l 

7 

2 

+4f 


2 

— 21 

14 

“21 
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It can be seen that for j=\ spherical symmetry obtains for S as well 
as for P states. Generally, it may be stated that with increasing values 
of \nij\ the configuration passes from oblong to oblate figure of the 
electron distribution. 

The sum of the moments in each horizontal line of the table 
vanishes, since it leads to a closed shell of spherical symmetry. This 
can quite generally be shown as 


£ 1 =j+i and £ m j = iJ(j+i)(J+l) 

mj = T ">j=i 

which by combination lead to 



<Qzz) 




j(j+1 ) 



= 0 . 


Problem 135. Expectation values of magnetic moments 

For the spin electron in a central field there shall be derived the expec¬ 
tation values of all three components of the vectors S, L, J and of the 
magnetic moment. 

Solution. If 



is the eigenspinor of a state, we have 



+ _ h , 

u J S x u = - (uj 

fM 2 + uf iq); 

u + S y u = ^(u* u 2 

-ufMi); 




u f S z u = 

s i ( " f 

tq — u*u 2 ). 


(135.1) 

The eigenspinors of J 

2 and J z 

have 

been determined 

in Problem 133; 

they are 








]/2l+l 

Aj,l F(, mj 

-i’ 

u 2 — - Bj 

|/2l+l 

l Y I,mj + i 

(135.2) 

with 








Ai+^,i — 

|//+i+ 

mj- 

Jso 

+ 

Mi¬ 

ll 

'S, 

+ 

1 


(135.3 a) 

and 








= 

]/!+?— 

m j 

- j/f+i+ 

m j- 

(135.3b) 



Problem 135. Expectation values of magnetic moments 


15 


In the expressions (135.1) underlying the expectation values of S x and 
S y this leads to products of different spherical harmonics so that 
(S x ) = 0 and <S y > = 0. On the other hand, we find 



drr 


\m\ 2 

21+1 


(Ah-Bid 


(135.4) 


and for the normalization integral 

00 

r If,Ml 2 


Thus we get 


drr2 YfTT^‘ +B ^= drr lw = i- 


{s ,_h Ah-Bh 

* z) 2 Ah + Bh 


which, in a state with j—l+j, is 


<S,} t =hm j -j+ i =hm l +. 


and in a state with j—l — j. 


<S Z >_ = -fem,- - - = - hm ,• 

3 2/+1 3 20 + 1 ) 


(135.5) 


(135.6) 


(135.7 a) 


(135.7 b) 


The expectation values of the three components of orbital momen¬ 
tum follow in a similar way from 

u* Lu — uf Lu t +u^ Lu 2 . 


Since the operators L x ± i L y change the first subscript of the spherical 
harmonics from / into /+1, these components again have vanishing 
expectation values (cf. Problem 58). For the component L z we have 


= \ d 3 x{uf{mj-^)u 1 +u^{m j +^)u 2 } 

z § d 3 x{ufu 1 +u*u 2 } 

or 

^,+S 2 , 

Using (135.6), this can be written much more simply 

<L z > = fcm ; -<S z >, (135.8) 

a formula which we might well have started with because of u being 
eigenspinor of J z — L z + S z with the eigenvalue htrij. 
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The expectation values of J x and J y of course vanish, as do these 
two components of L and S. 

The magnetic moment operator is 

M=--^—{L + 2S) (135.9) 

2 me 

for an electron of charge — e. Its expectation values in x and y direction 
vanish again, but 

<M,> = _ 2^ {<Li>+2<S ' > } (13510) 

may, according to (135.8), be written 

<M Z > = - (m- + <S Z » 

2 me 

which, with (135.7 a, b) leads, for the states j = l + to 


eh ( 1 N 

<"*>♦- "2 

and, for the states j= — to 

eh 


eh 2j+1 
m. 


2me 3 2j 


(135.11a) 


<M Z >_ 


2 me 3 


m, 1 


2(/ + l), 


e/i 2jf + l 

m-,4- —-. (135.11b) 


2mc ; 2_/+2 


NB. The last formulae show that a closed subshell (n, /) with either j=l+\ 
or j=l—\ has no resultant magnetic moment. 


The factor of 


eh 
2 me 


mj in (135.11 a, b) is called the Lande ^-factor of 


the state. It permits <M Z > to be written in the form 

<M Z > = 


eh e 

mjg(j)= -- — <Jz>g(j) 


2 me 


2m c 


thus describing the deviation, originated by the spin, from the classical 
Maxwell relation between magnetic moment and mechanical moment, 
i.e. angular momentum. 


Problem 136. Fine structure 

The interaction of the intrinsic magnetic moment of an electron, 
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and its orbital momentum L is described by a hamiltonian term, 


H' = 


G 

2 m 2 c 2 


1 dV(r) 
r dr 


0S L ). 


(136.2) 


The level splitting due to this interaction shall be determined. 

NB. The so-called g factor of the electron is almost 1. Its exact value has 
been found to be g= 1.001145. Since the complete theory of fine structure cannot 
be given in this unrelativistic treatment, this g factor should not here be taken 
too seriously. The same holds for the factor 2 in the denominator of (136.2), the 
so-called Thomas factor, not to be explained by unrelativistic considerations. 

Solution. The electron wave function in a central force field is a 
simultaneous eigenfunction of the operators J z and J 2 , the angular 
structure of which has been given in the preceding problem. The operator 
(S • L) occurring in the hamiltonian (136.2) is then to be reduced to the 
quantum numbers j and l of the state tj/ = \j, /> by 


J 2 \j,l> = {L 2 + S 2 + 2(L-S)}\j,l> 
or 

h 2 m+ 1) ■- [/(/+1)+!]} i/, iy =2(i • s) i/, /> . 


The term (136.2) of the hamiltonian therefore simply adds to V{r) an 
energy perturbation 

V'(r) = /£ l ^y(/+l)-((l + l)-!); (136.3) 

4m z c r dr 

since it depends upon the quantum numbers j and l, it will differ for differ¬ 
ent values j = l±j with the same l. 

First-order perturbation calculation gives a contribution 


Ejj = <jJW\j,l> (136.4) 

to the energy of a level. In the notation of Eqs. (133.11) and (133.12), in the 
normalization 

00 

f drr 2 |F,(r)| 2 =l (136.5) 

0 

this leads to 

00 

E'j,, = OO’+l)-1(1 + 1)-!} f A+ 2 |F,(r)| 2 - ~. (136.6) 

4m z c J r dr 


o 
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The energy splitting between two levels of the same l, but with different 
j values then becomes proportional to the difference 

0+i)0+!) — 0 —j)(l+j)=2l+1 

so that 


qh 2 

AE = ——^^ (2 / -+-1) 


Am 2 c 2 


drr 2 |F,(r)| 5 


1 dV 
r dr 


(136.7) 


The level of the smaller j value is the lower one (normal doublet). 

Some estimate of the integral (136.7) may be made by using the 
potential 


Ze 2 1 dV _ Ze 2 

r r dr r 3 


(136.8) 


Since this expression holds in the neighbourhood of the nucleus in all 
atoms, and since F,ocr' in this domain, the integrand in (136.7) becomes 
ocr 21-1 so that the integral converges for /= 1,2,3,... but diverges 
logarithmically for S states (/ = 0). As there is no level splitting but only 
a shift in an S state, this result is not of primary importance for the eval¬ 
uation of spectroscopic data. The difficulty does not occur in a rigorous 
relativistic treatment of the problem (cf. Problem 203). 

Without evaluating in detail integrals of the type (136.7) it may 
safely be said that the result is of the order of Z e 2 /a 3 with a a length of 
the order of atomic radii. Since term energies in atoms are of the order 
Z c 2 /a, we then have roughly 

AE/EccA 2 /a 2 


with X = h/m c the Compton wavelength. This is a small quantity, 
hence the effect is a fine structure only and may be treated as a first-order 
perturbation as has been done above. 


Problem 137. Plane wave of spin | particles 

To expand a plane wave of spin j particles with either positive or negative 
helicity into a series of spherical harmonics. Let the wave run in z direction. 

Solution. The two-component wave spinors 



(137.1) 
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describe plane waves in z direction. In the state \jj + the particles have spin 
in the direction of propagation; we then speak of helicity h= +1. In 
i/f_ we have the opposite spin direction, h— — 1. If we decompose these 
spinors into eigenspinors of angular momentum, we have m, = 0 in 
both cases and m — +j for ij/ + , m~ —j for 

It has been shown in problem 133 that, for a given orbital momentum 
l, there exist two eigenspinors of J z and J 2 , viz. 


m / i/i+i+^r,. A 

l/^i+TV-i/7+F^r,,,V 


if j=l+i (137.2a) 


and 


mj 1/2T+TV |/1 + i+mjY^d 


if j = l~i (137.2b) 


with F,(r) satisfying the radial Schrodinger equation. In the present 
force-free case the latter runs 


F i +-F' l + [k 2 


1 ( 1 + 


F,= 0 


(137.3) 


and has solutions regular at the origin, in arbitrary normalization, 


F i = ' 


(137.4) 


The plane wave then shall be composed of solutions (137.2 a) and (137.2 b) 
in the form 


E ( A i u ], m +Biu? ). 


(137.5) 


1 = 0 


Let us begin with the case of helicity h= +1 where mj— +j. Eq. 
(137.5) then may be written 


l / ' + T + B <l /7)y <.0 

kr £0^21+1 1 A (-Ay l + B ( |/F+I)y u 


1 


(137.6) 


In order to make the second line of the spinor vanish according to Eq. 
(137.1) we have to put 


B,= 


l 


l+l 




(137.7) 


so that 


"* - r,G),?/' 


121 +1 

TPr Ukr)Y, -° 


(137.8) 
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Comparing with the expansion of the plane wave (cf.(81.13)). 


1 00 

e'“ = - £ l/4it(2(+l)i l j,()ir)y, i o 
lcr 1 = 0 

(137.9) 

there follows 


A l =]/4n(l+l)i l , 

(137.10) 

so that 


iA+=i/47t£ i , (^i+l«j > i + l//«"i) 

1 = 0 

(137.11) 


is the correct expansion. 

In the opposite case, h= — 1 and —j, Eq.(137.5) yields 


I V 1 i,(kJ (Al ^ /1+B '^ TTT)Yl --') 

kr i=o]/2l+l JlK \-A l )/i+i+B l ]fi)Y l J 


(137.12) 


Now, according to (137.1), the first line of the spinor should vanish, i.e. 


B t = 



(137.13) 


Comparison with (137.9) now renders 

A, = — |/47r(/+ l)i' (137.14) 

so that we arrive at the expansion 


•A-= -]/4n x i'(]/rrru{ > _ i -/7<- i ). 


1 = 0 


(137.15) 


Problem 138. Free electron spin resonance 

A free electron is put inside a cavity in which there exist two magnetic 
fields, viz. a constant homogeneous field Jt? 0 in z direction, and a field 
&C rotating in the x,y plane: 

•#£ = 0 ; 3 % = 0 ; 

—Jf'cos cot; 3tfy — Jf'sincot; Jf'=0. ) * 

At the time t— 0, the electron has its spin in +z direction, and the field 
Jf” is switched on. The probability P of the electron having its spin 
inverted into the — z direction shall be determined as a function of time. 
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Solution. The hamiltonian of the problem runs 

H = /i(<T z JT 0 "P ^X “l" Gy 'ffi’y) 

where — \ia is the intrinsic magnetic moment of the electron with 
H = eh/(2mc) except for quantum electrodynamical corrections. We write 

<r x J^ + o y 3# > ; = i jT(a + e~ io,t + rr_ e i<ot ) 

with a ± — a x ±ia y . Thus the Schrodinger equation becomes 

"7 ^7 = ^W^+i^'(e" it0 V + +e i<at (7_)}«/,. (138.2) 


The solution can be expressed by the eigenfunctions of a z , i. e. 

i^(r) = u(t)a. + v{t)f}. (138.3) 

Putting (138.3) into (138.2) and using the relations [cf. (129.10)] 

(T z a = a; <r + a = 0; cr_a = 2/?; 

g 2 P= <t+j 6 = 2a; a_p=0 

we obtain 

— ^-(uot + vf}) = p3tf 0 (u<x — vP)+pL3tf > '(Q- i<ot vaL + e l(Ot ufi). 


Introducing the abbreviations 

fiJ^O 


h 


= (0 


0 > 


H# ' 

h 


= 0 ), 


(138.4) 


and separating into a and fi parts, we find 

iu= (o 0 u + co'e~ ltot v; 
iv= —(o 0 v+co'e i<ot u. 

This system is solved by 

u = Ae~ i{n+ * (o)t ; v = Be~ Hn ~$ w)t . 


(138.5) 


(138.6) 


A straightforward calculation leads to two solutions = + Q and 
Q 2 = —Q with 


Q = 1 /(co 0 -jco) 2 + co' 2 
with amplitudes respectively A 2 ,B 2 \ 

icOj i(p j. 

il/(t) = {A 1 Q~ iQ, + A 2 e i{lt )e 2 <x + (B 1 e~ iSlt + B 2 e int )e 2 fi 
and 

D , ±fl-(cu 0 -T®) 

**1,2 — A 1 >2 ■ 


(138.7) 

(138.8) 

(138.9) 
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In (138.8) we introduce the initial condition i//(0)=<x or 

a 1 +a 2 = 1', b 1+ b 2 = o; 

which with (138.9) finally leads to 


\j/(t) — icosOt — '"V - 2UJ isinQt[ e 2 *a — — isinOte 2 * f} 


co a— 4 to 


--ft 


CO 


-—f 

'1 * . 


I 


a 


Q 


The probability of spin flip at time t is therefore 


P = 


co 

Q 


>\2 


sin 2 £2t, 


its time average being independent of time, 


/2 


- 1 co' 2 1 CO 

2 Q 2 2 (c0q—5-co) 2 + co' 2 


(138.10) 

(138.11) 


(138.12) 


(138.13) 


If the homogeneous field Jf 0 and thus, according to (138.4), the 
Larmor frequency co 0 is continually varied, the average flip probability 
becomes a maximum if 

1 It 

co 0 = -co, i.e. = (138.14) 


We call this the resonance field, jf res , and find 

- i jr 2 

O l ■<&> \2 I isp'2 ‘ 

/ \Jlo~ JV res) 


(138.15) 


At resonance, P=j, independent of the strength of the rotating field 
the width of the resonance region, however, being determined by Jf". 


NB. The method may either be used to determine n from the resonance field 
strength or, if /r is sufficiently well known, to determine the difference between the 
field applied and the field acting on the electron inside a molecule. In a similar way, 
proton resonance may be used to detect molecular structures. 

1 


B. Two- and Three-Body Problems 

Problem 139. Spin functions for two particles 

To determine the spin eigenfunctions for a system of two particles of 
spin j (say, a neutron and a proton) which for a total spin vector 
operator . 

S = -K+<7 p ) (139.1) 

simultaneously diagonalize its component S z and its absolute square, S 2 . 
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Solution. Let ct„, P„ be the Hilbert basis vectors for the neutron, 
and a p , j 3 p for the proton. Then the spin function % of the two-particle 
system is bound to be of the form 

X = Aa n oi p + B(x n P p + CP n a p + Dp n p p . (139.2) 

From the definition of the spin operators (Problem 129) it follows that 

2 

~^^zX i^nz T &pz)X A B<X n ftp C Pn&p fin ftp 

+ Aa„ct p — Bct n [} p + C fi n ct p — D f}„P p . 

Each of the four terms of x, Eq. (139.2), therefore is an eigenfunction 
of S_, viz. 

2 

a„a_ for the eigenvalue +2 of — S z or +h of S z ; 

n 

2 

ct„fi p for the eigenvalue 0 of — S z or 0 of S z ; 

” (139.3) 

2 

fi„<x p for the eigenvalue 0 of — S z or 0 of S z ; 

n 

2 

fi n fi p for the eigenvalue —2 of —S z or —h of S z . 

The spin components of +1,0, — 1 in units h are in agreement with 
the half-classical vector model. The two functions <x„fi p and P„<x p are 
still degenerate so that any linear combination of them still belongs 
to the eigenvalue zero. 

We now proceed to investigate the operator 

S 2 = ff n + ff p+ 2 (<V<Tp) = 6 + 2 (a„ x <T px + <T ny <T py + a nz (T pz ). 

We find 

anxVpxX= Ap„P p +Bp n (x p + Cct n p p + Dct„ct p -, 

G ny & py X A P„ P p B P„ (X p T C Ct n P p BcC n CC p , 

Onz°pzX= AcL n <x p -Bv n p p -Cp„<x p + Dp n p p 

and thence, 

(f) S2a » a p“ 8llt " a p ; (139.4a) 

(|J S 2 (B a, ft + C /), a„) = 4 (S + C) (a. /),+ f, «g ; ( 139.4 b) 

(rfs 2 U, = «U p - (139.4c) 
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The functions a„a p and (i„ fi p therefore are eigenfunctions to the eigen¬ 
value 2 h 2 of the operator 5 2 . In the usual notation, 

S 2 X = h 2 S(S + l) X , (139.5) 

they belong to the quantum number 5 = 1 or, in the half-classical 
language of the vector model, to the total spin 5 = 1 (in units h) with 
its component 5 Z either +1 or — 1. 

From (139.4 b) we construct two more eigenfunctions of S 2 with 
5 Z = 0. Let X be the still unknown eigenvalue of S 2 /h 2 , then we have 

(B+Q (oc„ P p + p n a p ) = X(B a„ p p + C p„ a p ) . 

This yields two linear equations for B and C, 

(B + Q = XB and (B + C) = XC. 

Their determinant must vanish, 


The two eigenfunctions of S 2 with 5 Z = 0 therefore become 

a) for X = 2: B — C; x = «J p + P„a p ; S= 1; (139.6a) 

b) for X = 0: B = —C; x = <*„P p -P„<* p ; 5 = 0. (139.6b) 

The results have been collected in the following table where the 
functions have been normalized according to the rules 

<a|a> = </J|/l> = 1; <a|/?> = 0. 


Triplet, S= 1 
(symmetrical 
spin function) 



/— (®n Pp~^~ Pn ®p) 

|/2 

W P 


Singlet, S=0 
(antisymmetrical 
spin function) 


S,= 0 


1/2 


(«n Pp-Pn*p) 


NB. From (a n + a p ) 2 = 6 + 2(«r„ • a p ) it follows that the triplet and singlet spin 
functions, say x t and given in the table, are eigenfunctions also of the operator 
K'ffp) so that 

(' <f n <f P )Xt=Xt ; (<v*p)x s =-3;c s . 

Of these relations use will be made in the following problem. 
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Problem 140. Spin-dependent central force between nucleons 

In a reasonable approximation, the interaction energy between a neutron 
and a proton in an S state may be described by a central force, different 
for symmetrical and antisymmetrical spin states. Such an interaction 
shall be expressed in terms of a spin-dependent potential 

a) using the spin exchange operator I np , 

b) using the spin vectors <r„ and <r p of the two particles. 

Solution. A central force means that the interaction energy must 
depend only upon the distance r between the two particles. This energy 
shall be different for different spin-state symmetry, say, V,(r) in the 
triplet case of parallel spins and F s (r) in the singlet case of antiparallel 
spins. 

a) Let x( s m s P ) be a two-particle function. Then the spin exchange 
operator is defined by 

Zn p x(s n ,s p ) = x(sp,s„). (140.1) 

For the symmetrical triplet state, Xt( s m s p) — Xt( s p> s n )> we therefore have 

Z np Xt = Xt (140.2 a) 

and for the antisymmetrical singlet state, % s (s„,s p )= — y^{s p , s„), 

Z np Xs= -Xs- (140.2b) 

Hence both kinds of functions are eigenfunctions of the exchange 
operator, with its respective eigenvalues +1 and —1. As the three 
triplet and one singlet functions form a complete orthogonal set, 
Eqs. (140.2a, b) explain the exchange operator completely and uniquely. 
An interaction energy 

V=V l (r)+V 2 (r)I np 
yields, according to (140.2 a, b), 

Vx t = (v 1 + v 2 ) Xt ; Vx s ^(v l -v 2 ) Xs 

so that 

V t =V 2 + V 2 and V s =V l -V 2 

are the interactions in the triplet and singlet states, respectively. Thence, 

V = HV t + V s )+±(V t -V s )I np . (140.3) 

b) At the end of the preceding problem we have shown that the spin 
functions x t and y s are eigenfunctions also of the operator (<r„ • a p ), viz. 

(?n°p)Xt = Xt\ (<Vffp)Xs= -3% s . (140.4) 
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It follows that E np may be expressed linearly by (a„ • a p ). Indeed, 

z„ = i(l +(»,'»,)) ' (140.5) 

leads to the wanted eigenvalues (140.2 a, b). Again, since there exist no 
other spin functions of the two-nucleon system, both operators are 
completely described by the eigenvalue problems (140.2 a, b) and (140.4) 
so that (140.5) holds in full generality. 

Replacing I np in (140.3) according to (140.5), we arrive at the result 

V = i(3 V t + V s ) +* (V t - V s ) K• a p ). (140.6) 


Problem 141. Powers of spin operators 

To show that the operator (<r 1 -ff 2 ) n f° r two particles 1 and 2 can be 
linearly expressed by (<T 1 a 2 )- 

Solution. The operator (ay • a 2 ) is completely described by the two 
eigenvalue relations 

(«i*2)Xt = Xt’ (ffi’» 2 )z.= “ 3 Zs (1411) 

for the three triplet and one singlet spin functions since these form a 
complete orthogonal set. It therefore suffices to investigate the applica¬ 
tion of (<V<t 2 )" to these four spin functions. By iteration of (141.1) we 
get at once, 

(<V<* 2 )"Xr = &; (ffrff 2 )"x s = (-3) n z s - (141.2) 

It follows that 

(°i' a i) n = A + B{a l ■ a 2 ) (141.3) 

can be linearly expressed by ( <r 1 a 2 )• Putting (141.3) in (141.2) we find, 
according to (141.1), 

(A+B) Xt = X t ; (A —3J5)x s = ( —3)"x s - 

It follows that 

A+B=l; A — 3B = ( — 3) n 

or that 

A=i[ 3 + (-3)"]; £ = 4 [1 —(—3)”]. (141.4) 

Thus, e. g., we get 

(ffi ^) 2 = 3-2(<t 1 <7 2 ); (ffr<r 2 ) 3 = -6 + l(a 1 -<r 2 ). 

NB. The representation (140.6) of a spin-dependent force in the preceding problem 
is unique, because replacing it by a power series in (a„ ■ o p ) would change nothing 
in the result. - The solution of the problem becomes even simpler if powers of the 
exchange operator Z 12 are considered. 
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Problem 142. Angular momentum eigenfunctions for two spin particles 

To construct the triplet state eigenfunctions of the operators J z and J 2 
for a system of two spin \ particles. Use h — 1 as unit of angular momen¬ 
tum. 

Solution. Any eigenfunction for a triplet state can certainly be 
written in the form 

OO 

+ + (142.1) 

1 = 0 

each of the three possible spin functions multiplying by a space factor 
formally written as a spherical harmonics expansion, with only the 
one restriction to generality that the second subscript of each Y is so 
chosen as to make 

J z i// — mil/, (142.2) 

thus making ij/ an eigenfunction of the operator J z . 

Let us now apply 

J 2 — {L+^(a 1 -bo’ 2)} 2 = L 2 + L-(a l +(r 2 )+^[6 + 2(a 1 •<r 2 )] 

to the function (142.1). It is then suitable to define the operators 

<r+ — a x + ia y and <r_ = a x — ia y (142.3) 

in analogy to (cf. Problem 56) 

L + =L x + iL y and L_ = L x — iL y . (142.4) 

Then J 2 may equally well be written 

J 2 — 1} +i(L + cr_ +L_ a + ) + L z a z + 2 +f(o , 1 'ff 2 )> (142.5) 

where a ± =a 1± +g 2 ± and o z = o lz + a 2z . Application of these oper¬ 
ators to the triplet spin functions yields 

lx 1,1 \ /o \ lx 1,1 \ lx 1.0 \ 

<7+ Xi ,0 ) = 2)/21 Xi.i ); O- Xi,o j = 2|/2 Xi.-ijl 
\Xi.-J \Xi,o) \Xi,-J \0 / 

lx 1,1 \ Xi,i \ 

X 1.0 =2 0 . (142.6) 

\xi.-J \ Xi ,—1 / 
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Hence, we obtain by straightforward computation 

•' 2 Xi,i=(i- 2 +2+24) X i , 1 + |/2 r + ) 

■' 2 Xi,o = l/2i._Xi,i+(i. 2 + 2)x l .o + l/2r + Xi.-i;> (142.7) 

=V2L- Xli0 +(L 2 +2-2L z ) Xu ^. J 

Using (142.7) and the well-known relations [cf. (56.14)] 

L + Yi ,m = - ]/(l + m+l)(l — m) y I>m+1 ; 1 
L_ y,, m = - l/(/ + m)(/-m+l) l (142.8) 

L z Y Um = rnY Um J 

we get 

■l 2 '/'” E {[/,('('+l)+2m)-»,V / 2(l+m)(l-m+l)]r,,„_ 1 x 1>1 
1 = 0 

+ [-/,V'2(l+m)(l-m+l)+ft(((l+l) + 2)-f.,l/2(l+».+ l)((-m)]r,,.Xi.o 
+ [ — 0,l/2(l+m + l)(l—m) + MI(l+l)-2m)]y,. nl+1 Xi.-i}. (142.9) 

In order to make ip an eigenfunction of J 2 this must be 

=;0+i)«A» 

which gives three independent linear equations for /,, g h h t showing 
that these three radial functions must be of the same form but with 
different amplitudes: 

to-BMr); fc, = C,F,(r) (142.10) 

where the constant amplitude factors A t ,B t , C, may be determined from 
the following set of linear equations 

[1(1 +1) + 2 m-j(j +1)] A, - ]/2(l+m)(l-m+l)B, = 0; 

-]/2(l+m)(l-m+l)A, + [l(l+l) + 2-j(j-hl)]B l -l/2(l+m+l)(l-m)C l =0; 

- ]/2(l+m+l)(l—m)B t + [/(/ +1)-2 m-j(j +1)]C, = 0. 

(142.11) 

The determinant of these equations must vanish; if it is expanded, one 
finds that it becomes independent of m and has the form 

[i((+i)-j0'+i)]{[(((+i)-;0+i)] 2 +2[(((+i)-;0'+i)]-4((i+i)}=o. 

This leads to the (positive) solutions 

; = /+l; j = l\ j = l-1 


(142.12) 
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for which the amplitudes A h B t , C, then may be determined according 
to (142.11), except for a common normalization factor. Choosing arbi¬ 
trarily the normalization 

Af+Bf + Cf = 1 (142.13) 

we arrive at the results compiled in the table. 


j 

Ai 



Ci 

1+ 1 

/(l+m + l)(l + m) 

/(l + m+l)(l—m + l) 

j(l—m + l)(l—m) 

/ 2(/+l)(2/+l) 

i (/+1)(2/ + 1) 

/ 2(l+l)(2l+l) 

/ 

/(l-m + l)(l+m) 


m 1 

j(l+m + l)(l—m) 

1 21(1+1) 



/ 21(1 + 1) 

l-l 

l(l—m+l)(l—m) 


/(l+m)(l—m) 

/(l+m+l)(l+m) 

1 21(21+1) 


1 K21+1) 

/ 2/(2/+1) 


Problem 143. Tensor force operator 


The so-called tensor force between two particles 1 and 2 of spin| is 
defined by the interaction energy 


with the operator 


T l2 = 


V=W(r)T 12 
(ff i • r) (a 2 • r) 1 




(143.1) 


r 3 

To apply this operator to the spin eigenfunctions of the two-particle 
system. 


Solution. The operator T 12 is invariant under spin exchange. It 
therefore keeps the symmetry of the spin functions. Since there exists 
only one antisymmetrical spin function, % 0 0 , this then must be an 
eigenfunction of the operator T l2 . The three symmetrical spin functions, 
however, may be mixed up by its application. Since T l2 is invariant 
also under exchange of the particle coordinates, i. e. under parity trans¬ 
formation, it will conserve parity. This means that only spherical 
harmonics of even order will enter the expression T 12 X■ No higher 
angular momenta than 1 — 2 are to be expected. 

In order to get details let us first apply the one-particle operator 
(or) to the one-particle spin functions: 


{or) 



{o x x + o y y+o z z) 



/(x + iy)j3 + za 
\{x — iy)a — zp 


(143.2) 
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It then follows directly that 


(ffi • r) (tr 2 ■ r) 



I [(* + iy)P t + z a, ] [(x + iy) j3 2 + z a 2 ] \ 
[(x + iy)p 1 +zct 1 ~\ [(x —iy)a 2 —z/I 2 ] 
[(x - i y) a 2 - z/Jj [(x + i y) jg 2 + za 2 ] 
\[(x - iy) a! - z/JJ [(x - iy) a 2 - z0 2 ] / 


With 

(x±iy) 2 = r 2 sin 2 S e ±2i<S(> ; 
(x±iy)z = r 2 sin $ cos >9 e*'**’; 

this leads to 

(ffi'»") (^2' r) 


x 2 + y 2 = r 2 sin 2 9; 
z 2 = r 2 cos 2 9, 


/“■“A 

Pl<*2 

. V'N 

j cos 2 9 ^ a 2 + sin 9 cos 5 e' ‘‘"(a! J? 2 + & a 2 ) + sin 2 5 e 2 ‘ ^ 2 

sin 5cos 5e~ ,<p <x t a 2 — cos 2 5/? 2 + sin 2 # j5 x a 2 — sin 9cos 3 e‘* fi 2 
sin 3 cos 3 e ~ i<p a x a 2 + sin 2 3 a x j 8 2 — cos 2 5 a 2 — sin 9 cos $ e I> ^ f} 2 

\sin 2 5e _ 2i<p a x a 2 — sin #cos 3e ~ 1> (a 1 /? 2 + Pi <* 2 ) + cos2 #Pi P 2 

Using the notation Xs,m S ’ e - f° r the triplet 

1 


a l a 2 = Xl,l> 
and for the singlet 




(«i ^2 + A a 2 ) ~ Zi,o5 P 1 P 2 — Xi,-i (143.3) 


1 


Zo.o = -7^(ati52- 

1/2 




(143.4) 


we then have for the symmetrical functions of the triplet 

Xi.i \ 


(.<r 1 -r){<r 2 -r)l 


Xi,o 

X 1.-1 


(143.5) 

\ 


I cos 2 3 Xi 1 +1/2 sin 3 cos 3 e f9 Xi , 0 + sin 2 3 e 2 I> Xi, -1 
= j/2 sin 9 cos 3 e ~ 1v Xi , 1 + (sin 2 3 —cos 2 3) Xi , 0 —1/2 sin 3 cos 3 e*> -1 

y sin 2 de _2i<i, ’zi,i— |/^sin#cos#e _ ‘ > Xi,o + cos2 &Xi,-i / 

and for the antisymmetrical singlet function, 


(ffi • r) (a 2 • r) 


Zo,o 


Zo.o- 


(143.6) 
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The second term of T l2 has already been discussed in Problem 140: 


K ‘ ^ 2 ) 




(143.7) 


Combination of Eqs. (143.6) and (143.7) then gives at once 

^ 12 X 0,0 = 0- (143.8) 

The tensor operator therefore cannot contribute any dynamical term 
to a spin singlet state. 

There remains further discussion of the triplet. Introducing nor¬ 
malized spherical harmonics according to the definitions of the table 
of Problem 67, we obtain from (143.5) and (143.7), 


^ 12 X 1,1 — ^ 


^ 12 X 1,0 ~~ 
^ 12 X 1,-1 — 


/An 

~5 

/An 

~5 



(l2,oXi.i + l/3 T 2 j1 Xi,o + j/6 Y 2 '2Xi,-i)‘> 

(143.9) 

1 2 ,- 2 Zl.l + l/31' 2 ,-lZl.O+ l '2.oZl.-l). 


These formulae not only show spin exchange symmetry and parity to 
be conserved, but also the z component of the total angular momentum. 
The orbital momentum, however, as well as its z component, are not 
good quantum numbers in a two-particle system with tensor interaction. 


Problem 144. Deuteron with tensor interaction 

The interaction between a proton and a neutron consists in part of a 
central force, and in part of a tensor force, 

V = V c (r)+V t (r)T pn . (144.1) 

The deuteron groundstate therefore is a mixture of S and D state. The 
eigenfunction shall be constructed, except for radial S and D factors 
for which a set of two coupled differential equations shall be derived, 
under the assumption of nuclear spin orientation in z direction. 

Solution. With the nuclear spin i = 1 (in units h) and its component 
in z direction also 1, we have for the most general S — D mixture, 

t = f(r) Yo,oXi, i+9( r ){ Y 2.oXi.i+* T 2>1 Xi,o + ti Y 2 , 2 X 1 ,- 1 } (144.2) 

with the constants A and n to be adjusted so that 

l 2 ^ = 2x\i. 


(144.3) 
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Here 1 is the operator of total angular momentum (nuclear spin). 
According to the preceding problem we have 

/ 2 >A = !x,..(r ! +2+2L ! )+x 1 , o i/2L + }(/y 0 , 0 +»y 2 , 0 ) 

+2{j£i,il/2L_ +x 1>0 (L 2 + 2)+x lf -i\/2L + }g 
+ 0 {Xi ,o 1/2 L_ + x,, _, (L 2 + 2 - 2 Z,)} 9 y 2 , 2 

and further 

l 2 * = Xi.i[ 2 /r 0 ,o+( 8 - 2 l/ 3 /l )9 y 2 ,„] 

+ Xi,o("2l/3 + 82—2|/2 /i)i? y 2 ,1 + Xi,-i(”2|/2A+4^)g y 2i2 . 
The last relation satisfies (144.3) if 

A = |/3, m = V 6 , (144.4) 

so that the angular momentum eigenfunction becomes 

'/' = f(r)Y 0t0 x 1 , 1 +g(r){Y 2 ' 0 x 1 , 1 + ]/3Y 21 x 1 '0 + ]/6Y 2 ' 2 x 1 ,-i}. (144.5) 


The curly bracket in (144.5) is the same combination of spherical 
harmonics and spin functions as was obtained in the first line of Eq. 
(143.9) of the preceding problem, so that we may write in a more compact 
form: 





{f(r) + j V5g(f)T pn }x lA . 


(144.6) 


Let us now normalize this function. From (144.5) there follows at 
once 

J drr 2 [/ 2 + 10 g 2 ] = 1 . 
o 


It will be suitable to put 


1 


so that 


and 


fif) = i p s (r) cosco; g{r) = —— ^ D (r) sinco 

1/10 

00 00 

Jdrr 2 iAf = l; Jdrr 2 ^=l 

o o 


<A = - 7 =- \ >AsW cosrn + -—— iAo(r) sin a>T pn \xi,i 


|/4^ 


2|/2 


(144.7) 

(144.8) 

(144.9) 


Now, the Schrodinger equation for the relative motion (with h= 1, 
m p — m„ = 1, reduced mass = ^, cf. Problem 150), 

( — V 2 + F e + F t T plI — £) ^ = 0, 
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has to be satisfied by (144.9): 


<( — V 2 + V c — E)cos(o\]/ s + 


. 2|/2 


(_ v 2 + V c —E) sin (o\J/ D + V t coscoi p s > T 


pn 


+ -jp=- K sinc»i/c D T 2 „j Xi,i=0 


(144.10) 


Here, if applied to a triplet spin function, Xu the operator T pn may be 
linearly expressed by T p „, viz. 


r p 2 .x,-(l-fr„)x,. 

This can easily be shown using the identity 

/a\_l Va\ _ /cos sin9e i 
\Pj~ r ^ r \P J \sin9e~‘ > ; —cos 


(144.11) 


9e iv \ /o' 

»>\P, 


for one-particle spin states. It then follows that the square of this operator, S 2 = l, 
so that 


Sin 


= r )j = 


l 


Since we already know (p. 24) that (a p ■ a„) x, = x, we find 

T 2 B =(S pn -i) 2 = l-|S pn +i=^-|(T pn +i) 
in perfect agreement with (144.11). 

Eq. (144.10) may now be written 

■f cos co( V 2 + \ E ) 1 p s + sin co V t xj/ D l Xi, i 


+ <sinco 


J^(-V 2 + V--E) 4r V, 

l2\/2 yi . 


<Ad + cos co V t ilf s > T p „ X !, J = o. 


(144.12) 

The operator T pn in the second line, when applied to Xi,i» yields only 
terms with 1—2 orthogonal to those with 1=0 in the first line. We 
may therefore decompose (144.12) into two coupled radial equations, viz. 

sin co • V t if/ D = 0 (144.13) 


cos co 


and 


sin co 


r8 + -KHE-VM a 




+ -'l / 'D--2'l / D+( E - V c + W V t)'l'D 


21/2 

— cos co • — v -— V t = 0. 


(144.14) 


This is the set of differential equations required. 
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Problem 145. Electrical quadrupole and magnetic dipole 
moments of deuteron 


Given the deuteron wave function determined in the preceding problem. 

a) The electrical quadrupole moment of the deuteron shall be ex¬ 
pressed in terms of the two integrals 

OO 00 

A= fdrr 4 i// s i// D ; B=fdrr 4 i//%. (145.1) 

o o 

b) The expectation value of the magnetic dipole moment shall be 
determined. 

Solution, a) The quadrupole tensor (cf. Problem 61) can be defined 
by 

Qik = i^XiX k -r 2 d ik ). 

In the original definition of this tensor, the factor £ on the right-hand 
side had not been used. It occurs in the present problem in consequence 
of \r being the proton coordinate about the centre of mass, and only 
the proton contributing to the quadrupole moment since the neutron 
carries no electric charge. The deuteron charge distribution in the 
state Mj = I being rotationally symmetrical about the z axis, averaging 
of the tensor elements over the angle (p leads to the relations 

Q xy =Q yz = Q zx = 0; Q xx =Q yy = -\Q ZZ . (145.2) 


We therefore need only evaluate the expectation value of the operator 
Gzz. viz. 

<Czz> = E | drQJM 2 
spin J 


4 £ 

^ spin 


1 

2 


dxr 2 { 3 cos 2 $—1)|^| 2 
di:r 2 Y 2 ' 0 \il/\ 2 . 


jE 

spin «/ 


(145.3) 


With the deuteron wave function determined in the preceding problem, 
viz. 


^ = cos co i// s (r) y 0 .o Zi, i + sinco 


1 

l/io 


^n( r ){y2,0X1, i+ 


+ j/3 y 2 f iXi.o + l/6y2.2Xi.-i}> 


(145.4) 
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this yields by spin summation, 


<Q ZZ >=\ 


/4n 

1~ J 


drr 4 (bdQY. 


2,0 


•An 

cosco i]/ s Y oo + sina)- Y 2 0 

1/10 ’ 


+ 


+ sin 2 co^(3|y 2>1 | 2 +6|y 2>2 | 2 )j. 


The term with ij/j vanishes in consequence of the orthogonality of the 
spherical harmonics. With the product i j/ s ij/ D the obvious integral 


i 


dQY 0 ' 0 \Y 2 , 0 \ 2 



is coupled. It is a little more laborious to evaluate the three remaining 
integrals occurring with \J/p, viz. 


dOY 2 „\Y 20 l 2 = J 

IT 

/ 4 n ’ 

dOY 2 _ 0 \Y 2 ^= | 

sT^i 

* 1 
O dQY 20 \Y 2 J 2 = 

*/ / 

nr 

' 4 n 

/ 


(145.5) 


Assembling all these details, we finally arrive at the simple formula 

(Qzz ) = —-— A cos co sineo — — B sin 2 co. (145.6) 

5 j/2 20 

If the admixture of D to S state is a small percentage, the parameter 
(o is small and the second, negative term in (145.6) represents a small 
correction only to the first, positive part. Therefore, < Q zz } is positive 
so that the deuteron has an oblong shape in z direction. This is borne 
out by experiment. 

b) The magnetic dipole operator consists of a spin part, n P o pz + n„a nz , 
and of an orbital momentum part to which only the proton contributes. 
The orbital momentum component L z for the two-particle problem is 
given by 

h ( d d \ 
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of which only the first part will contribute to the magnetic moment 
whereas both terms contribute equal parts to the orbital momentum 
about the center of mass. Therefore only jL z enters the orbital part 
of the magnetic moment, 

e 1 T 

^ 2mc2 z ' 


The expectation value of the z component of the magnetic moment 
thus becomes 

<^> = E + (145.7) 

spin 

and the expectation values of x and y components vanish. 

Application of the operators a pz and a nz to the triplet spin functions 
yields the relations, 

°pzX 1,1 °nzX 1,1 = Xl,l> 

ff pzX 1,0 = Xo,o5 °nzX 1,0 = ~Xo,0’ 

OpzX i.-i=-Xi,-i; °nzX 1 .-1=-Xi,-1 - (145.8) 

If, therefore, we write a triplet wave function briefly in the form 


we get 


'I'= u Xui + v Xuo+ w Xi,-i 
</*>= E $ <h( u * Xi,i+v* Xi,o + w * Xu-1) 

spin 

x {t* P ( u Xi,i+ v Xo,o~~ w Xi,-i) 

+ Hn( U Xl,l~ V Xo,0~ W Xl,-l) 

+ AWbit(“Xl.l+»Xl.O + WXl.-l)} 


and, by using the orthonormality of the spin functions, 

</i> = J</t {u*(h p + n„ + g OThit ) u + v* g othh v + w*(-fi p -fx„ + g orhh ) w }. 


Now we have (cf. (144.5)) 

M =/ y o,o+0 y 2 ,o; v = |/3 gY 2tl ; w = |/6 gY 2i: 

and therefore 

L z u — 0; L z v — hv; L z w = 2hw 

so that 

(fi} = J dx ^(jx p +g„)(u*u — w*w) + --(i?*t;-|-2 w*w)j 


(M. + A0 drr 2 {f 2 + g 2 -6g 2 ) + 


eh 

4mc 


dr r 2 (3g 2 +2-6g 2 ), 


o 


o 
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Measuring </i> in units of nuclear magnetons, eh/(2mc), and replacing 
/ and g by the normalized functions i// s and \J/ D (144.7), we finally arrive at 

</*> = (/V+ AO -1 sin 2 at (/y+ g n - \). (145.9) 

The admixture of D state therefore only causes a second-order correction 
in the magnetic moment. 


Problem 146. Spin functions of three particles 

To construct the eigenfunctions of S z and S 2 for a system of three particles 
of spin 

Solution. The total spin vector operator of the system is now 

s = |(« i+®2 + ® 3 )- (146.1) 

Its z component apparently has the following eigenfunctions: 

X(f) = a l a 2 a 3 : . 

X(i) = A <x 2 jS 3 + B a t p 2 a 3 + C ^ a 2 a 3 ; 

X(~j) = A' faff 2 &3 +B Pi a 2^3 + C'a 1 /? 2 /? 3 ; 

xi-%) = Pi 02 03- (146.2) 

The argument of x denotes the eigenvalue of S z in units of h. Each of 
the two functions x(i) and x(~~!) consists of three still degenerate 
functions. This degeneracy will now be dissolved by investigating the 
operator 

S 2 = (^) (ffi+o 2 +ff 3 ) 2 = Q^ {9 + 2(ff 1 -ff 2 ) + 2(o 2 -ff 3 ) + 2(o3-ff 1 )}. 

(146.3) 

In Problem 140 it has been shown that 

(<7 1 -ff 2 )a 1 a 2 = a 1 a 2 ; (<r 1 <r 2 )(n 1 ^2 = 2jS 1 a 2 -a 1 )? 2 ; 

(^Tff 2 )j 8 ia 2 = 2 a 1 ^ 2 -j 8 1 a 2 ; (oi‘0jp 1 p 2 = p 1 p 2 ; 
or, even, more simply, that the operator 

^i 2 =i(l+ ff r ff 2 ) (146.4) 

merely exchanges the spin functions of the two particles 1 and 2 , 

£i 2 X(U) = x(2,l), (146.5a) 

^12 a l a 2 = a l a 2» ^12 a l 02 = Pl a 2 > CtC. (146.5b) 


in detail: 
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The operator (146.4) is therefore called the spin exchange operator of 
particles 1 and 2. 

We now can express (146.3) in terms of such exchange operators, 

s 2 = (0 {3+4(X 12 + Z 23 + Z 3 i)} . (146.6) 

Application of this operator to the first and last of the four spin functions 
(146.2) leads to 

S 2 X@ = (0 2 '15)(@; S 2 z(-i) = (0 2 '15z(-!). (146.7) 

These two functions therefore are non-degenerate eigenfunctions of S 2 
already to the eigenvalue S(S +1)=^ or S=§ for two different eigen¬ 
values of S z . In the vector model they correspond to parallel orientation 
of all three spins in z or — z direction. 

It is not so simple to deal with the degenerate functions x(i) and 
X(—^). Here, application of (146.6) to x(i) yields 



{3 x(i) + 4[A ott <x 2 jS 3 + B p x a 2 a 3 + Ca t p 2 a 3 ] 


+4 [A oq «3 + B a.! a 2 J? 3 + C p t a 2 a 3 ] 
+4[A^ 1 a 2 a 3 + J9a 1 £ 2 a 3 + Ca 1 a 2 jS 3 ]} 


'h' 


{(7 A +4B + 4C)a 1 oc 2 jS 3 + (4 A + 7 J9+4 C)oq jS 2 ot 3 


+ (4v4+4S + 7 C) p i a 2 oc 3 }. 


This shall become 


= h 2 S(S + l){Aa 1 a 2 ^ 3 + 15a 1 ^ 2 a 3 + CjS 1 a 2 a 3 }. 


Thus we arrive at a linear system of three homogeneous equations, 


7 A+4B+4C—4S(S+1) A\ 

4 A + 7J5 + 4C = 4 S(S +1) B; (146.8) 

4A+4B + 7C = 4S(S+1)C 

the determinant of which must vanish. This gives a cubic equation for 
the eigenvalues S(S +1) possible with the solutions 

S(S+ l)=^,f,f or S = iH (146.9) 

The same result would be obtained by applying S 2 to x(~~i) if the 
symbols a and p are exchanged throughout. 
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The first eigenvalue (146.9) leads unambiguously to the solution 
A = B—C of the system (146.8). Using a more complete notation for the 
spin functions, %(S, S z ), we find a quartet of four completely symmetrical 
functions, viz. 

/ 3 3 

2 


= a 1 a20f 3 ; 


X 



X 




= —— (a 1 a 2 /?3 + OCi /?2 a 3 + Pi a 2 a 3) i 
1/3 

= —~ (/?i P 2 «3 + /^1 a 2 $3 + a l $2 ^ 3 ) i 

1/3 


X 




— Pi P2P3 • 


(146.10) 


Besides this solution which corresponds to the four orientations of 
spin | in the vector model, the double solution put in (146.8) 

leads three times to the same relation, 


A -f- B 4 - C — 0 5 

we thus may express C=— (A + B), but cannot then obtain separate 
information on A and B : 


xii, i) = AoCia 2 p 3 + Ba 1 ^ 2 a 3 —(A + B)^ 1 a 2 oc 3 ; 


Two doublets, each with S=£, are still mixed up in these formulae 
and are still degenerate. 

It is usual to decompose and normalize the doublets by the two 
assumptions 

1 1 

A = B = -— and A = —B = -. (146.12) 

l/6 ]fl 

With the first assumption the doublet becomes 


Xi 



Xi 



= — (ai (a 2 P 3 + P 2 a 3 ) - 2 ft • a 2 a 3 }; 
1/6 

~ ~~P {^l(^ 2 a 3 + a 2 ^ 3 )~ 2 a i' P2P3} '■> 

V* 


(146.13) 
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this doublet is symmetrical with respect to exchanging particles 2 and 3 
(symbolic notation: 1,23). The other doublet will become 


h 




a l ( a 2 $3 $2 ^ 3 ) ’ 


X2 



— —— (P 2 a 3 — a 2 Ps) 5 
1/2 


(146.14) 


it is antisymmetrical in 2 and 3 (in symbols: 1,23). 

Of course, it is quite arbitrary to select just particles 2 and 3 as 
affecting simple symmetry properties. By another choice of A and B, 
e.g. B= — jA, a function of symmetry 12,3 would have been obtained. 
Only further conditions imposed on the solution in special problems 
can lead to the dissolution of this remaining degeneracy. 


Problem 147. Neutron scattering by molecular hydrogen 

Let the particles 1 and 2 of the preceding problem be the two protons 
of an hydrogen molecule and 3 be a slow neutron with its de Broglie 
wavelength large as compared to the nuclear distance. The scattering 
cross section shall be determined for para and orthohydrogen, separ¬ 
ately, with the central-force n-p interaction (cf. Problem 140) 

V=U3V t + V s )+UV t -V s )(*n-* P )- (147.1) 

To connect scattering lengths with potentials, the somewhat crude 
assumption may be made that the scattering length is proportional to 
the potential well depth. 

Solution. The motion of the neutron will be governed by its interaction 
with the two protons. If its wavelength is large, both protons are practical¬ 
ly at the same position and we have only one relative coordinate vector r. 
Let us denote the neutron by subscript n (instead of 3), then the neutron- 
molecule interaction may be written, according to (147.1), 

V=\Q V t + V s ) + £(F, -V s ) (*„,*, + <x 2 ) (147.2) 

with V,(r) and F s (r). 

Orthohydrogen is now defined by a symmetrical, parahydrogen by 
an antisymmetrical spin function so that, according to the results of 
the preceding problem, there exist the following eight spin functions of 
our three-body problem: 
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' + 2, 


X \2'-2. 


1 

V* 

1 

w 


(«1 a 2 Pn + <*1 ^2 a n + Pi <*2 a») 

0*i £2 a« + Pi a 2 Pn + at £2 ft,) 


Quartet, 
spin f, 

}► o-H a , 

12 n 


x(t>-^) = Pi PlPn 


(1 n 

Xo \2' + 2j 
Xo \2’ 2> 


1 1 


1 

w 

1 

w 

1 


((<Xip2 + PiOC2)<x n -2a 1 a 2 p n ) 

(( a l P 2 + a 2 ) Pn ~ ^ P x p 2 «„) 


Doublet, 

spin i, 

t o^H 2 , 

12, n 


\2 2 . 

/i_i V 

Zp V2’ 2, 


, + -! = — (<XlP 2 -pl<X 2 )<Xn 

]/2 


1 


/2 


(oc 1 p 2 -p l <x 2 )P„ 


Doublet, 
spin i, 

I t^ 2 ’ 


(147.3) 


(147.4) 


(147.5) 


These eight functions are eigenfunctions of the operator 

S 2 = (<Ti+<r 2 +<T„) 2 

with the eigenvalues 15 in the quartet, and 3 in the doublet states. Since 

S 2 = ffi+ff|+<r 3 + 2(ff 1 -ff 2 ) + 2(flr„,<r 1 +<r 2 ) (147.6) 

with the three first terms all equal to 1, but the fourth contributing 
according to 

f +1 for orthohydrogen 

(*r* 2 ) = i i f , . (147.7) 

(— 3 for parahydrogen, 

we arrive at 


and 

or 


15 — 9+2 + 2(<r„, ffi + <t 2 ) 
3 = 9 + 2 + 2(«r n ,o - 1 + <x 2 ) 


for orthohydrogen 


quartet 

doublet 


3=9 — 6 + 2(<7„,<t 1 +<t 2 ) for parahydrogen doublet 


{ 2 for orthohydrogen quartet 
— 4 for orthohydrogen doublet (147.8) 

0 for parahydrogen doublet. 
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This, according to (147.2), leads to the following three different inter¬ 
actions between the neutron and the hydrogen molecule: 

f j{V t -K)| C2V t for quartet, o-H 2 

V=±(3V t +V s )+l-(V t -V s )l=hv t +lV s for doublet, o — H 2 (147.9) 

[0 J + for doublet, p — H 2 . 

Turning to the scattering question, we need only consider the 
limiting case of zero energy where the scattering length a is linearly 
connected with the potential depth constant as long as the potential 
hole is “small”. It should, however, be noted that this is rather a crude 
assumption in the real neutron-proton interaction case. Making this 
approximation, we get the elastic scattering cross sections 

tfortho = 47r{f(2a ( ) 2 +j(ia f +f a/}; 

Vra =4 te(! a t + %(Z s ) 2 

or 

^ortho ^ {(3 &t "I" U s ) + 2 (a t Cl s ) } , 

O-para = «(3 d t +a s f. 

NB. The best values for the scattering lengths a, and a s of the two-nucleon 
problem are 1 a,= + 5.39fm and a s = — 23.7 fm. Inserting these values into Eq. 
(147.10) yields ff ortho =55 bam and <r para = 1.77 barn. The characteristic feature 
of this somewhat rough result is- the amazingly small value of the parahydrogen 
cross section. This is fully borne out by experimental evidence with thermal neutrons. 
The para cross section would vanish entirely with a s = —3 a,; its smallness shows 
that anyhow a s must be large and have the opposite sign to a t . The triplet scattering 
length must be positive in order to allow for a 3 S bound state, the deuteron. Hence, 
a s <0 so that no l S bound state can exist. It should be noted that this sign can only 
be determined by interference experiments of the kind described, not by scattering 
of neutrons at isolated protons producing incoherent waves. 

Our results apply to the limit of energy zero whereas, in experiment, the neutrons 
still have a few hundredths of an eV energy. Their wavelength therefore is not so 
very large in comparison with the molecular distance between the two protons. 
This causes inelastic transitions with parity change in the molecule between the 
rotational states J=1 of ortho, and J=0 of parahydrogen. They occur because 
r ni ^r n2 so that, with the abbreviation %(V t — F s )= C/(r), we have for the spin 
dependent part of the interaction, 

U(r nl ) (a„ ■ oj + U(r„ 2 )(o„ ■ o 2 )=?(U (r nl ) + U (r„ 2 ))(a„,a 1 +e 2 ) 

+j(U(r nl )-U(r n 2 ))(o w o 1 -<r 2 ). 

In consequence of the last term, the functions (147.3) to (147.5) no longer remain 
eigenfunctions of the potential; it is this last term that induces ortho-para transitions. 

1 1 fm=10~ 13 cm; 1 bam = 10“ 24 cm 2 . 



IV. Many-Body Problems 


A. Few Particles 


Problem 148. Two repulsive particles on a circle 

Two particles are fixed on a circle with a mutual repulsion given by 

V(<Pu <Pi) = V 0 cos(<p! - (p 2 ) (148.1) 

to simulate e.g. the Coulomb repulsion between the two helium elec¬ 
trons in the ground state. The conservation of angular momentum shall 
be derived, and the relative motion of the particles discussed. 

Solution. The Schrodinger equation 
h 2 fd 2 U d 2 U\ 

-^?{^ + wJ +v ° cosWi ~ ,P2)u=e ' u (1482) 

permits factorization by introducing the variables 

oi = (p 1 — (p 2 ; P = j((p 1 +(p 2 ) (148.3) 


of relative and absolute motion. Then we have 


_d_ _ d Id d 

d(pi da. 2 dp’ d(p 2 


Putting this into (148.2) we get 

h 2 fd 2 U 1 d 2 U N 


d 1 d 
da 2 dfi 


mr 2 \da 2 + 4 dp 2 


+ F 0 c <> sa U = E-U. 


Factorization now becomes possible into 

U{a,p) = u{a)v{p) 


(148.4) 
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and leads to the separate equations of motion 

h 2 d 2 u 


and 


with 


, , , + V 0 cos<x-u = E-u 
mr z dor 

h 2 d 2 v r 

~4^?dp 2 = EpV 

E a +E p = E. 


(148.5) 

(148.6) 

(148.7) 


The absolute motion can be determined from (148.6). The total 
orbital momentum operator of the two-particle system is 


hid d \ h d 

i \d<j Oi + d(p 2 ) i dp 


so that (148.6) may as well be written 

~L 2 v = E B -v (148.6') 

20 p 

with 0 — 2mr 2 the total moment of inertia of both particles. Eq. (148.6') 
therefore is the eigenvalue problem of the operator of rotational energy. 
Since (148.6) is solved by 

v = t iMf> ; M = 0, ±1, ±2,..., (148.8) 

the eigenvalues of the rotational energy become 




(; hM ) 2 
20 


(148.9) 


It is much more difficult to discuss the relative motion determined 
by the differential equation (148.5) of the Mathieu type. To alleviate 
the discussion we transform (148.5) to the standard form by putting 


mr 2 mr 2 

« = 2 q>- 4 —-E a =A; \—V 0 = 2q (148.10) 

so that we get 

+ (X — 2qcos2(p)v = 0. (148.11) 

dq> 2 

We are looking for periodic solutions 1 with period 2n in the variable 
a, or n in the variable <j o. The coefficient of v in (148.11) being an even 


1 This makes a fundamental difference to the solutions in a periodic potential 
of lattice theory which are not periodical, but multiply with a phase factor in each 
period of the lattice potential, cf. Problems 28, 29. We therefore get discrete eigen¬ 
values X here, but a band structure in the lattice problem. 
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function of (p, there are two symmetry types of solutions, even and odd. 
Their periodicity permits Fourier expansion so that we have 

y even = A 0 + A 2 cos2<p + A 4 cos4<jM—; 
v odd = B 2 sin2(p + B 4 sin4(p+ ■■■. 

It is usual to denote the eigenvalues of A by a 0 , a 2 , a 4 ,... for even and 
by b 2 ,b 4 ,... for odd solutions 2 . It is shown in the theory of Mathieu 
equations that the eigenvalues may be ordered in a sequence 


a 0 <b 2 <a 2 <b 4 <a 4 ... 


(148.12) 



Fig. 61. Eigenvalues (A) for different potential hole depths ( q ), both in dimensionless 
scale as defined in Eq. (148.10). The two straight lines mark the potential maximum 

and minimum 


These eigenvalues are given, as functions of q, in Fig. 61; the relation 
(148.12) forbids intersections of the curves. At g = 0 we have 

a o(0) = 0; M0) = a 2 (0) = 2 2 ; b 4 (0) = a 4 (0) = 4 2 etc.; (148.13) 


2 We adopt, as far as reasonably possible, the mathematical notations of 
Abramowitz, M., Stegun, I. A., Handbook of Mathematical Functions, Chap. 20. 
New York: Dover Publ., 1965. - The curves of Fig. 61 are partially constructed 
with the help of this Handbook. 
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for very large values of q there hold the asymptotic laws 

« 2 rte)-* > -2g + 2(2r + l)|/g-i[(r+l) 2 + r 2 ];l 
b 2 r(q) -+ -2g + 2(2r-l)j/q-£[(r-l) 2 + r 2 ].J 

The relations (148.13) and (148.14) can largely be understood by ele¬ 
mentary considerations. 

If g = 0, Eq. (148.11) simply becomes 


with periodic solutions 


d 2 v 

d(p 2 


+ Xv — 0 


v even = A 2r cos2rq>-, v odd = B 2r sin2r<jp 

belonging to eigenvalues X = (2 r) 2 . This exactly corresponds to Eq. 
(148.13). 

If, on the other hand, q becomes very large, there will be a very 
deep potential hole around <x = te, almost fixing the two particles at 
opposite positions on the circle. It is then helpful to use, instead of q>, 
a variable 

71 

y = h{<Pi-<p2-n) = <P “ (148.15) 

From 

cos 2 rep = ( — If cos 2 rq; sin 2 r<jp = (— If sin 2 rrj 

it follows that the functions v even and v odd will be even and odd also with 
respect to the variable rj. If the potential hole is very deep we may 
write in (148.11) 

cos 2 (p— —cos 2 >7 ^ — 1 + 2^ 2 

and thus arrive, approximately, at the differential equation of the har¬ 
monic oscillator, 

d 2 v 

—r + [{l + 2q)-4qri 2 ~\v = 0. (148.16) 

dq 

Its well-known eigenvalues (cf. Problem 30) are 

2„ + 2q = 2\/^(2n + l); n = 0,1,2,... (148.17) 

with the eigenfunctions for even/odd n being even/odd in rj. Eq. (148.17) 
is almost identical with (148.14) if we identify solutions at small and at 
large values of q as follows: 

n = 0 1 2 3 4 5 6 ... 
even(a 2r ) r = 0 1 2 3 ... 

odd(b 2r ) r= 1 2 3 
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The additional constant in (148.14) may be corroborated if we expand 
cos2 q one term further on; then a perturbation calculation using 
oscillator functions in first approximation yields instead of (148.17): 

l n + 2q = 2]/q(2n+l)- i lq<n\ri*\n>, (148.18) 

where the additional term turns out to bring (148.18) to perfect agree¬ 
ment with (148.14). 

NB 1. In Fig. 61 we have drawn two diagonals, the lower one marking the 
depths of the potential bottoms (—2 q), the upper one the heights of potential sum¬ 
mits (+2 q). Eigenvalues must, of course, always lie above the bottom line. If they lie 
below the summit diagonal, they describe states of libration inside the potential 
hole. Atq=10, e.g., there are 4 such libration states inside the hole, the fifth (a 4 ) 
eigenvalue leading to a vibration all around the circle, including coincidence of 
both particles. The first four states might be called anharmonic oscillator states; 
from the fifth state upwards they will correspond more and more to force-free 
motions of independent particles. 

NB 2. The relative motion of the two particles occurs under the action of a 
potential energy which has the same form (T 0 cos a) as that of a pendulum. In 
classical mechanics this leads to no more complicated functions than elliptical 
integrals, whereas in quantum mechanics we need Mathieu functions. This again, 
as in Problem 40, shows how much more involved is the mathematical situation 
in quantum than in classical mechanics. 


Problem 149. Three-atomic linear molecule 

The carbon dioxide molecule has a linear 0=0=0 form in equi¬ 
librium. Let either equal or different oxygen isotopes be used, the 
C = 0 equilibrium distance be a and the force constant of the valence 
vibration /. The two valence vibration frequencies shall be determined 
in harmonic approximation using a one-dimensional model, thus neg¬ 
lecting bending vibrations. 

Solution. Let x 1? x 2 ,x 3 be the positions along the x axis and 
m 1 ,m 2 , m 3 the masses of the three atoms, then the Schrodinger equation 
for the linear harmonic model runs 

h 2 3 1 d 2 T 1 

- y Z i— yy + ^f[(x 2 -x l -a) 2 + (x 3 -x 2 -a) 2 '\ 'F = E'F. (149.1) 

In order to factorize the solution into centre-of-mass motion and in¬ 
ternal motion we use the variables 

u — x 2 — x 1 —a, 
v = x 3 — x 2 — a, 

X =^j(m 1 x 1 + m 2 x 2 + m 3 x 3 ) with M=m l +m 2 + m 3 . 


(149.2) 
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It then follows that 

d m, d d 
_ _ __ _ _ 9 * 

dx t ~ M dX du’ 

d m 2 d d d 
dx^~ AI dX + d^~ dv ' 9 

d m 3 d d 

3xJ”M 51 + dv 

and we find by iterating these operations 

1 d 2 _ 1 d 2 /I 1 \ d 2 l 1 1 \ d 2 _ 2 d 2 

nii dxf M dX 2 \ m i m 2 J du 2 \m 2 m 3 J dv 2 m 2 dudv’ 


allowing for separation of the centre-of-mass motion. ^Changing the 
definition of E in (149.1) to mean the energy of only the internal motion, 
we arrive at a Schrodinger equation in two variables, u and v. 



2 d 2 ' 
m 2 dudv 


+ ^f(u 2 + v 2 )- 


E>W = 0. 


(149.3) 


The cross term, d 2 /dudv, in the kinetic energy makes factorization 

impossible in these variables. If, however, we introduce a “rotated” 

system, , 

u = wcosa + usina, 

(149.4) 

v' — — u sin oc +i>cosa 


it is possible by a suitable choice of a to make the term with d 2 ldu' dv' 
vanish, whereas the potential energy remains invariant under this trans¬ 
formation: 


u 2 + v 2 = u' 2 + v' 2 . 


The Schrodinger equation thus becomes 


2 


' 1 1 > 

-1- 

\ m i rn 2 j 


cos 2 a- 


du 


/ 2 


2cosasina 


d 2 


\ P 

+ (-1- 

\m 0 m->j 


sin 2 a 


dui 


f 2 


+ 2sinaeosa 


2 

— ( cosasina^P + (cos 2 a-sin 2 a)—4— 
m 2 \ du* dudv 


du' dv' 
d 2 

du' dv' 
d 2 


4- sin 2 a 


eos 2 a 


d 2 N 

sp, 

5 2N 

dv' 2 , 


cosasina 


d 2 N 

Im 2 , 


+ -f(u ,2 + v' 2 )-E> W = 0. 


(149.5) 
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Here the factor of the mixed derivative will vanish if 

/ 1 1 \ 2 

-sin 2 a = —cos 2 a 

\m 3 m 1 J m 2 


or 


tan 2a 


2m 1 m 3 


m 2 (w 1 -m 3 )‘ 
Using two mass constants A and B defined by 


(149.6) 


1 

A 

and 

1 

~B 


1 l\ 2 2 

-1-cos a-cos a sin a + 


\ m i m 2 
{ 1 


m 2 


n 

i . , 2 . I 

1 

n 

+ ~~ 

sin a -1- cos a sin a + 

f 

[ 

+ — 

m 2 J 

m 2 

V»2 



f 1 1\ . 2 

-1-sura 

\ m 2 


cos 2 a 


} (149.7) 


the Schrodinger equation is now much simplified: 




h 2 d 2 1 
2,4 8u ,2 + 2^ U 


,'2 




h 2 d 2 1 , 2 

2B dv' 2 2 J 




Solution by factorization into 

e=e a +e b 

is now possible: 

h 2 d 2 ij/ 1 


(149.8) 


(149.9) 


2 A du' 2 2 


f u' 2 xl/ = E A ilr, 


h2 d2( P . 1 r ,j 2 


—-|— f v' 2 q) = Ej t (P 
2B dv' 2 2 J * 


(149.10) 


✓ 

The eigenvalues of these two harmonic oscillators are well known (cf. 
Problem 30), viz. 

= ®x = l/7A4;l 

E B = ha) B (n B + $:); ™ B = VUE -i 


(149.11) 


Eqs. (149.6) and (149.7) to determine ^4 and B from the masses and (149.11) 
for the energies and frequencies form the solution of the problem. 

We now proceed to a closer inspection of these formulae in the 
normal case m 1 — m 3 (equal oxygen isotopes) for which, according to 
(149.6), a = 7r/4. The mass constants A and B then follow from (149.7) 

11 11 2 

A m 1 ’ B m 2 
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Thence, 


<°a = V f/ m i ; 


co B = (o A 



(149.12) 


Since co A does not depend on m 2 it may be concluded that the carbon 
atom stays at rest in mode A vibrations and, since the centre of mass is 
supposed not to move, we must have a symmetrical vibration as indicated 
in Fig. 62 a. On the other hand, it can be shown that mode B vibrations, 


0 


c 



b) 


a) 


Fig. 62 a and b. The two valence vibrational modes of C0 2 . No bending vibra¬ 
tions are considered in this problem 


for which the carbon atom takes part in the motion, will become anti¬ 
symmetric as shown in Fig. 62 b. To translate this classical description 
of normal vibrations into quantum mechanics, we construct the wave 
functions according to (149.9). In the ground state we have (in arbitrary 
normalization) 

W 0 (u\ v') - exp ^ - 4^ w' 2 ^- exp ^ v' 2 ^j , (149.13) 


both factors having a sole maximum at u' = 0 and t/ = 0, respectively, 
where 


u 

1/2 


(*3 


■2a); 


v = 


1/2 


(Xi + Xa —2 x 2 ). (149.14) 


The zero-point vibration therefore occurs about the positions 
xi + x 3 -2x 2 with the carbon atom halfway between the two oxygen 
atoms, and x 3 —x x =2 a, i.e. both oxygen atoms a distance 2 a apart 
from each other. The most probable position of the ground state there¬ 
fore is just the classical equilibrium position. 

If the A mode is excited to, say, its first excited state, a factor w':is to 
be added to W 0 . Since a function 


\l/{u') — u'e 


-~Xu ' 2 


Am, 


h 
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has two maxima of opposite signs at u' = ±2 we now have the most 
probable positions shifted to 


x 3 — x y — 2a = 



x i + x 3~ 2 x 2 — 0. 


(149.15) 


The most probable position in which to find a vibrating particle has its 
classical equivalent in the two turning points where its time of stay is 
longest. The two maximum values of u! in (149.15) therefore mark some¬ 
thing like the classical vibration amplitudes. The condition v' — 0 shows 
that the carbon atom most probably still lies halfway between the two 
oxygen atoms, but these are now alternately at a smaller or at a larger 
distance apart from each other, just as indicated on Fig. 62a. 

If, on the other hand, the B mode is excited we have inversely for the 
maximum 

x 3 —Xj — 2a=0; Xj + x^ 2x 2 = ± 

so that the most probable distance between the two oxygen atoms 
(x 3 —x t ) remains 2 a as in equilibrium, both being shifted to and fro 
with respect to the carbon atom as indicated on Fig. 62 b. 


B(d„ 

(149.16) 


Problem 150. Centre-of-mass motion 


In classical mechanics the motion of the centre of mass in a many-body 
problem with only internal forces acting can be separated from the 
relative motion of the particles. It shall be shown that the same holds 
for quantum mechanics. Special attention shall be given to the case 
of only two particles. 


Solution. We start with the hamiltonian of a system of N particles 
not subjected to external forces, 


JV | i JV JV 

H = -~r Z — V « ? + X Z E' yik(Xi-x kt y t -y ki z,-z^ 

z i= i m,- z i = j j = i 


(150.1) 


and replace the 3 N coordinates x ; , y„ z t by the position coordinates 
X, Y, Z of the centre of mass and the coordinates r\ x , t, k defining 
the position of particle X (A= 1,2,..., N— 1) relative to particle JV: 

x = w Z m i x i ; M = Z m i ; I 

J=1 i=1 f (150.2) 

£x= x x~ x n (2 = 1,2,..., N — l) I 
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and correspondingly for Y, Z, rj x , The use of these coordinates, of 
course, breaks up the natural symmetry of (150.1) by artificially dis¬ 
tinguishing particle N from the rest. 

We easily obtain from (150.2) the operators 


and 


d 

dx v 

d 

dx N 


N-l 

£1 m, axf J", 


S^ 


m v 8 d 

—--1-(v= 

M dX dl; v y 

m N d yd 

~M8X~ L x W, 


1 , 2 ,. 



M dXdd, 


N-l); 



1 

+ — 


mi 


m N \M 


dX 2 


2 %y 3 2 

M L ,dXd^ 


1 d 




1 d 2 


1 


dQ 


m 


is 

N n A 


e 2 ' 

■ yy—— 

5 2 1 




where the sums over Greek subscripts run from 1 to N — 1. The essential 
feature of this result is the cancelling of all mixed derivatives d 2 /dX d£ x 
permitting separation of the hamiltonian, 



H = H 0 + H r , 

(150.3) 

in a centre-of-mass part, 




h 2 ( d 2 d 2 d 2 \ 


H 0 =~ 

2 M\dx 2 + dY 2 + dz 2 /’ 

(150.4) 


and a part describing the relative motion of the particles, 

H,= ~t|S — V ' + — V»-V,} + K, (150.5) 

2 l a m /i m N ) 

with the potential energy 

v =m r + £ VuittofiM (150.6) 

A fi A 

independent of the centre-of-mass coordinates. The solution of the 
Schrodinger equation, 

(if 0 + H r )U = EU (150.7) 

then permits factorization into 

U = <p(X, Y,Z) «(£*,*/ a, Ca) 


(150.8) 
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with 


h 2 - 

-V 2 q = E 0 (p; 

2 M * 

(150.9) 

(H r +V)u = E r u ; 

(150.10) 

E 0 + E r = E. 

(150.11) 

Eq. (150.9) is solved by the plane wave 


-s 

II 

a 

s 

SB 

o 

II 

K> ^ 

§: * 

S) 

(150.12) 


with R = (X, Y, Z). This is the centre-of-mass law as in classical mechanics: 
the total mass M of the system moves with constant momentum hK. 
The relative motion of the particles about the centre of mass, governed 
by (150.10), is quite independent thereof. 

The third term in Eq. (150.5) prevents further factorization of 
u{t; x , C Only in the case of the two-body problem, N = 2 with A = ju = 1 
only, the hamiltonian of the relative motion simplifies to 

H,= ^ 2 + — V.4+ K ll( f (150.13) 

2 (mi m 2 J 

Introducing, as in classical mechanics, the reduced mass m* by putting 

-L + J_ = _L (150.14) 

m l m 2 m* 

and omitting the subscripts of the relative coordinates (and of V 2 2 ), 
we arrive at 

h 2 

~ — V 2 u+V(Z,ri,Qu = E r u, (150.15) 

2m 

i. e. at the Schrodinger equation of an equivalent one-body problem. 

NB. In Problem 67, the hydrogen atom has been treated as a one-body problem 
with its nucleus at rest. According to Eq. (150.15), we should more correctly intro¬ 
duce the reduced mass m* of nucleus and electron, instead of m, the mass of the 
electron. No other change is required to take account of the participation of the 
nucleus in the relative motion about the centre of mass. Since the nuclear mass, 
say M, is very large as compared with m, Eq. (150.14) leads to 



approximately. Comparing e. g. the red spectral line H a (n =3 -> n — 2) of the hydro¬ 
gen atom with the frequency 


5 m„e 4 
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and the corresponding line of the deuterium atom, 


. 5 m%e 4 

v( ^ ~ 36 Wh’ 


we find a line shift of 

v(DJ-v(H a ) = ^v(Jij 

because M D ~2M H . This difference is not very difficult to observe. It amounts to 
4.12cm _1 at a wavelength of 6563 A. Heavy hydrogen was discovered in 1931 
by Urey, Brickwedde and Murphy who observed this weak D a satellite of the H x 
line in natural hydrogen [Phys. Rev. 40, 1 (1932)]. 


Problem 151. Virial theorem 


To prove that the virial theorem 

2£kin + £pot = 0 

holds for any quantum mechanical system kept together by Coulomb 
forces only. The proof shall be performed by a scale transformation of 
the wave function of the system keeping normalization constant. 

Solution. A system of N particles of masses and electric charges 
e { satisfies the Schrodinger equation 


N N 


ft2 ^ 1 1 " " g.g. 

+ I — '?= E ' P 

2 i=i nti 2 i=lk=1 r ik 


(151.1) 


with W being normalized according to 

$dx 1 $dx 2 ...$dx N 'F*'F=l 


(151.2) 


Kinetic and potential energy of the system in a state ¥* may be com¬ 
puted from the formulae 


^kin 


and 


2 i=1 m t 


dx 2 ... \d'c N 'P*VfV (151.3a) 


= T I IV. \dr, \dz 2 ... \dz„V-V. (151.3b) 
2 i=i k=i J J J I'm 


A scale transformation, 

»'i = Ar i 

keeping (151.2) intact, means that the wave function 


(151.4) 
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is replaced by 


'P(r 1 ,r 2 „ ..!•„) 

3 " /2 9'Wr 1 ,Ar 2 ,...Ar J> ). 


^ =A 3»/2 ip Wl . 1>Arj> ... Arif ). (151.5) 

When introducing (151.5) into the energy expressions (151.3a,b) and 
passing over to the new variables (151.4), we find 


vf= X 1 V'i 2 


—=x— 


so that instead of the true energy of the system 

E = Ekm + Epot, 

we obtain 

E{X) = X 2 E kin + X E ^. 


(151.6) 


This function of X apparently must be a minimum when we select from 
the set (151.5) of functions the correct solution of the Schrodinger 
equation, i.e. for 2=1. Therefore, 


dE(X) 


— 2 XE kin + E pot 


must vanish with 2 = 1, i.e. 


2£kin + £nol — 0 ■ 


(151.7) 


This is the virial theorem which was to be proved. 


NB. The theorem need not hold in approximate solutions. It is, therefore, 
remarkable that it can be proved for a Thomas-Fermi atom, cf. Problem 175. 


Problem 152. Slater determinant 

Let the wave function of a many-particle problem with N equal particles 
be factorized into a product of single-particle wave functions and 
antisymmetrized according to the Pauli principle. The expectation value 
of an operator describing the action of an external force field shall be 
reduced to single-particle integrals. 

Solution. Let u ; (v) be a single-particle wave function of the v-th 
particle in state i, depending on its space coordinates and spin variable, 
all contracted into the symbol v. The antisymmetrized product for a 
system of N equal particles may then be written as the Slater determinant, 

(1) (2)... «i (N) 

u 2 {1)u 2 (2)...u 2 (N) 

•A = c . (152.1) 

m n(1) m n(2) • • • u n (N) 
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or, by expansion of the determinant, 

= C I (- If P(u t , u 2 ,... u M ), (152.2) 

p 

where P means any permutation of the functions u t with their arguments 
v in standard ordering 1,2,..., N. If P is an even (odd) permutation, the 
corresponding term in the sum over all permutations is positive (negative). 

An operator Q describing an external force will act on all particles 
in the same way, i. e. 

N 

£2=Z£2 V . (152.3) 

V — 1 

Its expectation value then is 

<MD|*>-|C| 2 £( —...»»)>. (152.4) 

PP' V 

Let us now single out of (152.4) one term, £2 V , acting only upon 
functions of the v-th particle coordinates and spin. Any other coordinate 
set, say fi, will then occur in some other function, say u p in both permu¬ 
tations P and P', because in any other combination the term would 
vanish by the orthogonality of the single-particle functions, 

(uj\u k } = S jk . (152.5) 

This means identity of permutations P and P', the signature in (152.4) 

always being +1, and the term Q v thus contributing only one-particle 
integrals, 


<F | Q v \ P> = <k,(v)|O v | w { (v)>. (152.6) 

Now, in the wave function ij/ a factor w,(v), with fixed i and v, is combined 
with a determinant of rank N — 1. Therefore there still remain, among 
a total of N\ possible permutations, (N — 1)! permutations of the re¬ 
maining N — 1 functions except u t over the remaining N — i particles 
except v. Hence, 

<i/<|fi,|l/r> = |C| 2 (JV-l)! £ <u,(v)|fi v |u I (v)>. (152.7) 

i= 1 

This result, of course, will hold for whatever term C2 V we pick out of the 
sum (152.3), so that in we have a total of N equal expressions 

of the form (152.7). Hence, 

<f|0|i/r>-|C| 2 JV! £ <«,(v)|« v 1m,(v)> . 


( 152 . 8 ) 
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It remains to determine the normalization constant C so that 

<«/#> = ! (152.9) 

is the probability (viz. certainty) of finding N particles anywhere. This 
can be formally achieved by putting Q v — l/N in Eq. (152.3) thus making 
£2— 1. Making use of the single-particle normalization, according to 
(152.5), Eq. (152.8) then yields 


JV 


1 


<W> = IC| 2 JV! £ — = |C| 2 N! 

i = 1 


or, using (152.9), 

C—Nl . (152.10) 

Eq. (152.8) may then finally be written 

<*|0|*>= £ <K I (*)|Ovl"i(v)> (152.11) 

i— 1 

as the simple sum of the expectation values of the single-particle states. 
NB. If we neglect symmetrization and replace (152.1) by the simple product 
^ = « 1 (l)u 2 (2)...u JV (N) (152.12) 

we get 

(M}=i<u v \Q v \u v y (152.13) 

V=1 

and 

<M> = 1, (152.14) 

i.e. essentially the same results as we found in (152.11) and (152.9) for the anti¬ 
symmetrized wave function. Neither for interaction between particles, contradicting 
the structure of (152.3), nor for the use of non-orthogonal single-particle functions, 
contradicting (152.5), do these relations hold. 


Problem 153. Exchange in interaction terms with Slater determinant 

For the factorized, antisymmetrized wave function of the preceding 
problem the expectation value of a particle-pair interaction, 

0 = i£0„ (153.1) 


shall be determined. 
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Solution. Using the same notation and normalization as in the 
preceding problem, the expectation value of one term of (153.1) may be 
written, 

.%)>• (153.2) 

All functions u n with arguments neither n nor v must be identical pairs 
in P and P' if the corresponding term in the sum is not to vanish. There 
being N — 2 such pairs of functions of as many arguments, there still 
remain (N — 2)1 permutations among them. If these all are identical in 
P and P', only one pair of functions, say u t iij, will remain for arguments 
/1 and v in each non-vanishing term of (153.2), 

(N — 21! 

<*|Q,J*> = ' E' {<«.-(/*)“»I fl ^vl«i(p)«j(v)> 

. ij 

~ < Ujin) w,(v)|fi„ v | u t (n)Uj(v )}}. (153.3) 

In the first, classical term of the curly bracket, the permutations P and 
P' coincide completely, even with respect to /j. and v, in the second, 
exchange term one different permutation (ij-+ji) just changes the sign. 
Let us now consider the sum (153.1) of such operators. Then, 

Z iV yiy l) p v ij 

- <wj(/i) wj(v)| v | w, 4 (/i) wj(v)>}. (153.4) 

Here \i and v are dummies so that the sum consists of N(N — 1) equal 

)1V 

terms (fi, v and v, /i here being counted as different terms). Thence, the 
expectation value wanted, becomes 

<*= iZ' {<«,(1 )« j (2)|(2 12 |h(1)*i/2)> 

ij 

- < M /l) Mi (2)|«2 12 | Mi (l) Mj (2)>}. (153.5) 

Use of the symbols 1 and 2 is, of course, quite arbitrary. 

It should be emphasized again that here and in the preceding problem 
each single-particle wave function m, comprises space as well as spin state. 


Problem 154. Two electrons in the atomic ground state 

The K shell of an atom is composed of two electrons in the 1 s state. Its 
energy shall be approximated by using screened hydrogen wave functions 
in the field of a nucleus of charge Ze and infinitely large mass. 
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Solution. The hamiltonian of the problem is (in atomic units, 
e = h=m = 1): 

H- -|(Vf + Vi)-z(- + -) + T; (154.1) 

the approximate wave function is according to the table of Problem 67 

U = u(r 1 ) u(r 2 ) = — e“ a<ri+r2) (154.2) 

n 

with 


ol — Z — o (154.3) 

and a the screening constant. It is to be expected that 0<er< 1, because 
the nuclear charge, in its effect on each electron, is only partly screened by 
the other electron. The two factors of (154.2) satisfy the wave equations 

^-^V?-^M(r x )= - ja 2 u(r!); 

u ^ = ~ \ “ 2 


so that 


HU = 


r 2 -^r) + (-r 2 — l+ -^ 


Z —a\ J_| 


and the energy becomes 


E — 


‘ f , a a 1 ) , 

dtj dx 2 5 — or ‘-1- } U 2 . 

I r t r 2 r 12 J 


(154.4) 


With U according to (154.2) and using the normalization of each factor u, 
this yields 


E— —cr—2o 


n J 


e -2ar t a 6 ff 

dt 1 -f —r dx t dx 2 

fi « J J 


.-2a(ri +r 2 ) 


12 


(154.5) 


The first integral in (154.5) can be evaluated in an elementary way: 

„ —2ar 1 


00 

r 


dx t 


4n 


n 


dr x e 2ari = —r 


a 


(154.6) 


To calculate the double integral 


J = 


dxy dx 2 ■ 


, — 2m(ri + r 2 ) 


12 
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we expand l/r 12 into Legendre polynomials of the angle 0 between the 
vectors i*! and r 2 : 


1 


r 


12 


1 00 (r V 
— Z (— ^(cos©) 
r 2n =o W 

j oo /y \n 

— E ( —) Pn(COS0) 
lUn=o VV 


0<r x <r 2 ; 


r 2 <r 1 < oo. 


Then only the first term of the expansion (n=0) contributes to J, and 
we obtain 




dx 2 e~ 2ar2 -4 


J 



r 2 

j* dr x r\ e _2ari + 
o 



With dT 2 = 4nr\dr 2 and 0<r 2 < oo, all the integrations become elemen¬ 
tary again and lead to 


J = 


5n 2 

8of' 


(154.7) 


The energy expression (154.5) with the integrals (154.6) and (154.7) then 
becomes 


E = 


a 


-2(Z —a)a+fa. 


(154.8) 


Up to this point, we have not yet disposed of the value of a that we 
now choose optimally in the sense of variational calculus putting 



dE 

T« = 0 - 

(154.9) 

That leads to 


a = Z-te 

(154.10) 

and 


£--(z-A). 

(154.11) 


It should be remarked that this value of a makes (154.2) the exact solution of 
the hamiltonian 


i ( v; + v|)-„(I + I) 


(154.12) 


which permits factorization. Comparing (154.12) with (154.2) we find 




1 1 

- + - 


+ 


1 


' 12 


Defining H' as perturbation, the energy shift of a first-order perturbation theory, 

AE=$$dT 1 dT 2 UH'U, 

would vanish if the screening constant a is chosen according to (154.10). 
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We add a few numerical remarks. The theory describes atoms 
stripped of all electrons except the two in the K shell. There exist experi¬ 
mental values for 


Z= 2 3 4 6 8 

He Li + Be ++ C 4+ 0 6+ . 

In all these cases, it is not E itself which has been observed, but the 
ionization energy I necessary to strip the ion of only one of the two K 
electrons. The remaining ion, keeping only its last electron, then has 
the energy 

£'=-^Z 2 

so that the ionization energy becomes 

/ = (Z-^)MZ 2 . (154.13) 

The accompanying table shows that the agreement of Eq. (154.13) with 
experiment improves continuously with increasing Z. This is reasonable, 
because the role of the interaction term l/r 12 becomes less important 
as the coupling of each electron to the centre becomes stronger with 
increasing Z. 


z 

/ in eV 

theor. exper. 

2 

23,2 

24,5 

3 

74,1 

75,6 

4 

152,2 

153,6 

6 

390 

393 

8 

737 

738 


Problem 155. Excited states of the helium atom 

In a neutral helium atom let one electron be in the 1 s ground state and 
the other in an n, l excited state (n^2, 1). The ionization energy for 

the (n, I) electron shall then be determined for both, ortho and parahelium 
using hydrogen-like wave functions with screening of one nuclear charge 
by the 1 s electron. The method shall be applied numerically to the 2 p 
state (n=2, / = 1). 

Solution. If the Is electron is exposed to the full nuclear charge 2e, 
but the (n, /) electron only to the screened charge e, we may describe 
the two one-electron states by solution of the differential equations 

(-^V 2 -y)« = £ i i/ ; (^-^V 2 -^Jv nl = E n v nl (155.1) 
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with 



j (155.2) 

v„i = \n> = R nl (r) Y l m (3,<p); E„= T 

2n 

and R nl the normalized radial functions of the hydrogen atom (see 
Problem 67). 

The Schrodinger equation of the two-electron problem 

{-^ vf -T Vi — \^=Ell, (155.3) 

(.2 2 r 2 r 12 ) 

shall be approximately solved by the symmetrized product wave function 

iff = M (l) v n {2) + s I7.C1) u(2) =11 n) + e\n 1 > (155.4) 

with e= +1 for parahelium (spins antiparallel) and e=— 1 for ortho¬ 
helium (spins parallel). The function ij/ is normalized according to 
<«/#> = 2 . 

In order to satisfy (155.3) as well as possible by (155.4) we apply 
<ln| to (155.3): 

<1 n\ - ~ V? - 1 vl - - - - + <1 >#> . (155.5) 

2 2 r l r 2 r 12 

Since 

< 111 > — 1; <n|n> = 1; <l|n>=0 

(if 1^0) the integrals will partially split up and partially vanish. For 
instance we have 

<1 »l -4 V?--|l»>-£,; <l’«l-2-Vf-—1«1>=0; 

2 2 ri 

<1 »l ~ 4 Vi - —11 «> = £„- <»l-|n> etc. 

2 r 2 r 

Since for all one-electron states the virial theorem (cf. Problem 151) 
leads to E pot = 2E, we obtain 

<n|i|n>=-£W = -2£„=4- 

r n 

Thus, finally, Eq. (155.5) leads to the energy expression 

3 

2n* 


E= —2 


+t *{£ + £ $ 


(155.6) 
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with the abbreviations 

1 

^ = <ln| — |ln> 

(155.7) 


r 12 


for the classical, and 

1 

* = <ln|— |nl> 

(155.8) 


r 12 


for the exchange integral of the electron-electron interaction. It remains 
to evaluate these two integrals. 

In both cases we expand l/r 12 into spherical harmonics of the angle 
9 12 between the position vectors r x and r 2 of the electrons: 


1 

^12 


r 2 X=0 
1 00 

fe,?. 


V Y 

— Px( cosd 12 ) 
TV 



Px( cosd l2 ) 


if r x <r 2 , 
if r x >r 2 . 


(155.9) 


When first performing the integrations over the polar angles, we have 
to calculate the integrals 

-i <*0,1 5U2)| 2 1 do , J> 2 (cos9 12 ) (155.10) 

and 

‘v-fda,r,*j2)iJa, r,, m (i)i> 2 (cos9 12 ). (iss.ii) 


In # ang , the inner integral becomes 47r<5 A 0 so that of the series (155.9) 
there remains only a contribution from the term 2=0. The classical 
interaction therefore is 


<tf = 4n\ dr 2 r\\u{r 2 )\ 


r 2 


\ r 2 


dr l rj\R nl (r 1 )\ 2 + dr l r 1 \R nl (r 1 )\ : 


r 2 


'(155.12) 


In order to calculate the inner integral of (155.11) we use the spherical 
harmonics addition theorem, 


471 + 2 

P 2 (cosS I2 ) = —— £ n,(l)?,„(2); (155.13) 

ZA+L ii=-i 

then 

j>d£l t r,,„(l) P 2 (cos» I2 ) = ~- r,.„(2) 

and 

/!> 47T 


(155.14) 
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The exchange integral therefore receives a contribution only from the 
term A = / of the series (155.9) so that 


471 


2 / + 1 


dr 2 r\ u(r 2 ) R nl (r 2 U 


1 


r 2 J 


dr y r\ 




“(rJRnyiry) 


(155.15) 


The higher the values of n and l of the excited electron, the more 
will our approximation improve because of decreasing overlap of the two 
one-electron wave functions. Except therefore for S states, the method 
will be worst for n = 2 and 1=1, but may be well trusted elsewhere if in 
that special case it produces reasonable results. We therefore now proceed 
to calculate the energy for this special excited state of the helium atom 
and compare the result with experimental evidence. 

The normalized radial function R nl then becomes 


^2,1 — 


1/24 


re 


(155.16) 


and the radial integrals (155.12) and (155.15) can easily, though in a 
somewhat cumbersome way, be evaluated using (155.2) for u and (155.16) 
for R 2 l . The results are 

^ = K1-3Ms) = 0.24896 
and 

^=W(i) 4 =0.00382. 

This leads to 

£=-2.12604+£-0.00382 


in atomic units. The ionization energy is the difference of £ and the 
energy £ + = — 2 of He + in the ground state (i.e. with one electron still 
in the 1 s state and the other removed), 

/=£+-£=0.12604 - £ • 0.00382 
or 

/ = (3.429-£-0.104) eV. 

This result may be compared with experiment as shown in the table. 
The results fit quite nicely, and even the splitting between para and 
ortho states is not as bad as might be expected from its being rather 
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sensitive to the overlap and mutual polarization of the two one-electron 
functions. It should be noted that the para state with the space sym¬ 
metric wave function lies above the antisymmetric ortho state, the 




ionization energy in eV 


G 

theory 

experiment 

para 

+ i 

3.325 

3.368 

ortho 

-l 

3.533 

3.623 

difference 

0.208 

0.255 


situation thus being the opposite of the one in the H 2 molecule (Problem 
163). This can easily be verified in our calculation where the integral 8, 
Eq. (155.8), gives the only contribution depending on the sign e; and 
since it derives from the mutual repulsion of the two electrons, 8 is 
positive, thus raising the energy level for e= +1. 


Problem 156. Excited S states of the helium atom 


The method of the preceding problem shall be extended to the configura¬ 
tion Is, ns using again the undisturbed wave function for the Is state, 
but making no specializing assumptions on the ns wave function. It 
shall be shown that, if overlap and exchange integrals are small, 
an effective potential field can be constructed in which the ns electron 
moves. 

Solution. The wave function will be written as a symmetrized 
product of one-electron states, 


i// = n(l) v n {2 )+£ y„(l) n( 2) = |1 n) + e\n 1 > 
with £= +1 and the 1 s state function in atomic units 


(156.1) 


« = | 1 > = 


. — 2 r . 


{ V2 ~7 )u=-2u- <1|1> = 1 


(156.2) 


Of the function for the ns state we know only that it does not depend 
on angles, and that it too is supposed to be normalized, 


v„(r) = \n}; <n|n> = l. 

No further specialization of |n> will be attempted. 


(156.3) 
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The wave function if/ is an approximate solution of the Schrodinger 
equation 

(H-E)il/ = 0 (156.4) 

with the atomic hamiltonian 

1 2 1 2 1 

H=--V\ --V 2 2 -+ —. (156.5) 

2 ri 2 r 2 r 12 

These are the basic equations of our problem. We start by forming 
the Hilbert product of (156.4) with <1 n \, 


<ln\H-E\ln')+eOn\H-E\nl) = 0 (156.6) 


and determining the integrals occurring with H given by (156.5). So far 
the formulae do not yet appreciably differ from those of the preceding 
problem. One main difference, however, is seen immediately since 
the two functions |1> and |n> are no longer orthogonal because they 
both belong to / = 0 but have different potential fields. Hence we have 
to introduce the overlap integral 

S = <1|b) = <h|1>. (156.7) 

Further, let us again use the abbreviations 

<ln| — \ln>=V; <ln|—|nl> = *. (156.8) 

r 12 r 12 

It then remains to evaluate the following integrals 

<l„|-i V f—-|l n ) = <l|-V—-U>=- 2 ; 

2 r x 2 r 

<1 "I - 4 v ! - -I' »> = <»l - 4 v2 - -l»>= K »; 

2 r 2 2 r 

<1 n | - 4 V? - -|nO = <1 n| - i Vi - -|nl> = -2S 2 . (156.9) 
2 r x 2 r 2 

In the last line, the identity 

<11V 2 |n> = <«| V 2 11 > 

has been used. Eq. (156.6) then may be written 

— 2 + K„ + < £ — E + e(—4S 2 +<o—ES 2 ) = 0 
or 

„ K„+<g + e(£-2S 2 ) 

E=- 2 + —---i-r-- 


(156.10) 
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Since E + = — 2 is the energy of the He + ion ground state, the ionization 
energy I = E + —E becomes 


K n + <#+s(£-2S 2 ) 
1+eS 2 


(156.11) 


Either E or I may then be determined by evaluating the integrals S, 
K n , $ for a set of sufficiently pliable functions |n> defined by Ritz 
parameters and extremizing E or / by their suitable choice. 

If the overlap integral S and the exchange integral $ are very small, 
Eqs. (156.10) and (156.11) simplify to 


E=-2 + K n +V; I=-(K n + <$). (156.12) 


The same expressions would be achieved by neglecting symmetrization 
(i.e. with £ = 0), and it is in this sense only that symmetrization in many- 
body problems may occasionally be omitted. 

Falling back upon the definitions (156.8) and (156.9) of the integrals 
K n and (156.12) may be written in more detail 


with the operator 


E= -2 + (n\Q\n) 




, u(r') 2 
k-r'|' 


(156.13) 

(156.14) 


The choice of such a normalized function |n> as makes E a minimum 
is performed by variation, 


<5«n|(2|n>+A<n|n» = 0 
with a Lagrange multiplicator A. Since 


<5<n|0|n> = 2<<5n|&|n>; <5<n|n> = 2<<5n|n> 

we arrive at 

<<5n|Q + A|n> = 0 


or, |<5 n) being an arbitrary function, at the differential equation 

(Q+A)|n> = 0. 

Rewriting (156.13) in the form 

<n|£2 —£ —2|n> = 0 

we see that X——E — 2. Hence, |n> is to satisfy the one-electron Schro- 
dinger equation 


-iV» + V',„(r)|n>=(£+2)|»> 


(156.15) 
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with the effective potential 

2 f u(r') 2 ' 

V M (r)=-+ Ur' (156.16) 

r J \r — r \ 

This is exactly the electrostatic potential to be derived from the Poisson 
equation V 2 P eff = +4rcp with the charge density p composed of the 
nuclear point charge +2 and the negative space charge — u 2 of the Is 
electron. Evaluation of (156.16) with the wave function u of Eq. (156.2) 
renders 

n«=-|-(^ + zV 4 '- (156.17) 

If |n> is determined from (156.15), this may be considered a sufficient 
approximation to all integrals of the energy expression (156.10) as long 
as S< 1 and are no more than slight corrections. 

Appendix. Numerical calculations along the general outline sketched 
before may become rather involved. As an example, we give numerical 
results for an abridged variational procedure making (156.12) extremal, 
which we have performed for the 2 s state using the set of trial functions 

|2> = ,4(e- 2 '—pre~* r ) (156.18) 

normalized according to <2|2> = 1 and defined by the Ritz parameter p. 
These functions have finite value at r = 0, they have a zero as necessary 
for a 2s state, and show the correct asymptotic behaviour determined 
by the second term. The first term describes deviations from hydrogen¬ 
like behaviour at small distances where the nuclear charge becomes 
less and less completely screened; since the Is distribution is described 
by e~ 2r , this effect should show approximately the same dependence 
on distance. 

The approximate function (156.18) leads to the following numerical 
results. 

tiA 2 = (i —iffp4-96p 2 ) -1 ; 

K 2 = 4 n A 2 (—T^+fftjP — 11/? 2 ); 

S — S ]/2n A(jj — ^£sp) ; 

* - 128 ir A 2 (*jh - t&fflsP + Jg&P 2 ) • 

The energy expression (156.12) has then been minimized by suitable 
choice of p. This leads to a quadratic equation in p with one positive 
solution p = 0.1105. Without symmetrization this yields an ionization 
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energy /= —(K 2 + #) = 0.145 atomic units or I — 3.94 eV. If, with the 
same value of p, the full energy expression (156.11) is evaluated we find 


/ = 


0,145-0,021 e 
1+0,0225 £ 


atomic units 


and arrive at the tabulated results. The theoretical approximation, 


symmetry 

ionization energy for 2 s in eV 

theory 

experiment 

para, e= + l 

3.30 

3.97 

ortho, 6 = — 1 

4.62 

4.76 

difference 

1.32 

0.79 


as always in variational procedures, leads to somewhat higher energy 
term values than the correct ones. The rather large ortho-para splitting 
is reproduced with an accuracy of about 35 % even by this very simplified 
approximation. 


Problem 157. Lithium ground state 


To calculate the binding energy of a lithium atom (Z = 3) in its ground 
state. For the two Is electrons the screened hydrogen-like functions 
of Problem 154 may be used. Exchange is to be neglected. 


Solution. The hamiltonian of the problem is 


H = \- i(V?+V2)-3(- + -) + 


r l2j 


+ 




1 1 

Tl3 r 23 



(157.1) 


where the first curly bracket corresponds to the two-electron problem 
of Li + , the second bracket leads to the 2 s function of the third electron 
in the field of the screened nucleus of rest charge 1, and in the third term 
the remaining interactions are assembled. The treatment of the third 
electron thus indicated would be quite correct, were the radius of the K 
shell very small compared to the extension of the 2s wave function; 
since it is not, the use of a hydrogen function with central charge 1 for 
the third electron is an approximation. 

We write the eigenfunction in product form 


C7(l,2,3) = «(l)«(2)i>(3). 


(157.2) 
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Here u(r) means the 1 s function 


u{r) 


and 


1A 


cc = Z — 


j>_ 

16 — 


2.6875 


(157.3) 


(157.4) 


the effective nuclear charge originated by the mutual screening effect of 
the two Is electrons in Li + (cf. Problem 154). From Problem 154 we 
further gather that the energy of the (1 s) 2 state, 


+= \\ d " 


E 

becomes 


1 


1 


dx 2 ii(1)ii(2) < - -(V 2 + V 2 2 ) - 3 - + - + - - M1)h(2) , 


12J 


(157.5) 

E + = — a 2 . (157.6) 

For the third electron we take the eigenfunction from the table of 
Problem 67 (hydrogen problem); in its lowest state, 2s, it is 


1 


v(r) = —— (l-^r)e * r 

|/8^ 


(157.7) 


and satisfies the differential equation 


\ V 3 2 - v(r 3 ) = -i»(r 3 ). 


(157.8) 


If we put the functions (157.3) and (157.7) into the energy expression, 

E = J j J dr, dx 2 dr 3 m(1) u( 2) v(3)H w(l) «(2) u(3) (157.9) 

with the hamiltonian (157.1), the first bracket of (157.1) will contribute 
E + , Eq. (157.6), and the second bracket — according to (157.8), so that 


+ 1 

E=E + -- + 
8 


dx l dx 2 dx 3 u( l) 2 u( 2) 2 v{3) 2 


f 1 1 2 \ 

-h-. (157.10) 

V r l3 r 23 r 3/ 


The last integral has still to be evaluated. It may be simplified into 

u( l) 2 1} 


J = 2 J dx 3 v(3) 2 j 
Using [cf. Problem 44, Eq. (44.19)] 


dx t 


(157.11) 


13 


J 


U( l) 2 1 f 

dx x —^ = - (1 -(1 + ar 3 )e~ 2otr3 } 
Us U 
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we may combine 


With v according to (157.7) this integral is elementary though cumber¬ 
some and yields . _ ^ , 

J ? + 3a+ 16a 3 

J=~ - ^7-^- ■ (157.12) 


J— — 2 f dx 3 ^ ^ (1 + ar 3 )e 2ar3 


(1 +2a) 5 ‘ ' 

The energy of the ground state of the lithium atom then becomes 

2 1 i + 3a + 16a 3 

£ = — a 2 — — (iTf -~2 (157.13) 

Numerical computation with the value (157.4) for a gives the ionization 


(157.13) 


energy 


, 1 |+3a+16a 3 

I = E -E = -~ (1+2a)5 


(157.14) 


/ = 0.1553 = 4.23 eV. 


This is to be compared with the experimental value of 5.37 eV. The 
approximation, of course, is not very good. The reason for the difference 
is to be sought neither in the use of complete screening of the third 
electron by the K shell, nor in neglecting any small difference of the a 
values between atom and ion. Both these corrections are far too small to 
account for a discrepany of more than 1 eV. There remain two features of 
the wave function which may still account for it: its product form, and 
the neglect of symmetrization and hence of exchange binding. 


Problem 158. Exchange correction to lithium ground state 

To correct the energy of the lithium ground state, found in the preceding 
problem, by taking account of the correct symmetry of the eigenfunction. 

Solution. The eigenfunction must again describe a state with two 
electrons in the Is state u(r) and one electron in the 2s state v(r), as 
defined in the preceding problem. Symmetrization requires the inclusion 
of spins. A totally antisymmetrical eigenfunction is then obtained by the 
Slater determinant (see Problem 152) 

w(l)a(l); «(2)a(2); w(3)a(3) 

— »(1)«1); «(2)«2); «(3)0(3) (158.1) 

|/6 

»(l)a(l); v(2)a{2); u(3)a(3) 
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in which the spin functions a and /? describe opposite spin directions. 
The determinant (158.1) is an approximate solution of the Schrodinger 
equation 

= 0 (158.2) 

with H the hamiltonian of the preceding problem. From 


where the scalar Hilbert product includes spin summation, we then are 
led on, by performing the sum over spins, to 

f | J dx x dx 2 dx 3 {«(!) u{ 2) i?(3) •- v (1) u(2) «(3)} (H — E)u(l)u(2) v(3) =0 


or, with the abbreviations 


(158.3) 

E = ^^dx 1 dx 2 dx 3 u(l)u(2)v(3)Hu(l)u(2)v{3 ); 

(158.4) 

S’ = J j j dx x dx 2 dx 3 v(l)u(2)u(3)H u(l)u(2)v(3 ); 

(158.5) 

S = J dx x u(l)w(l), 


(158.6) 

to the corrected energy formula 



E-S 

F — 


(158.7) 

1-S 2 ' 


Here, by E we denote the uncorrected 
(157.13) of the preceding problem, viz. 

energy as determined 

in Eq. 

£=-(a 2 +i) + J; J=- 

^ + 3a + 16a 3 

(158.8) 

(1 4-2 a) 5 ‘ 


S is the exchange energy, and S the overlap integral of the functions u 
and v which, as we know, are not orthogonal. The main problem still 
remaining will then be the evaluation of the exchange energy (158.5). 
If we write the hamiltonian in the form 



3 —a 3 —a 2 111 

- + — + — + — 

r 2 r 3 r x2 r 13 r 23 


(158.9) 


then its application to u(l)u(2)v(3) leads in the first line of (158.9) simply 
to multiplication by —|a 2 , —joc 2 , — respectively, so that we get 
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= — (a 2 +i)S 2 — (3 — a)S I dx l 


w(lMl) 


— (3 — a) S dx 2 


„ f , w(3)v(3) „ 

— 2 S dx 3 -h S 

r. 


JK 


u(l)v(l)-u(2) 2 


+ \dx 1 dx 3 


w(l)t;(l)-w(3)t;(3) 


+ S dxidx- 


u(2) 2 -u(3)v(3) 


Using the further abbreviations 


f* 2 
U 

dx —; 

J r 


dxdx 


dxdx 


uv 

V= dx—; 

J r 

\r~r'\ 

' U(r) 2 -u(r')v(r') 

~ k-r'l ’ 


the exchange energy becomes 


(158.10) 


(158.11) 


(158.12) 


(ot 2 +$ S 2 ~{5-<x) SV~{3-<x) S 2 U+2SY + X (158.13) 


and the corrected energy (158.7), 


E=E + 


[ J + (3 — a) U] S 2 + [(5 — a) V-2Y]S-X 


(158.14) 


As a last step, we may now proceed to evaluate the integrals S, Eq. 
(158.6), U, V, X, Y, Eqs. (158.10-12), with the functions 

w(r) = —-pe~ ar ; u(r) = -^r(l-jr)e _ ^ r . 

]/rt l/83T 

A little difficulty arises only in the two-particle integrals X and Y where 
1 /|r — r '| can be expanded into Legendre polynomials for cos(i*,»*'). Only 
the term P 0 of this series contributes, since neither u nor v depend upon 
polar angles, hence the inner integral in X and Y becomes 


,M(rW) 


\r~r'\ 


-L = An\- dr'r ,2 u(r')v(r , )+ dr'r’u{r')v{r’) 
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All other computations are elementary and yield the following results: 


s = 2K7oV-i) ; u _ g; f= ^4 S; 


(« + i ) 4 : 

a 3 (§a 2 -^a + ^) 
—- . 


2(a-l) 


( a +i) 

66 a 6 + 26 a 5 — 25 a 4 —16 a 3 —^a 2 —|a 
Y 2(a—l)(3a+D 4 

Numerical values with a = 2.6875 are 


S = 0.203; 

J = -0.030; 
U = 2.6875 
V= 0.419 
X=0.0558; 
7=0.303. 


[J + (3-a)t/]S 2 =+0.0334; 
[(5 —a) 7—2 7] S = +0.0735; 


The two positive contributions to the numerator in (158.14) therefore 
exceed the negative term —X, so that the exchange correction yields 
a smaller binding energy of the lithium atom. The reason for this rather 
unhappy result lies in the choice of v(r ) which is far too small in the over¬ 
lap zone, as the increasing effective charge to which the 2 s electron is 
subjected when penetrating into the Is core has been neglected. This 
causes a small error only in the uncorrected energy of the preceding 
problem, but will have a large effect upon the exchange correction. 
Since V and 7 are linear, but X is quadratic in the overlap product uv, 
the third (negative) term in the numerator of (158.14) should be much 
larger whereas the second (positive) term would be only moderately 
increased by using a better approximation for v(r), so that the entire 
expression may easily change its sign. 


Problem 159. Dielectric susceptibility 

Let the states of an atom be described by the Schrodinger equation 
if|n> = £„ |n>, its ground state being |0>. The dielectric polarizability a 
of the atom (or the susceptibility x of a substance consisting of N atoms 
per cm 3 ) shall be determined. What can, in general, be said on the 
polarizability of alkali atoms? 
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Solution. If an electrical field is applied to the atom in z direction, 
it causes a perturbation energy 

W=eS (159.1) 

A 

with — e the electron charge and the subscript X numbering the atomic 
electrons. The equation 

(H + W)ijj = Eilj (159.2) 

is then approximately solved by 


or 


>A=|o> + 


<njj^|0> 

■ E 0 -E 


0>+e*r-nr^^-|»>. (i».3) 

n E'O 

The component in field direction of the dipole moment of this state 
has the expectation value 


Pz=-e<'l' I !>;#>. (159.4) 

A 

In first order this is composed of two terms: 

Pz= -e |<0 |I>aI0> 


+ 


yT— 

- le 0 


I^P) , Sj _<0\W\n> ’ 

<0| L Z aN) + y-i . T-i <«|IZa|0) 


E„ 


E 0 -E n 


The first term is the moment of the undisturbed state (if any). The second 
term describes the moment induced by the field. Denoting this latter 
moment by p ind the polarizability a is defined by 


We thus find 


Pmd = 0C<f . 


a = 2e 2 


y, K»1E Z a]0>1 2 

„ E„~E 0 


(159.5) 

(159.6) 


Since E 0 is supposed to be the ground state, the denominator will be 
positive. So therefore will be the polarizability, too. 

The susceptibility i connects the dielectric polarization P = Np ind 
with the field, 

P = X* (159.7) 

so that 


and x>0. 


X = 2 Ne 2 £ 


,K»IE z aIQ>P 
E n ~~E 0 


(159.8) 
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For alkali atoms consisting of a core plus one single outer electron, 
the excitation of a core electron requires much energy, thus leading to 
a large denominator in (159.8). For a rough orientation it therefore 
suffices to study excitations of the outer electron only, moving in the 
field of an unaffected core. Its eigenfunctions may be written 

|0> = u(r ); |n> = v n {r) Y l>m (S, cp) 


because the ground state |0> is an s state not depending on polar angles. 
With 

. . /4tc 

z = rcos# = r |/—Y 1>0 


the matrix element then becomes 


00 

<n|z|0> = | dr r 3 v„(r) u(r)-§dQ Y,* m cos 5. 
o 


This vanishes, except for excitation of states with l — 1 and m = 0, when 
it becomes 


<n\z |0> = 



dr r 3 v n (r) u(r ). 


o 


Further computations imply detailed knowledge of the radial parts 
of the eigenfunctions. 

If dimensionless units are not being used, it is easily seen that the 
polarizability a has the dimension of a volume so that it will, roughly 
speaking, be of the order of {h 2 /me 2 ) 2 . 


NB. One can as well calculate the second-order Stark effect with an energy 

shift 


A 2 E 


y , 1(01 w\riy\ 2 

r E 0 -E n 


which must be = — \aS 2 . The result for a is the same as above. 


Problem 160. Diamagnetic susceptibility of neon 

To compute the diamagnetic susceptibility of neon (Z=10) using 
hydrogen-like wave functions with different screening constants <r„,. 
The following screening constants may be used: 


^i.o - 0-23 <72,o — 3.26 &2,i —4.11. 
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Solution. The diamagnetic susceptibility per mole is given by the 
formula [cf. (128.14)] 


X = 



N £ <r 2 > 


(160.1) 


where N is the Loschmidt number (N = 6.02 x 10 23 ) and the sum is to be 
extended over all electrons of one atom (or molecule). The expectation 
values of r 2 in states with eigenfunctions 

u„,i, m =-X«A r ) 

r 


are given by the integrals 

oo 

<r ; >=jA-r 2 lx.,,1 1 . (160.2) 

0 

The radial parts of hydrogen-like wave functions may be taken from the 
table of Problem 67, with Z replaced by Z — <r; the resulting values of the 
integrals (160.2), in units of {h 2 /me 2 ) 2 then become 3 

for — (1,0) (2,0) (2,1) 

(Z —<r) 2 <r 2 > = 3 42 30 

as may be checked by elementary integrations. The respective numbers 
of electrons in the three (n, l) states are 2, 2, 6. The order of magnitude of 
the susceptibilities will be determined by the factor 

Xo = -^-—N[—^) = 0.790 x 10“ 6 cm 3 /mole. (160.3) 

6 me \me J 

We thus obtain for the susceptibility of neon: 

f 2-3 2-42 6-30 ) 

XN ’~ ~ X ° 1(10 -<r 10 ) 2 + (10-<7 2 , o ) 2 + (10 —<7 2 .,) 2 J 

= — 5.61 x 10 -6 cm 3 /mole. (160.4) 

This result may be compared with the experimental value of 

X Ne = — 6.7 x 10“ 6 cm 3 /mole. 


3 These are special cases of the general relation 

<r2> = 2^ {5 " 2 + 1 ~ 3/(/ + 1)} 

the deduction of which is cumbersome and not very interesting. For details see 
Bethe, H. A., Salpeter, E. E., Encyclopedia of Physics, vol. 35 (1957), p. 103. 
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It should be remarked that the contribution of the outermost subshell 
(n,Z) is by far the biggest of the three terms in (160.4) contributing 
x(ls)= —0.05, x(2s)= —1.46 and y(2p)— — 4.10cm 3 /mole. Unfortu¬ 
nately the screening effect is not only very big for the outermost electrons 
but also rather uncertain experimentally. 


Problem 161. Van der Waals attraction 

Two hydrogen atoms in their ground states are at a distance R from 
each other. The nuclei may be supposed at rest. It shall be shown that 
the interaction between the two atoms vanishes in first order of a per¬ 
turbation calculation, and that a second-order approximation leads to 
Van der Waals attraction. Of the interaction part of the hamiltonian, 
only the leading term proportional to the lowest negative power of R is 
to be used (large distance approximation). 

Solution. Let us denote the position of electron 1 relative to nucleus 
a by i*! with components x y y A z 1 and the position of electron 2 relative 
to nucleus b by r 2 with components x 2 y 2 z 2 - The z direction shall 


7 



Fig. 63. Notations. The distances marked by broken lines enter the interaction 

(161.3) 


coincide with the nuclear axis (Fig. 63). With the nuclei at rest, i.e. in 
Born-Oppenheimer approximation, we then have the hamiltonian 

H = H° + H' (161.1) 

with 

fi 2 ep (p 

H°=-f-(V? + V!)---- (161.2) 

2 m r t r 2 

describing two independent atoms, and 


R U 2 Ub r 2 a 


(161.3) 
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their mutual interaction. We shall use H’ as perturbation energy. If H' 
is expanded in a series of negative powers of R (i. e. for r^R and r 2 < R), 
the large-distance main term comes from the interaction of the two 
dipoles al and b2 with dipole moments pj = —er y and p 2 =— er 2 
respectively, viz. 


P1P2 ApiR)(P2R) 
R 3 R 5 


(161.4) 


In coordinate formulation, (161.4) becomes 

e 2 

H' = ^j(x 1 x 2 + y l y 2 -2z 1 z 2 ). 


(161.5) 


This expression shall be used in the following calculations. 

Let u 0 (r ) be the wave function of the atomic ground state. The 
zero-order wave function of the entire system then is the product 

U(l,2)=u 0 ( ri )u 0 (r 2 ) (161.6) 

where symmetrization has been omitted since exchange contributions 
tend exponentially towards zero at large distances R and may thus be 
neglected. 

In zero-order approximation the sum of the two atom energies is 
the energy of the system. In first order we have to add 

E' = (U\H'\U} = 0. 

It can easily be seen that this term needs must vanish. Taking, e. g., the 
first term of (161.5), we have 

^3 < U\x t x 2 \uy = ^ <u 0 |x|u 0 > 2 = ~ {Jdx ul(r)x} 2 , 


and these integrals describing dipole moments of atomic states with 
spherical symmetry indeed vanish 4 . 

The second-order energy perturbation is 


1<0|H>>I 

n E q -E„ 


2 


(161.7) 


4 They vanish not only for S states but always, if both atoms are in the same 
state, see the following problem. Even for two excited states, |u 0 | 2 depends upon 
polar angles as the square of a spherical harmonic. This can be decomposed into 
a sum of spherical harmonics of even orders only. In the integrand it is multiplied 
by a coordinate x, y, or z, i.e. with a spherical harmonic of first, hence of odd order. 
Orthogonality properties of spherical harmonics thus cause the product integral 
to vanish. 
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the sum being extended over all excited states, and 0 referring to the 
ground state. As E n >E 0 , all denominators of,the sum are negative 
so that E" < 0 and there arises an attraction. The matrix elements 
depend upon R only through the constant factor R~ 3 in Eq. (161.5) which 
stands in front of each integral. E" therefore must be of the form 


E" = - 


C 

R* 


with C a positive constant. This is, however, the well-known distance 
dependence of the Van der Waals attraction. 

Literature. Schiff, L. I.: Quantum Mechanics. New York 1949. pp. 174—178. 


Problem 162. Excitation degeneracy 

Two hydrogen atoms at rest, a distance R apart, shall be in different 
quantum states, one in the ground state, the other in a P state. Dipole- 
dipole interaction exists between them, as deduced in the preceding 
problem. It shall be shown that now there is a non-vanishing first-order 
contribution to the energy of the system, even at large distances where 
overlap of eigenfunctions may again be neglected. This first-order energy 
perturbation shall be calculated. 

Solution. Let |/m> be written for an atomic wave function with 
quantum numbers l and m. The ground state may then be described by 
|00>, and the three possible P states by |lm> with m= 1,0, —1. Zero- 
order wave functions of the system, in product form, are then 

|00,lm> and |lm,00>, (162.1) 

the first pair of quantum numbers referring to the first, the second pair 
to the second atom. 

The perturbation energy (161.5) may be used. Introducing the symbols 
£ = x + iy, <f = x-iy (162.2) 

it may be reshaped into 

H' = i(«i{ , 2 + ?U 2 -4z 1 r 2 ). (162.3) 


This operator, being linear in the coordinates of either electron, has 
matrix elements with functions of type (162.1) different from zero only 
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if for each of the two electrons an S and a P state are combined 5 . These 
are the matrix elements 

<lm 1 ,00\H , \00,lm 2 > and <00,1 . 

The bilinear structure of H', Eq. (162.3), allows decomposition into 
atomic matrix elements: 

e 2, 

<1 m l 5 00|//'|00,1 m 2 } = — {<1 m , |£|00> <00|<*|1 m 2 > 

Z A 

+ <lm,|{ t |00><00|{|lm 2 > 
-4<lm,|z|00><00|z|lm 2 >}. (162.4) 

Denoting the radial parts of the atomic wave functions by / { (r) and 
using the abbreviation 

00 

r 0 = J dr r 3 / 0 (r)/ 1 (r), (162.5) 

o 

the following results are obtained for the non-vanishing integrals 
occurring in (162.4): 


<ll|«|00> = l/|r o ; 

< 1 - 11 ^ 100 )= 

<10|z|00> = j/|r o ; 


<00|{|l-l>=-l/Jr o ;' 
<00|£t|ll> = j/|r„; > 

<00|z|l 0> = j/j r 0 . J 


(162.6) 


All other combinations of quantum numbers lead to vanishing matrix 
elements. Eq. (162.4) then becomes 


e 2 r 2 


— 3 ^O.mi ^0,m 2 } • 


(162.7) 


Thus, only with m 1 —m 2 the matrix element (162.7) does not vanish. 

We are now prepared to write down the secular determinant of the 
six degenerate zero-order wave functions (162.1). If E is the first-order 
perturbation and the six functions are used in the order 


| 00 , 11 ); | 11 , 00 ); | 00 , 10 >; | 10 , 00 >; | 00 , 1 - 1 >; |1 — 1 , 00 ) 


5 Coupling of any states with even l and odd l' = l± 1 would do, e.g. P — D 
coupling. This however exceeds the limitations set by Eq. (162.1). 
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the secular equation becomes 


with 


-E 

3 e 

0 

0 

0 

0 


is 

-E 

0 

0 

0 

0 


0 

0 

E 

0 

0 


£ = 


0 

0 

-E 

0 

0 

2 R 3 


0 

0 

0 

0 

E 

h 


0 

0 

0 



(162.8) 


(162.9) 


The determinant can be decomposed into three 2x2 ones, thus extremely 
simplifying its evaluation. The results are therefore immediately shown 
in the accompanying table. Here A stands for the sum of the m values of 
both atoms, i. e. for the component of the total electron orbital momentum 
along the nuclear axis. The classification symbols used are those of 
molecular spectroscopy, the signs I and J7 referring to A—0 and +1, 
respectively, and the subscripts g and u to wave functions even and odd. 
The two II g states having the same energy are still degenerate; so are 
the two IJ U states. The last column gives the interaction energy E in 
multiples of e. 


State 

A 

Wave function 
(unnormalized) 

E 

n 9 

1 

|00,11>+|11,00> 

+h 

n u 

1 

A 

8 

i-H 

T 

g 


z. 

0 

|00,10>+|10,00> 

— f e 

Zu 

0 

8 

o' 

1 

/X 

o 

g 


n g 

-1 

✓X 

8 

i 

+ 

1 

8 

+h 

n u 

-1 

|00,1 —1>— |1 —1,00) 

-h 


Introducing the hydrogen wave functions (see Problem 67) 
/„=2e-'; 


in atomic units, the integral r 0 , Eq. (162.5), can be evaluated: 


r 0 = |/6‘l43 


(162.10) 
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and, from Eq. (162.9), 

_ 16384 e 2 a 2 0 
E ~ 19683 ~W 


(162.11) 


with a 0 the Bohr radius. In all states, therefore, the interaction energy E 
becomes proportional to R ~ 3 , decreasing more slowly than, and thus 
dominating, the Van der Waals energy ( acR ~ 6 ) at large distances. The 
sign of the interaction still depends upon the state of the system: in the 
states I u and TI g there is repulsion between the two atoms and attraction 
only in the states I g and 77 u . 

Literature. Herzberg, G.: Spectra of diatomic molecules, p. 378. — Landau- 
Lifschitz: Quantum Mechanics, p. 302. — Margenau, H.: Rev. Modem Phys. 11, 
1 (1939). — King, G. W., Van Vleck, J. H.: Phys. Rev. 55, 1165 (1939). 


Problem 163. Neutral hydrogen molecule 


To find the binding energy and equilibrium distance of the neutral 
hydrogen molecule by a method analogous to that of the Hj treatment 
given in Problem 44. 


Solution. This is a two-body problem in the Born-Oppenheimer 
approximation of fixed nuclei. Let the two nuclei (protons) be denoted 
by a and b, and the two electrons by 1 and 2, then we have the hamiltonian, 
in atomic units, 


H=-i(V?+Vi) + — 
G 2 



1 1 

+ — + — + 


'b 1 


al 



+ ^ (163.1) 


with R the distance between the nuclei. At large distances R, the wave 
function should pass over into the product of the separate atoms, either 
becoming of the form f{r al ) f(r b2 ) if electron 1 forms an atom with 
nucleus a, and 2 with b, or of the form f(r bl ) f(r a2 ) if the two electrons 
are exchanged. A reasonable approach at finite distances R will be a 
linear combination of two such products, and symmetry considerations 
lead to the choice of the symmetrical solution 

U(1.2)=a[/(r„)/(r, 2 )+/(r M )/(r„ 2 )] (163.2) 

for the ground state (with antiparallel electron spins, according to the 
Pauli principle). The antisymmetric combination, which is an eigen¬ 
function as well, would lead to a larger energy with no attraction and no 
formation of a molecule at all. 
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If we put (163.2) into the Schrddinger equation, 

HU = EU ' (163.3) 

with H the hamiltonian (163.1) we get 

F(r al )f(r b2 )+f{r a i)F (r M ) + —--- “ _ - E + 4 f( r ai)f(h 2 ) 

Un hi h 2 KJ 

+ F(r bl ) f(r a2 )+f(r bl )F(r a2 ) 

+ + 4 f(hi)f(h 2 )=0 (163.4) 

_'12 "a 1 r b 2 K - 

where F stands as an abbreviation: 

F(r a 1 ) = ^ ■- j V 2 i ~ ^-) Ah 1 ) • (163.5) 

We now apply the operator 

f</Tj</T 2 /*(r al )/*(r M )... 

to Eq. (163.4). The function / is supposed to be normalized. Using the 


following abbreviations 



for the overlap integral, 

S=$dx 1 f*(r al )f(r b2 ) 

(163.6) 

V = 

* 

and 

<hi — \f(r a i)\ 2 

hi 

(163.7) 

<T = 

• 

* C 1 

dx l dx 2 — \f(r al )\ 2 \f(r b2 )\ 2 

J h 2 

(163.8) 


for the classical interaction integrals, 

*= U,— f*(r al )f(r bl ) (163.9) 

J 

and 

^=1 f*(r al )f(r bl )f(r a2 )f*(r b2 ) (163.10) 

J J U 2 

for the exchange integrals, and finally 

A = J<fTi/*(r«i)E(r al ) 

= \dxJ*(r al )F{r bl ) 


and 


(163.11) 

(163.12) 
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for the two remaining integrals, we find by this procedure 


2(A + A'S)-2( ( S + SS)+{ ( S' + S') = (e- ^j(l + S 2 ) (163.13) 


or 


^A + A'S 2(<#+SS)~ {<#' + £') 1 

“ 2 1+ S 2 1+S 2 + R 


(163.14) 


In a way analogous to that used in Problem 44 for Hj we now put 


/(') = 



(163.15) 


For y = 1 this would be the wave function of the atomic ground state; 
with y a variational Ritz parameter we may still get a better approx¬ 
imation. Specializing to (163.15) we find, according to (163.5), 

Hr a i) = \y 2 + i) 


so that (163.11) and (163.12) yield 

A=-h 2 +y(y- 1); A'=-$ y 2 s+{y-i)*- (163.16) 


It can further be shown that the overlap integral S depends only upon 
the combination 

p=yR (163.17) 

which we may use as a second Ritz parameter besides y, and that the 
four remaining interaction integrals ( €, <€', S, S' all become propor¬ 
tional to y so that we may write 

<S=yV(p); <S' = y r{p); S = yS(p); S' = yS\p). (163.18) 


The energy expression (163.14) thus becomes 


with 


and 


E= —ay + by 2 


(163.19) 


a(p) = 


2(l+^) + 4 SS-(<#'+S') 
1 + S 2 



b(p) = 


1 — S 2 + 2SS 
1 + S 2 


(163.20) 

(163.21) 
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or 


it amounts to 


We then get an energy minimum if 


dE 

— = —a+2by—0 
dy 


II 

SI* 

(163.22) 

a 2 

E= ~4b' 

(163.23) 


It remains to evaluate the five integrals (163.6-10). Three of them 
have been computed in the Hj, Problem 44, viz. 

5 =(1 + P+y 2 )e~ p , 

V = -[l-(l + p)e“ 2p ], 

P 

6 — (1 +p)e _p - 

The integral is a little more difficult but can still be evaluated in an 
elementary way if integration over the coordinates of the electron 2 is 
first performed using spherical polar coordinates with the origin in b 
and b 1 the polar axis: 


« J r 12 


*~2r b 2 . 


--V(r bl ). 


The second integration, over electron 1, then leads to integrals already 
evaluated, only some having factors 2 in the exponential. The result is 

= -[l-(l+ J rP+!p 2 +£p 3 )e~ 2p ]. 

p 

Real difficulties, however, are encountered in the last integral, S', which 
can no longer be reduced to elementary integrations. The result, first 
obtained by Sugiura, is 


with 


-Up-Ip 2 -^p 3 ^ 2 - + j ^ 

5 p 

<p(p) = S(fif (logp + C)-S{-p) 1 E l (4p)+2S(p)S(-p)E l (2p\ 


where 


£i(z) = 


00 

Jr" 


is the exponential integral. 
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It is easily seen that, for large r, this integral tends to zero as e~ 2p and 
that, at p= 0, it has a limit <F'(0)=f in agreement with the theory of 
the helium ground state emerging for nuclear distance zero (cf. Problem 
154). 

Numerical computation yields the following table. The binding 
energy of the molecule has a maximum at about R = 1.46 a.u. corre¬ 
sponding to an equilibrium distance of R o = 0.11A (instead of the 
experimental value 0.742 A). The energy then is E= —1.139 which is 
to be compared with the binding- energy of two separate hydrogen 
atoms in the ground state, 2£ 0 = — 1. If the zero-point energy of the 
molecular vibrations is denoted by jha), we therefore have a disso¬ 
ciation energy of 

D = 2E 0 — (E+jh(o) = 0.139—jh(o. 

The zero-point energy can be determined by the same procedure as in 
the case of Hj (Problem 44), but the energy parabola in the neighbour¬ 
hood of the minimum is much less accurately determined by the table. 


p 

y 

-E 

R 

1.3 

1.145 

1.120 

1.133 

1.4 

1.152 

1.127 

1.214 

1.5 

1.160 

1.131 

1.293 

1.6 

1.164 

1.137 

1.374 

1.7 

1.166 

1.139 

1.458 

1.8 

1.164 

1.137 

1.546 

1.9 

1.161 

1.134 

1.635 

2.0 

1.156 

1.129 

1.730 


However, we find a value close to 0.010 a.u. or 0.27 eV, with an error of 
about ±5%, in perfect agreement with experiment (ftca —0.54 eV). 
Thus, the dissociation energy turns out to be 


D = 0.138 a.u. = 3.75 eV 


whereas its experimental value is D = 4.45 eV. The agreement is not 
so bad, as we have explained in the similar situation obtaining in the 
case of Hj. 

NB. It should be mentioned that, for large distances R or p, the parameter y 
tends towards 1 and the function / to the atomic ground state wave function. 
In the original Heitler-London method, this value was used throughout, so that 
there was no Ritz parameter y. In that rougher picture the dissociation energy 
becomes only 2.90 eV and the equilibrium distance 0.88 A. The increasing values 
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of y which, according to the table, obtain during an adiabatic approach of the 
two atoms describe a contraction of their electron wave functions in binding. 

Literature. Heitler, W., London, F.: Z. Physik 44, 455 (1927). — Evaluation 
of the integral S': Sugiura, Y., Z. Physik 45, 484 (1927). — Variation of y: Wang, 
S. C., Phys. Rev. 31, 579 (1928); Rosen, N.: Phys. Rev. 38, 2099 (1931). — Better 
variational approximations: James, H. M., Coolidge, A. S., J. chem. Phys. 1, 825 
(1933); 3, 129 (1935). 


Problem 164. Scattering of equal particles 


A beam of particles of charge e collides with a target consisting of 
particles of the same kind at rest. How does the angular distribution 
by scattering compare with that expected of classical physics, if allow¬ 
ance is made for the correct symmetry of the wave function? This shall 
be discussed for unpolarized particle beams of spins 0, j, and 1. 

Solution. The Rutherford amplitude has been derived in Problem 
110 in the centre-of-mass system. It is 


n 

y* g-iK*logsin J j 

m= - ryv e2i ’ , °- q—; flo = m + /x*); 

2k* . 3 

sin z — 

2 


(164.1) 


here the abbrevations k* and k* refer to centre-of-mass values, 


yr 


e 

hv ’ 


k* = 


m*v 


E* 


h 2 k * 2 
2 m* 


(164.2) 


and m* is the reduced mass. For two equal particles, m*=jm. The 
relative velocity of the two particles, v, is independent of the frame of 
reference. Therefore, if k, k and E refer to the laboratory frame, we get 

x* = x; k*=jk; E*=jE (164.3) 

so that 

y „ — tK log sin 2 ^ 

m= - T e 2i ’°- tio = r(l + ix). (164.4) 

k . , 3 

sur — 

2 

Further, the angle of deflection in the laboratory frame, 0, for equal 
masses becomes 


0=$3 


( 164 . 5 ) 



Problem 164. Scattering of equal particles 


89 


with 9 the angle in the centre-of-mass system. The solid angle element 
therefore transforms according to 

d(o=2nsin9d9 = 2n-4cos0 sin0c/0 = 4cos0</i2, (164.6) 


and the differential Rutherford cross section in the laboratory frame 
becomes 


d<*R 

dQ 


4 cos© 


x\ 2 1 

k) sin 4 © 





(164.7) 


Even in classical mechanics, this formula has to undergo an essen¬ 
tial correction. Since it is impossible to distinguish a scattered particle 
from a recoil particle, if both are of equal kind, both have to be added 
in the cross section. As, according to (164.5), the two paths will be per¬ 
pendicular to each other, the recoil particle emerges from the target 


n 


under the angle — 


0 and we get, instead of (164.7), 


^^class . ^ 

-= 4 cos 0 

dQ \k. 


1 


+ 


1 


sin 4 © cos 4 0 


(164.8) 


This is the classical expression with which we have to compare the 
quantum mechanical result now to be derived. 

According to quantum theory, we have not to superimpose inten¬ 
sities (i.e. cross sections) but amplitudes. Let u(r ) be the unsymmetrized 
wave function in the centre-of-mass frame with r the relative coordinate 
vector. Its asymptotic behaviour, apart from logarithmic phases, is 

ik?r 

u{r)->e ik ' z 

r 

The plane wave part can be written 

gifc*(zi -z 2 ) 

describing one particle of velocity + jv and the other of velocity —jv 
in z direction. If centre-of-mass motion is superimposed by a factor 

gik*(zi + z 2 ) 

particle 2 is brought to rest (target particle), and there remains the 
motion of particle 1 according to e 2ik * Zl = e ikZl (colliding particle). This 
holds for the unsymmetrized wave function of the two-particle system. 
Its symmetrization means replacing u(r) by 

u(r)+eu( — r) with e=+l. 
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For the asymptotic spherical wave part this means replacing /(#) by 

f(S)+f(n-S) ' 

leaving r unchanged, so that, with (164.4), instead of f(3) we get 


m + ef(n-S)= 


mv 


»2£(jo 


g — i k log sin 2 2 g — ik log sin 2 ^ 

+ £ - 


• 2^ 
sin — 


COS ' 4 — 


2 2 
and, instead of the classical cross section formula (164.8), 


(164.9) 


da ( e 

— = 4 cos 0 —r 
dQ \mv 


,2 \2 


g — ix log sin 2 © g — ix log cos 2 © 


sin 2 © 


+ 


cos 2 © 


. (164.10) 


Evaluation of the last expression leads to 


da [ e 

— = 4 cos 0 
dQ 


2 \ 2 


1 1 2 cos (|| log tan 2 ©) 

+- T-Z + £ 


mv 2 J | sin 4 0 cos 4 © 


sin 2 © cos 2 0 




(164.11) 

with an interference term added to the classical expression. For com¬ 
paring both, quantum tneoretical and classical cross sections, the ratio 


da 2 tan 2 0 cos(f^ log tan 2 0) 

—- = 1 +£- y - 

d^ciass 1 + tan 0 


(164.12) 


may be useful. 

As a last step we now have to decide which part of an unpolarized 
beam will be symmetrical, and which antisymmetrical. If the scattering 
particles are fermions of spin j (two protons or two electrons) whose 
total wave function must be antisymmetrical, we have weights | for the 
spin-symmetrical, space-antisymmetrical triplet and \ for the opposite 
symmetry of the singlet state so that we get 

da=\da_ +^da+ 

with the subscript signs referring to the two signs of £ in (164.11). There¬ 
fore, unpolarized beam experiments in this case yield 

£ eff — —2 

and 


da 

d &class 


tan 2 ©cosd^logtan 2 0) 
1 + tan 4 0 


= 1 - 


(164.13) 
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This function is shown in Fig. 64 for proton-proton scattering at an 
energy E —100 keV. This is about the highest energy for which no very 
appreciable scattering anomaly occurs due to the short-range nuclear 
attraction between the protons (cf. the following problem). At this 
energy, we have x=0.50 for protons. The function (164.13) is invariant 

n 

under the transformation 0 -* - 0 so that it need only be computed 


for values 0<6>f£45°. Passing on to much lower energies, x becomes 
so large that cos(x log tan 2 0) has several oscillations in this interval. 



Fig. 64. Scattering of two equal fermions. The figure shows the ratio of quantum 
theoretical to classical scattering intensity as a function of scattering angle. The 
curve has an infinite number of oscillations in the vicinities of 0° and 90°, with 

decreasing amplitudes 


Finally, for very large x, these oscillations will be so rapid that they 
can no longer be resolved experimentally so that the classical expression 
remains. 

If the particles are bosons without spin (e.g. two a particles or two 
pions), only the space symmetrical state with g= +1 occurs. Of course, 
for a particles e 2 has to be replaced by 4e 2 . If the particles are bosons 
of spin 1 (e.g. two deuterons), the total spins possible are 2 (weight f), 
1 (weight |), and 0 (weight <y) with space symmetry for total spins 2 and 0. 
Then we get 


£ eff = (! + i) —1= +i 


and 


do 2 tan 2 0cos(f^logtan 2 @) 

do cl!lss 3 1 +tan 4 <9 


(164.14) 
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Literature. The classical symmetrized expression (164.8) was first used by 
Darwin, C. G.: Proc. Roy. Soc. London, A120, 631 (1928). The quantum me¬ 
chanical formula was derived by Mott, N. F., ibid: 126, 259 (1930). This formula 
was corroborated experimentally with a particles, as described in the papers by 
Chadwick, J.: Proc. Roy. Soc. London, A128, 114 (1930) and by Blackett, P. M. S., 
Champion, F. C., ibid.: 130, 380 (1931), and with protons by Gerthsen, C.: Ann. 
Physik 9, 769 (1931). 


Problem 165. Anomalous proton-proton scattering 


The short-range nuclear force between two protons gives rise to an 
attraction which causes a scattering anomaly above energies of about 
100 keV. This anomaly shall be described by an additional phase shift 
<5 0 in the partial wave /=0. 


Solution. In Problem 112 we have treated anomalous scattering for 
charged particles without symmetrization and derived Eq. (112.5), in 
the centre-of-mass frame, 


m- 


X 


2k* sin 2 


9 

2 


. 2 » 
— iK log siiv 4 — 

e 


+ 


1 

2ik* 


( e 2i«°_l) 


(165.1) 


Let us instead for what follows use the abbreviation 


m = fM+f. (165.2) 

where the first term describes the Rutherford scattering of the Coulomb 
field and the second, 

fa = —(e 2 ‘ a ° —1) = — e' do sin<5 0 , (165.3) 

2 ik* k* 


is the anomaly amplitude. Symmetrization, then, according to the 
preceding problem, with 

%9 = 0, (165.4) 

leads to the relation 

~ = 4cos6>{||/(S)-/( It -9)| 2 +il/(9)+/()t-9)| 2 }, (165.5) 

all 

or 

^-4cos6>g|/ R (9)-/ K ( I i-9)| 2 +i|/»(S)+/ K (^-S)+2/J 2 ). (165.6) 
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In the first square of (165.6), the anomaly not depending upon 9 cancels out. 
It is remarkable that even for higher energies, where higher angular momenta 
contribute to f a so that 

f. = An 1 (2 / + 1 ) e 2i(m ~' lo) (e 2ii ‘ — l)P, (cos 9 ), 

ZZ/C 1 = 0 

in consequence of 

P, (cos (71 — 9)) = (— 1/P,(cos 9), 

all contributions with even / would cancel out in the triplet, and all with odd / 
in the singlet term. Thus, contributions would arise only from the terms 

1 S, 3 P, 1 D, 3 F, X G,... 

This is in complete agreement with the Pauli principle applied separately to each 
of these partial waves (forbidding 3 S, 1 P,...). 


If the absolute squares are evaluated, Eq. (165.6) yields 

^ = 4cos0{|/„(3)| 2 + \f R in - 3)| 2 -Re[/,,(S)/j;(* - 8)] 
dil 

+Re[/./S(S)] +Re[/,/S(>t - 3)] + l/J 2 } ■ (165.7) 

In the first line of this equation there stand the terms contributing to 
Coulomb scattering as discussed in the preceding problem; in the 
second line there stand two interference terms of Coulomb and anoma¬ 
lous scattering, and the anomaly itself. With the explanations of the 
symbols f R and f a given above, these last three terms can easily be 
computed: 

2 yc sin (5 

Re[/ a /l(3)]= cos(<5 0 + xlog sin 2 0); 

K sin cy 


„ 2x sin<5 0 

Re[/./X(«-S)]= -72 —Tri cos(<5 0 + k log cos 2 0 ); 

k cos 


|/ a | 2 =p-sm 2 5o. 

It is usual to give the so-called scattering ratio, 

da 

R = 


da c ’ 


(165.8) 


where da c means the Coulomb term only (as derived in the preceding 
problem or from the first line only of (165.7)). This becomes 


= 1 


x 


-sin<5 0 


cos(<5 0 +>dogsin 2 @) cos(5 o +J<logcos 2 0)l 4 


sin 2 ® 


cos 2 ® 


! 1 +- 

* 


sin 2 5 0 


1 


1 


cos(>dog tan 2 ®) 
sin 4 ® cos 4 ® sin 2 ® cos 2 ® 


(165.9) 
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This formula holds upwards to such energies where 3 P scattering 
begins to play a role, i.e. upwards to a few MeV proton energy. 

Eq. (165.9) gives R = 1 for 0 = 0° and for 0 = 90° where the sin¬ 
gularity of Coulomb scattering outgrows the finite anomaly. 

More significance attaches to the value of R at the angle 0=45° 
where we get 

2 1 

P(45°)=l-sin<5 0 cos(<5 0 -log2) +—sin 2 (5 0 . (165.10) 

X X 

Let us first discuss this expression for a rather small proton energy, 
say, of 250 keV. Then x = 0.316 is still rather large and <5 0 very small, 
so that the second term in (165.10) by far outweighs the third one. 
Observation at 45° then easily decides on the sign of the additional 
force: If it is an attraction, <5 o >0 and i?(45°)< 1; if it is a repulsion, 
<5 o <0 and P(45°)> 1. Experiment shows that the nuclear force is 
attractive. 

Let us now go on to higher energies, say, to IMeV (x=0.158). 
Fig. 65 shows the value of R(45°) then to be expected for different 
positive and negative values of <5 0 , according to (165.10). Since we 



Fig. 65. Anomalous proton-proton scattering at 1 MeV. The ratio of actual to pure 
Coulomb scattering at 0 = 45° is shown as a function of the phase angle 8 0 . 
Positive (negative) values of 8 0 correspond to short-range attraction (repulsion) 


have already decided in favour of <5 o >0 (attraction), there is a unique 
determination of <5 0 if P(45°)> 1. This really is observed at 1 MeV, 
viz. R (45°)=4.6. The phase angle then turns out to be «5 0 — 32°. In this 
way d 0 can be uniquely determined as a function of energy. 
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The ratios R at other angles of deflection may then be computed 
from (165.9) with the value of S 0 so determined, and the whole curve 
of angular distribution for each energy be compared with experiment. 
Thus the theory can be corroborated in more detail. Perfect agreement 
has thus been obtained. 

Literature. Blatt, J. M., Jackson, J. D.: Rev. Modem Phys. 22, 77 (1950). — 
Fliigge, S.: Ergebn. exakt. Naturwiss. 26, 165 (1952). 


Problem 166. Inelastic scattering 

A beam of protons is passing a target consisting of alkali atoms. Ex¬ 
citation cross sections for the outermost atomic electron, originally in 
its ground state, shall be determined by treating the proton-atom 
interaction as a perturbation. Momentum transfer to the atomic core 
shall be neglected (infinitely heavy nucleus). 

Solution. Let us use atomic units throughout (h = 1, e= 1, m— 1) 
and let r t be the position vector of the proton, r 2 of the electron. The 
hamiltonian may then be decomposed into three parts, 

H = H 1 +H 2 + H l2 (166.1) 

with 

Hl =--Lwl (166.2) 

2 M 

describing force-free motion of a proton of mass M, 

H 2 = — + V(r 2 ) (166.3) 

describing the motion of the outermost electron in the field of the 
atomic core, and 

H 12 =-V( ri )-— (166.4) 

'12 

describing the interaction of the proton with the atomic core and the 
electron to be excited. This last term of the hamiltonian shall be re¬ 
garded as a perturbation. Such a formulation of the problem is rea¬ 
sonable as long as the energy of the proton is not big enough to excite 
any one of the core electrons, so that we may simply deal with only 
the outermost electron and a rigid core. 

Let the eigenfunctions of the operator H 2 be u v (where the sub¬ 
script v comprises the three quantum numbers n, /, m, and v —0 denotes 
the ground state) with eigenvalues W v , 

H 2 u v (r 2 )= W v u v {r 2 ), 


(166.5) 
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and let hk be the momentum of an undeflected beam proton. Then the 
zero-order solution of the Schrodinger equation, .neglecting H 12 , is 

U°(r 1 ,r 2 ) = c ikri u 0 (r 2 ). (166.6) 

The first-order solution may be written as an expansion with respect 
to the complete orthogonal set {« v }, viz. 

U(r t , r 2 ) = e ik ri u 0 (r 2 ) + F^) w„( r 2 ) (166.7) 

ft 

where fi=0 is excluded from, and the integral over the continuum 
functions included in, the sum. 

Putting (166.7) in the Schrodinger equation we arrive at 

rWfi+IV— 2mw„- 2MH, ! F,)n(r ! )=2MU 1! e»''» 0 (r 1 ). 

ft 

In the first order of perturbation we neglect H 12 on the left-hand side. 
With the notation 


k\ = k 2 - 2M{ W„ - W 0 ) (166.8) 

we then have 


r{ViF,(r 1 )+tlF,(r 1 )}« M (r 2 )-2MH IJ e , ‘-'‘i( 0 (f 2 ). (166.9) 

ft 

Multiplying (166.9) by u*(r 2 ) and integrating over r 2 we obtain a set 
of independent differential equations for the F v ’s: 

V?F v + fc v 2 F v = ^> v (r 1 ) (166.10) 

with 

<P v (r 1 ) = 2Me ikri $cPr 2 u*(r 2 )H 12 u 0 (r 2 ). (166.11) 

Eq. (166.10) is an inhomogeneous equation and can be solved by using 
a Green’s function, 


F v {r i) = 


1 

471 



»ifc v |» , i —r'| 


ki-r'l 




(166.12) 


In order to derive cross sections from the solution, we next have 
to study the asymptotic behaviour of (166.12) for r^oo. The integral 
(166.11) in ^ v (r 1 ) decreases as \jr\ with large r l since H l2 is the inter¬ 
action of a proton with the neutral atom, which according to (166.4), 
for r 1 pr 2 , tends towards—(»y r 2 )/r\. The factor <P v (r') in (166.12) thus 
practically limits the integration domain in (166.12) to atomic dimensions. 
For r x -> oo therefore r^r' may be supposed so that 




e ik v r, r 

4nr 1 . 


cPr'e 


ik v r' cos(fi,r') ^ 


(166.13) 



Problem 166. Inelastic scattering 


97 


This is an outgoing spherical wave, 


g ik v ri 

Ur iW(Sr)- 

h 

with a scattering amplitude 


m )= 


i 

4n 


J 


CPf' Q~ ik v r ' cos ( r l’ r ') (p (f'} 


(166.14) 


(166.15) 


still depending upon the direction in which the proton is finally de¬ 
flected. It follows that the differential inelastic cross section for the 
proton, under excitation of the outermost alkali electron to the state v, 
then is 

da (166.16) 

k 


because the velocity of the outgoing protons, and thence their current, 
are lowered by the factor kjk. This is an immediate consequence of 
interpreting (166.8) as energy conservation law. 

Let us now go into some more details with respect to the angular 
distribution of the inelastically scattered protons. In the exponent of 
(166.15) we introduce a vector k v in the direction of so that 

/c v r'cos(r 1 ,r') = fc v -i*' 
and, using (166.11) and (166.4), we get 


M f 

~2n J 


./W=-— UVe i(k K) ' r ' d 3 r 2 u*{r 2 )\ —V{r') — 


\r -r. 


’Mr 2 )- 


It is obvious that the term with V(r') does not contribute to inelastic 
collisions (v^O). This follows from orthogonality as well as from the 
physical fact that interaction of the proton with the core cannot excite 
an electron which forms no part of the core. Further introducing a 
vector K v — k — k v for the change of momentum we then arrive at 


m) = y 

2n 


/* 

<P r 2U*{r 2 )u 0 {r 2 ) 

% 




(166.17) 


The integrand of the inner integral in this formula consists of two 
factors, both of which may be expanded into spherical harmonics of 
the angles 5' between K v and r', and &' 2 between r' and r 2 : 
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gi K v * 


1 £ \/W2i+T)fj l (K,r')Y l , 0 (S') 


KS ,-o 


and 


1 


= z 


with 


\r'~r 2 \ n=o 

1 ^'Y 

r 2 vJ 
1 /r 2 V 


/ 47T 
2 » +1 


o(»i) 




R„ 


r' Vr' 


if r' <r 2 , 


if r'>r 7 . 


(166.18) 


Referring all angles to the direction of if v as polar axis, we may apply 
the addition theorem of spherical harmonics to Y n> o($ 2 )> viz. 


r„.o(3' 2 ) = 


/ 471 +n 

VtT Z Y* m (S',q>')Y„ im (S 2 ,cp 2 ) 
2n+l 


with S', cp' defining the direction of r' and S 2 , q> 2 that of r 2 with respect 
to K v . Then, in the inner integral of (166.17), the angular integrations 
may be performed and we get 


cPr'e iKvr ' 


1 


r — r 


Z \ dr ' r ° 


21 1 = 0 


4n 

KS 


/ 471 

21 +1 




Using the abbreviation 
Qi(r 2 ) = 

Eq. (166.17) becomes 


jnr/h 2J W R ‘ (mi9) 


/(Si) = 2M (Pr 2 u*(r 2 )u 0 (r 2 ) £ 9M 2 ) Yj j0 (5 2 )- (166.20) 


1=0 


The integral (166.19) can be explicitly evaluated. Using y = K v r' as 
integration variable and putting x = K v r 2 , we find with (166.18), 


9i(r 2 ) = 


47t il 17i\ x ‘ l ]dyr x m+^\dyy ViOOf- 

0 x ) 


21+1 Kl 
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These integrals are well known from the theory of Bessel functions: 

\dyy l + 1 j l (y)= x l + 1 j l + l ( x ); 

0 

oo 

$dyy~ l j\(y) 

x 

so that the curly bracket above becomes 

Ji +1 (*) +J'i - 1 (x) = (21+ 1 ) —. 

Hence, 

ftW = t'4*(2/+l )i J ^y. (166.21) 

*-v r 2 

In the evaluation of the scattering amplitude (166.20), we can go 
one step farther. We know that the states u v may be factorized with a 
spherical harmonic. Since u 0 , the ground state, does not depend on 
angles, there are, therefore, in (166.20) products of two spherical har¬ 
monics to be integrated. Orthogonality then selects only one term of 
the sum (166.20). With 

« v = — Xn,i(r 2 )Y lim (& 2 ,(p 2 ) (166.22 a) 

r 2 

where K v has been used as axis of quantization, and 

«o = — Xo (r 2 ) 

r 2 

as the ground state, the scattering amplitude becomes 

OO 

/(# i) = ^S^niU+l)! 1 \dr 2 x„, l (r 2 )Xo(r2) J ~^ 1 — • 

0 

The states of different m are degenerate. Only such a linear combina¬ 
tion of them can be excited that its angular momentum has no component 
about the direction of the momentum transfer vector K v . No selection 
rules exist for /. It should further be remarked that the expression (166.23) 
still depends upon the angle of deflection, S l5 of the proton since K v 
does, 

K* = k 2 +k* —2kk v cos^ (166.24) 

k v being derived from the energy law (166.8) and independent of 

NB.The same results can be obtained by applying the Golden Rule (Problem 
183) to this process. 


(166.22 b) 


(166.23) 
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B. Very Many Particles: Quantum Statistics 


Problem 167. Electron gas in a metal 

In a rough approximation, the conduction electrons in a metal may be 
treated as freely moving with potential walls at the surface which prevent 
their leaving the metal. In a cube of silver (density p= 10.5 gm/cm 3 , 
atomic weight 108, one conduction electron per silver ion) there shall 
be determined 

a) the highest electron energy occurring in the ground state, 

b) the average kinetic electron energy, 

c) the pressure of the electron gas. 

Temperature excitation may be neglected. 

Solution. In a silver cube of volume L 3 the possible electron energies, 
according to Problem 18, are given by 

i,2 2 

E = —~ {nj + n\ + nl) (167.1) 

2 mL 

with n 1 ,n 2 ,n 3 positive integers (=1,2,3,...). In each state described 
by a triple of quantum numbers ( n 1 ,n 2 ,n 3 ) there are two electrons of 
opposite spin directions, according to the Pauli principle. Since in our 
metal cube a great many electrons have to be distributed, we shall 
essentially have large values of the quantum numbers. 

Let us consider a space with coordinates n 1 ,n 2 ,n 3 . Each lattice 
point with integer coordinates in its first octant corresponds to a state 
of energy (167.1). If we denote the radius from the origin in this space 
by n, so that 

n\+n\ + n\ = n 2 , (167.2) 

a spherical shell between radii n and n + dn in this octant will contain 

1 7T 

— ■4nn 2 dn — —n 2 dn 

8 2 


integer lattice points. Occupying each of them with two electrons of 
opposite spins, we have nn 2 dn electrons between n and n + dn. As, on 
the other hand, the energy (167.1) depends only upon n, 


E = 


h 2 n 2 
2 mL 2 


dE = 


h 2 n 2 

mL 2 


ndn 


(167.3) 
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there will be, in the interval dn, 


or 


dN—nn 2 dn — n 


l2mL 2 E ml? 


h 2 n 2 h 2 n 2 


dE 



(167.4) 


electrons with energies between E and E + dE. 

a) The highest electron energy in the ground state of this electron 
gas, £, follows from the total number of electrons, N, in the cube to be a 
given constant: 

N = ]/2^n^^^]/EdE. (167.5) 

o 

Let us denote the electron density by 

N 

^ = (167.6) 

L 


then we arrive at a formula independent of the volume of the metal 
considered: 


or 


1 M 

3n 2 \h 2 J 

(167.7a) 

h 2 2 

c = —o* 2 ^. 

2m 

(167.7b) 


As yV = p/M with M the mass of a silver atom (M=1.80x 10 22 gm) 
we have 


yT = 5.85xl0 22 cm- 3 


so that Eq. (167.7 b) leads to an upper energy limit of 

c = 8.80x10" 12 erg = 5.55 eV. 

This is an energy so large compared to thermal energies (kT— 0.026 eV 
at 300 °K) that thermal excitation may indeed only slightly change the 
distribution of electrons over the energy states. The reason for this 
effect, called degeneracy of the electron gas (Fermi gas), is, of course, 
the very small mass of the electron in the denominator of (167.7 b). 

The energy limit £ is, in general, called the Fermi energy of the elec¬ 
tron gas. 
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b) The average energy of a conduction electron is determined by 

E = $dNE/$dN ' (167.8) 

or, according to (167.4), 


( /c 

E= fdEl/EE fdE]/E = j£. (167.9) 

o / o 

c) Pressure may always be defined, without using any thermody¬ 
namics, by the work of compression if a volume V is diminished by dV: 


dW=pdV. 

This work is used to increase the total energy content U of the gas 
by dU, 

dW=dU. 


This total energy (at T= 0) is 

U = NE = lNC. (167.10) 

According to (167.7 b), the Fermi energy £ depends on A r =N/V and 
therefore on V: 


UocV-1; 


dU 2 dV 

~u = ~ 1 ~v' 


Thus we find for the pressure, 


P = 


dU 

dV 


2 U 

3 V 



(167.11) 


With the numerical values of and £ determined above, this leads 
to a pressure of 

p = 2.06 x 10 11 dyn/cm 2 

or about 200,(XX) atmospheres. This immense pressure is counterbal¬ 
anced by the strong Coulomb attraction between the conduction 
electrons and the lattice ions. 


Problem 168. Paramagnetic susceptibility of a metal 

To determine the paramagnetic susceptibility of a metal, for zero 
temperature, by treating the conduction electrons as a Fermi gas, 
neglecting the polarizability of the lattice ions. 
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Solution. According to the preceding problem the conduction 
electrons form a Fermi gas whose energy limit (the Fermi energy) is 


c = 


h 2 

2m 


(168.1) 


with Af the number of conduction electrons per unit volume. The 
energy difference, AE, between two consecutive electron levels follows 
from 

_ /- (2 nh) 3 

4np 2 Ap — 4n]/2mEmAE — -———-. (168.2) 

In the vicinity of the Fermi energy this yields (writing AE 0 ccC~^ = UC* 
and putting (168.1) for $), 


AE 0 


4 C 
3 /TV' 


(168.3) 


All levels £<£ are occupied by pairs of electrons of opposite spin 
directions, all levels E > £ are unoccupied, at zero temperature. 

If now a magnetic field is applied to the metal, energy can be gained 
by separating pairs of electrons and directing the spins of each pair 
so that both are parallel to the field strength Jf. If v pairs are separated, 
the energy gain apparently becomes 

eh 

2v-/iJf with p = —~. (168.4) 

2 me 



without field 



with field 


Fig. 66. Spin-flip near Fermi energy under action of a magnetic field 


Such a separation is, of course, possible only by raising one electron 
of the pair to an unoccupied level beyond E — £. This means, however, 
an expenditure of kinetic energy counteracting the gain (168.4). Fig. 66 
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shows that the amount of energy expended in separating the first pair 
(by transferring an electron from the uppermost Occupied to the lowest 
unoccupied level) is AE 0 , for the second pair it is 3AE 0 , for the third 
pair 5 AE 0 , etc. In general, the separation of v pairs requires an ex¬ 
penditure of 

[1 + 3 + 5+ -+(2v-lj]AE 0 = v 2 AE 0 . (168.5) 

Equilibrium will be reached if the total energy change W of the gas 
affected by the magnetic field, 


is a minimum: 


i.e. for 


with 


W= -2 vpjf + v 2 AE 0 , 


dW 

—-— = — 2 fi + 2 v A Eq — 0, 
dv 

pjf 

v =- 

AE 0 


W = 

min 


0**) 2 
AE 0 ‘ 


(168.6) 


(168.7) 

(168.8) 


If more pairs were separated, the total energy of the gas would increase 
again. In equilibrium, the total magnetic moment of the metal becomes 


jH — 2 v fi 


2 \l 2 3tf 
AE 0 


and, by definition, its paramagnetic susceptibility per unit volume, 


J( 2p 2 
~tfV = VAE 0 ’ 


according to (168.3) and (168.1), 


'3yT N 


4nmc 2 V n 


(168.9) 


(168.10) 


To evaluate this expression numerically we may write 


yr = 


zp 

m H A ’ 


expressing the electron density by the mass density p of the metal, the 
mass of one of its atoms m H A (with + the atomic weight) and its va¬ 
lence z. Then we find, 



Xpara= 1-86 X 10“ 6 


X 


(168.11) 
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To compare this result with experimental values, the diamagnetic 
susceptibility of the lattice ions has to be subtracted. 

NB. In problem 160 we have calculated the diamagnetic susceptibility of neon 
which must be practically identical with that of Na + . It turned out to be 

X dia = — 5.61 x 10~ 6 cm 3 /mole 

which, with a density of sodium metal of about 1 gm/cm 3 = yj mole/cm 3 is the 
same as 

Xdia— —0.25 x 10" 6 

in the dimensionless scale used in the present problem. From (168.11), on the 
other hand, we obtain the electron contribution 

Xpara= + 0.66xl0~ 6 . 

The expressions are of the same order of magnitude so that in some metals (e.g. 
in caesium) even a resultant diamagnetism is observed. 

Literature. Frenkel, J.: Z. Physik 49, 31 (1928). 


Problem 169. Field emission, uncorrected for image force 

To determine the electron current emitted from a metallic surface 
under the action of a high electric field strength S. The temperature 
can be supposed to be low; image force and lattice structure shall be 
neglected. 

Solution. Let z = 0 be the metallic surface. The interior (z<0) may 
have constant potential energy, F= 0, whereas the exterior (z>0) has 
potential V 0 . Inside the metal the conduction electrons form the ground 
state of a Fermi gas, occupying all levels up to the Fermi energy £. 
Outside, there holds the potential 

V(z)=V 0 — eSz. (169.1) 

As shown in Fig. 67 a potential barrier is formed beyond the surface. 
Let E z be the part of the electron energy corresponding to its velocity 



Fig. 67. Field emission of electrons from a metal surface. Left-hand side: densely 
lying electron levels inside the metal up to the Fermi energy £. Right-hand side: 
Potential outside the metal under action of an electrical field 
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component in z direction; then the potential barrier has a transmission 
coefficient T, to be calculated in WKB approximation, 


T — exp < — 2 


|/ 2 m 


z 0 
r 


dz\/V(z) — E z >, 


(169.2) 


rapidly decreasing with decreasing E z . Here, V{z) is the expression 
(169.1) and 

m V 0 -E z 

= z 0 =-—. 

2 2 eS 


(169.3) 


The integration in (169.2), performed in an elementary way, yields 


r = cxp B (i69 - 4) 

The electric current density (per cm 2 ) is 

j = e\dnv z T (169.5) 

with dn the number of conduction electrons per cm 3 and per momentum 
space element dp x dp y dp z . For the Fermi gas, there is 


dn = 2 


dp x dp y dp z 

h* 


(h = 2nh) 


inside the Fermi sphere, i. e. for 

pl+Py +Pz<2mC, 


(169.6) 


and, outside it, dn = 0. With cylindrical coordinates p,(p,p z in momen¬ 
tum space according to 

p x —p coscp, p y =p sincp, p 2 +p*<2mC, 


the integral (169.5) then may be written 


J 


2e 

A 3 


J 


y 2 m^-pl 


2n dp 


dppipjm) T, 


0 0 

the integration being extended over all electrons with v z >0. If we use 
the auxiliary variable 




(169.7) 
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the integral simplifies to 


with 


c 


T 


j = 



47rem f , _ x 
h3 

0 

(169.8) 

■ ; !S"«+4 

(169.9) 


To evaluate the integral (169.8) we use the fact that, starting from 
£=0 (maximum energy £„ = £), the transmission coefficient T{e) de¬ 
creases rapidly with increasing e. Therefore, mainly the electrons with 
small values of s contribute to the integral (169.8) and we may expand 


(Ko-C + £^ = (F o -C) f +f £ (T o -0 i +- 

With the abbreviation 


2 


]/2m 


(V 0 -tf = q 


we then obtain 


and 



(169.10) 


Again, the integrand falls off rapidly with increasing e so that we may 
extend the integration to infinity, without noticeable error, and finally 
arrive at 


j = 


4nem (V 0 -0 2 _4 a 

- -e 39 

h 3 q 2 


(169.11) 


Numerical values. According to Eqs. (169.10) and (169.11) the electric 
current falls rapidly off with decreasing field strength S, and with in¬ 
creasing work function V Q — £• If we measure the field strength in 
volts/cm, the work function in eV and the current density in amp/cm 2 , 
then we get the following numerical relations: 

q= 1.047 xl0 8 (F o -C)^; 
j= 1.59 x 10 10 — ( e"^ 19 . 

q 2 


(169.12) 
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For q of the order 1, a current density of the order 10 10 amp/cm 2 might 
be expected, i.e. almost every electron hitting the surface would leave 
the metal. Of course, model and approximations are equally untenable 
under these extreme conditions. For larger values of q the current 
rapidly falls off. Thus it may not be unreasonable to ask at which field 
strength we may expect a current density of 1 amp/cm 2 , with different 
values of the work function. One finds the following pairs of values: 

$ = 10 6 volt/cm and V 0 — ( = 0.083 eV 

10 7 0.43 

10 8 2.19 

As F 0 — £ is always of the order of several eV’s in metals, one should 
not observe any appreciable field emission below 10 8 volts/cm. In fact, 
experiment shows a threshold field strength of only about 10 6 volts/cm. 
This wide discrepancy can certainly not be explained by temperature 
excitation of the Fermi gas, which would only help to lower the work 
function by an amount between jq and eV (/cT~^eV at normal 

temperatures). It can, however, be explained by taking account of the 

image force, as is shown in the next problem. 


Problem 170. Field emission, corrected for image force 


The potential threshold for field emission of electrons from a metal 
surface is essentially lowered by the image force. Its effect upon the 
electron current emitted shall be investigated. 


Solution. The image force is originated by the distortion of the 
surface charge in the neighbourhood of any electron at a distance z> 0 
outside the metal. It can be calculated from classical electrostatics, 
neglecting effects of the metal structure if z is appreciably larger than 
the lattice constant, so that the metal may be treated as a continuum. 
It then turns out to be 


V: 


image 



(170.1) 


For smaller values of z the expression is rather bad, as is seen by its 
unphysical singularity at z=0. This error, however, does not affect the 
following considerations which depend entirely upon the height and 
breadth of the potential wall above electron energy. 

This potential wall then becomes 

e 2 

V{z)— V 0 — - - eiz 


(170.2) 
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with the notations of the preceding problem (Fig. 68). We are interested 
in that part of it that extends between z x and z 2 , the two solutions of 
the quadratic equation V{z)=E z . This yields 


Vo-E, | ] /(v 7-E z ) 2 e 
2eS ± ' Ae 2 S 2 AS' 


Both solutions are real if 


6 $ < 



(170.3) 



Fig. 68. Same as Fig. 67 but corrected for image force 


a condition which is satisfied even for field strengths of about 10 9 volts/cm; 
for higher values the threshold would be submerged under the Fermi 
level of the electron sea. For the field strengths used in experiments, 
which are even below 10 7 volts/cm, we may safely assume 

(170.4) 


and accordingly expand the radical in (170.3). The results are 


with 


= 


A(V 0 — E z ) 


and z 2 — z 0 — z 1 


z 0 = 


Vo-K 

e $ 


(170.5) 

(170.6) 


and z 1 ^z 2 . The summit of the barrier, according t o Eq. (170.2), is now, 
due to the image force, shifted from z — 0 to z = ]/ejAS and instead of 
V 0 its height is only 


V 0 -e]/^S. 
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According to (170.4) this does not involve much lowering of the thresh¬ 
old but rather a flattening of the summit, so that we may expect a much 
larger transmission coefficient. Only the neighbourhood of E z — C will 
contribute appreciably to the emission current (as in the preceding 
problem); for this energy z l — e 2 l\A{V 0 — 0] is at least of the order of 
the lattice constant, so that the singularity of the image force potential 
at z = 0 will become a matter of indifference. 

Again using the WKB approximation, we find the transmission 
coefficient 

Z2 

/» 

dz]/V{z)-E z > 

J 

Z 1 

or, writing V{z) in the form 


T—exp < 


]/2m 


V(z) 


eg 


(z-z x )(z 2 -z), 


we have 


2]/2meg 


log T= 




-Zi)(z 2 -z) 


(170.7) 


Z 1 


This integral is of elliptic type and may be reduced to standard 
integrals as follows: use, instead of z, the variable x=(z—z 1 )/(z 2 —z 1 ), 
thus transforming the integral into 


(z 2 ~ z i ) 2 


dx 


/x(l — x) 
x + c 


with c = 


Zi Z-, 


Next put 


Z J—1 = k 2 


(170.8) 


and 

(1 — k 2 )sin 2 cp 
1— k 2 sin z (p 

then the right-hand side of (170.7) becomes 


x = 


Tt 

2 


d(p sin 2 q> cos 2 <p 
]/l — k 2 (1 — /c 2 sin 2 <p)^ 


2 /c 4 3 

-zT 


(170.9) 


o 
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The last integral may be reduced to the two complete elliptic integrals 
E(k) and K(k): 


d(pi 

IT 


sin 2 ® cos 2 ® 1 [2 — k 2 , 

- „ -~ r = — - -E(k)-2K{k) 

— k 2 sin 2 <jo) 2 3k*\_l — k 2 


(170.10) 


Eq. (170.10) may be proved as follows. Putting 1 — k 2 sin 2 cp = A 2 , the 
two complete integrals in standard form are defined by 


n 

2 


K(k) 


dq> 


E(k) = \d(pA 


o o 

Now, there can be proved the following identity by simple differentiation, 


3 k 2 


sin 2 q> cos 2 q> 

J 5 


2 — k z 2 

k 2 (l-k 2 ) A ~k T A 


d f . 

H- isirupcosq) 

d(p l 



2 -k 2 N 

a-m 


Integration of this identity yields directly 


n_ 

2 


, f sin 2 ®cos 2 ® 2 — k 2 2 

j^5 ~ ~e m) ' 


in agreement with (170.10). 

Eqs. (170.7) and (170.10) may then be unified into 


Pi 2 

--logT = — z|[(2 — fe 2 )£(/c) —2(1 —k 2 )K(k)]. (170.11) 

2]/2 me S' 3 

This formula may be brought into a much simpler shape. Remembering 
that z 1 <$z 2 so that /c 2 ~ 1, we may replace k 2 by the parameter 

k' 2 = l-k 2 = z 1 /z 2 <l (170.12) 

and expand (170.11) into an extremely well converging series in this 
parameter 6 according to 

K(k)^A+i(A-l)k ,2 + -; E(k)=l+$(A-±)k ,2 +- 


6 Cf. Jahnke-Emde, 2nd edition (1933), p. 145. 
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with A = log(4/k'). If these expansions are put into (170.11), the right- 
hand side becomes 



Were k' — 0, we would fall back on the expression (170.9) for T without 
image force. Let us denote this by T 0 ; then the result is 

T=T 1 0 ~ X (170.13) 

with 

A = !*'*(} +log!). (170.14) 

It remains to evaluate the current integral (169.8) with the new ex¬ 
pression for T. Again, as in the preceding problem, it is essentially the 
vicinity of £ z = £ that contributes to the current, so that we may expand 
X at JE Z = ( or £=0 and confine ourselves to the linear term in e. This 
is practically the same as putting 

(c'Mz./zok-c = ( 170 - 15 > 

and then performing the integration as in Problem 169. Instead of 

(169.11), which we will denote by j 0 , we then find 

j=j„el l < (170.16) 

with X<^ 1; the next better approximation would add a factor 

[1-fA + k' 2 ] 2 

in the denominator. The essential thing, of course, is the exponential 
in (170.16). 

Let us finally discuss a few numerical consequences. Besides the 
relations (169.12) we now get 

fc ,2 = 3.58xl0- 8 */(K o -O 2 

in the same units of volts/cm for $ and eV’s for V 0 — (. With a rea¬ 
sonable value of the work function, V 0 — £ = 3 eV, and a field strength 
$= 10 7 volts/cm, we then arrive at 

#=54.5, k' 2 = 0.0397, X= 0.208, e* A<! =1860, 

j 0 = 0.9 x 10“ 8 amp/cm 2 , 
y=1.7 x 10~ 5 amp/cm 2 . 
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Problem 171. White dwarf 


Let the temperature of a white dwarf be high enough to ionize its atoms 
practically completely, and low enough to neglect gas pressure and 
radiation pressure compared to zero-point pressure of the degenerate 
electron gas. (The latter assumption is rather bad.) The distribution of 
density through the star shall be calculated for a given total mass of 
the star, from the equilibrium of zero-point pressure and gravitational 
pressure. 


Solution. In a spherical mass of gas the radial pressure gradient 
must be in equilibrium with the gravitational force density (barometric 
formula): 


dp 

dr 


GM r 
2-P- 


(171.1) 


Here G is the gravitational constant, M r the mass inside a sphere of 
radius r, 

r 

M r = 4n$dr' r' 2 p(r '), (171.2) 

o 

and p{r) is the mass density, i.e. the mass of all ions and free electrons 
inside 1cm 3 of star matter. For complete ionization with electrons 
per c.c., there are yT/Z ions (nuclei) so that 

JT 

P = -7pm a A t 


with m H A the mass of one neutral atom. If there are different elements, 
A and Z represent average values. It should be noted, however, that the 
ratio 

| = 2a (171.3) 

is almost independent of the chemical composition, a varying from 1.0 
to 1.3 from light to heavy elements with the one exception of hydrogen 
where a—j. Therefore, 

p — 2am H A r , (171.4) 

depends essentially only upon the density of electrons. 

The pressure of the electron gas is, according to Problem 167, its 
zero-point pressure, 


2 h 2 
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The zero-point pressure of the ions, p h according to the proportionality 
with would be much smaller: 

PilPe = WJTf m/mi = Z~* . 

m H A 

Even in hydrogen (Z—l, A — \\ we would have Pi/p e = 1/1838, the 
ratio being much smaller for all other elements. We shall, therefore, 
neglect p t and identify p e , Eq. (171.5), with the total pressure,/?. 

It is not quite so easy to dispense with temperature effects. Only if £>k,T 
can we assume the gas to be extremely degenerate so that its pressure is mainly 
zero-point pressure. For the electrons, the Fermi energy is 



This is to be compared with kT^ 100eV at 10 6 degrees. Even with p= 10 3 , both 
quantities would be of the same order of magnitude. The ion gas would not at all 
be degenerate, then, and contribute in the same order, too.—The radiation pres¬ 
sure is 

p R = 2.52 x 10“ 15 T 4 dyn/cm 2 , 
whereas from (171.5) and (171.4) there follows 

p e = 3.16 x 10 12 (p/a)l dyn/cm 2 . 

With T= 10 6 degrees, therefore, the radiation pressure is of the order of 10 9 dyn/cm 2 
which may, indeed, be neglected under the density conditions of a white dwarf. 


From (171.5) and (171.4) we get the equation of state, 

, i , /3* 2 \i . 

p=f( ”' /= lo^vry (a "«> ’ 

= 3.17 x 10 12 a - 3g m -i cm 4 S ec~ 2 . (171.6) 

Any connection between pressure and density of the form 

t +- 

P=fp " 

is called a polytrope of index n. The white dwarf, therefore, is built 
according to a polytrope of index n= f. 

Putting (171.6) in the equilibrium condition (171.1) we get 


3 JP dr 


Gp 

-i-M, 


or, by differentiation, 


3 G dr \ dr J 


— 4nr 2 p. 


(171.7) 
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Using, instead of p, the dimensionless function 

(p=(p/po) i (171.8) 

with a constant p 0 and, instead of the radius r, the dimensionless variable 


x = r/r 1 

choosing the unit of length, r l5 according to 


5/ _ -+ 


rt = — p o 3 


SnG‘ 


the differential equation (171.7) is reshaped into 

(fq) 2 dcp 


+ - ~ + <P 3 =0, 


dx 2 x dx 


(171.9) 


(171.10) 


(171.11) 


independent of all physical constants. If we choose p 0 to be the density 
at the centre of the star, we have to solve Eq. (171.11) with the boundary 
conditions 


<p(0) = 1; <p'(0) = 0. (171.12) 


The solution of the non-linear equation (171.11) with boundary 
conditions (171.12) is uniquely to be obtained by numerical integration. 
This solution decreases monotonously, reaching (p — 0 at 

x = X = 3.6531 (171.13a) 

where its derivative is 

( —) — —D = — 0.206. (171.13b) 

\dx/ x=x 

According to (171.8) this zero of q> corresponds to the surface of the 
star, say, r=R. The total mass of the star therefore becomes 


R X 

M = 4n\drr 2 p(r) = 4 np 0 r\ J dxx 2 qfi. 
o o 

This integral can be evaluated without detailed numerical knowledge 
of the function q>{x) by replacing its integrand according to (171.11): 


x 2 qfi = 




The result is 


M=4n p 0 r\X 2 D = 34.5p 0 r\. 


(171.14) 
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If the mass of the star is known by observation, there exist two 
relations between p 0 and r t , viz. Eqs. (171.10) and (171.14): 


p\r\ = a 

5 f ' 

with a — -= 9.46 x 10 18 a - ^ gm^ cm, 

8nG B 

> (171-15) 

O 

h* U> 

II 

o 

with b — 0.0290M. 

I 

This leads to 

r l = ab~^; p 0 = b 2 a ~ 3 

(171.16) 

and for the radius R of the star to 



R = r y X = 3.6537 rj. 

(171.17) 

Finally, the average density is 



3 D 

P = — Po = 0.169p o , 

(171.18) 


i.e. about £ of the central density. 

Numerical example. The companion of Sirius (a Can maj), Sirius B, 
has a mass determined from the motions of Sirius about the centre-of- 
mass of this binary system. It is about the same as the mass of the sun, 
viz. M— 1.94 x 10 33 gm. This leads to the following numerical values: 

r t = 2.47 x 10 8 a~^ cm; 

R = 8.98 x 10 8 a~^ cm; 
p 0 = 3.73 x 10 6 a 5 gmcm -3 ; 

p — 6.15 x 10 5 a 5 gmcm -3 . 

Since observations lead to a radius about ^ of that of the sun, 
R 0 = 6.95x 10 lo cm, our model leads to a = 0.445. This is not very far 
from a=0.5 for a hydrogen star, but on the wrong side. Our radius, 
however, is certainly too small. The neglect of a rather important part 
of the pressure accounts for that: the star will be inflated to a larger 
radius if temperature effects are accounted for. 


Problem 172. Thomas-Fermi approximation 

To calculate the electron density of an atom or a positive ion. To obtain 
a suitable approximation, it shall be supposed that regions within 
which the electrostatic potential varies but little contain enough electrons 
to justify treating them statistically. 
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Solution. There are two basic ideas underlying the model, one 
electrostatic and the other quantum statistical. Let us start with the 
electrostatic side of the problem. If rt(r) electrons are contained in a 
unit volume at a distance r from the atomic nucleus, the electrostatic 
potential originated by both nucleus and electrons satisfies the Poisson 
equation, the first fundamental equation of our problem: 

V 2 4> = 4ne-n(r) (172.1) 

with p(r)= —en(r) the charge density of the electron cloud. The solu¬ 
tion of this equation is subject to the boundary conditions 


<P = — for r-+ 0 
r 

(172.2) 

in the vicinity of the nuclear charge Ze, and 


ze „ 

<P = — for r>R 
r 

(172.3) 


if R is the radius of the positive ion of charge ze. This radius has still 
to be determined. 

There can be no singularity of charge density at r=R, so that not 
only the potential but the field strength as well must be continuous 
there. This, instead of (172.3), permits the boundary condition to be 
written in the form 

, ze fd<P\ ze 
W) = - a„ d (-) s =- F . (,72.4) 

We now come to the second principle underlying the calculation, 
viz. the quantum statistical part of the problem. Considering any vol¬ 
ume element inside the atom or ion, we find that the momentum p of 
an electron found there will be connected with its energy by the relation 

p 2 

E — —- — e<P(r). 

2m 

In order to bind the electron, this energy must apparently be smaller 
inside the atom than the potential energy —e$(R) at its surface. Hence, 
at a distance r from the nucleus, no electron can have a momentum 
larger than p max given by 

^ = e[0(r)-0(R)]. ( 172 . 5 ) 
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Quantum statistics now couples p max with the electron density n(r) by 
the relation (cf. Problem 167) 

471 

n = 2 • —p^ /{2nh) 3 . (172.6) 

By comparing (172.5) and (172.6), we then arrive at the other fundamen¬ 
tal equation 

n(r) = {2m C [«Kr)-4.(R)]}i. (172.7) 

From Eqs. (172.1) and (172.7), the two functions n(r) and <P(r) may, 
in principle, both be determined. Elimination of n(r) and use of the 
central symmetry of the system lead to 

v 2 # = 7 = 3773 ■ 

Using instead of <P(r) the dimensionless function 

cp(r) = ~l<P(r)-<P(R)l (172.8) 

and instead of r the dimensionless variable 

/ 97T 2 h 2 , h 2 

x — r/a with a = ( - — 7 = 0.88534 Z"± — ? 172.9) 

' \128 ZJ me 2 me 2 


we obtain the universal differential equation 


cP(p cp* 
dx 2 J/x ’ 


(172.10) 


the boundary conditions (172.2) and (172.4) passing over into 


<p(0)=l (172.11) 

and with X = R/a, 

(P(X)= 0; Xq>\X)=-~. (172.12) 

It should be noted that with these boundary conditions all Z—z electrons 
are indeed enclosed within the sphere of radius R. This can easily be shown by 
first deriving from (172.7) and (172.9), 

R X r- a 

4 it J w(r) r 2 dr = Z j dx yx cp(xy, 
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and then using the differential equation (172.10) to replace qA by <p": 
x 

— Zjdxx(p" = Z[pc(p' — (p~\* — Z{(p(0)+X (p'(X)} 
o 

or with the boundary conditions (172.11) and (172.12), 

= z H)= z -‘ 

which is indeed the number of electrons. 

The problem is thus reduced to the integration of (172.10) with the 
boundary conditions (172.11) and (172.12). To obtain a general survey 
of the diversity of solutions, the differential equation may be integrated 
with <p(0) = 1 and different initial tangent inclinations <p'(0)<0. In 
Fig. 69 four such solutions have been drawn. The lines (1) and (2) lead 
to finite radii X 2 , X 2 - Since (p'{X)< 0 for these solutions, according 
to Eq. (172.12), they belong to positive ions. For a neutral atom, (172.12) 
gives (p'(X)=0, which is impossible for a finite X, thus leading to line 
(3) of Fig. 69 with an infinitely large atomic radius. Solutions of type (4) 



have no direct physical significance for free atoms or ions but may 
well serve for the description of atoms bound in a crystal lattice under 
changed boundary conditions. 

Our main interest will be concentrated on line (3) of neutral atoms. 
We shall call this the standard solution (p 0 {x). It is numerically given in 
the accompanying table. It belongs to the initial tangent inclination 
<Po(0)= — 1.58807. Its asymptotic behaviour is given by (p 0 (x)-^-l44/x 3 
(which, by the way, exactly satisfies the differential equation but has a 
singularity at x= 0 ); for practical purposes, however, this expression 
is rather useless since, even at so large a value as x = 100 , is still differs 
about 40% from (p 0 (x). On the other hand, <p 0 should show a much steeper 
decrease at large x, something certainly of an exponential type. The 
error of the Thomas-Fermi approximation, as of any statistical model, 
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rapidly increases with small particle numbers, and since the latter 
decrease below every limit at large distances .the method cannot be 
expected to hold there any longer, whatever good results it may give 
for the inner parts of the atom. 

To obtain other solutions, not too far removed from the standard 
one, we write 

(p(x) = (po(x)+krj 0 (x) (172.13) 


and linearize in the small deviation krj 0 . From (172.10) we then find 


Ao 

dx 2 



(172.14) 


In order to satisfy the boundary condition (172.11), we have ?7 o (0)=0. 
We further standardize rj 0 by choosing f/' 0 (0)=l, satisfying the bound¬ 
ary conditions (172.12) by a suitable choice of the parameter k to be 
gathered from any one of the following relations: 


<Po(X) 

rio(X) ’ 


V'o(X) \ZX 

k = (p'{0) — (p' Q {0). 



(172.15a) 

(172.15b) 

(172.15c) 


Eq. (172.15 a) permits a simple relation to be found between k and the 
ionic radius X. The function rj 0 {x) and its derivative rj' 0 (x) are shown 
on the table. 


X 

<PoW 

- cjPo ( x ) 

Vo(x) 

7 o (*) 

0.00 

1.0000 

1.5881 

0.0000 

1.0000 

0.02 

0.9720 

1.3093 

0.0200 

1.0028 

0.04 

0.9470 

1.1991 

0.0401 

1.0079 

0.06 

0.9238 

1.1177 

0.0604 

1.0144 

0.08 

0.9022 

1.0516 

0.0807 

1.0220 

0.10 

0.8817 

0.9954 

0.1012 

1.0306 

0.2 

0.7931 

0.7942 

0.2069 

1.0846 

0.3 

0.7206 

0.6618 

0.3186 

1.1528 

0.4 

0.6595 

0.5646 

0.4378 

12321 

0.5 

0.6070 

0.4894 

0.5654 

1.3210 

0.6 

0.5612 

0.4292 

0.7023 

1.4187 

0.7 

0.5208 

0.3798 

0.8494 

1.5246 

0.8 

0.4849 

0.3386 

1.0075 

1.6384 

0.9 

0.4529 

0.3038 

1.1773 

1.7599 

1.0 

0.4240 

0.2740 

1.3597 

1.8890 
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X 

9 o (*) 

-< Po ( x ) 

1 o ( x ) 

f/'oM 

1.2 

0.3742 

0.2259 

1.7650 

2.1696 

1.4 

0.3329 

0.1890 

2.2296 

2.4805 

1.6 

0.2981 

0.1601 

2.7593 

2.8222 

1.8 

0.2685 

0.1370 

3.3605 

3.1954 

2.0 

0.2430 

0.1182 

4.0396 

3.6012 

2.2 

0.2210 

0.1028 

4.8032 

4.0406 

2.4 

0.2017 

0.0900 

5.6582 

4.5149 

2.6 

0.1848 

0.0793 

6.6116 

5.0253 

2.8 

0.1699 

0.0702 

7.6708 

5.5730 

3.0 

0.1566 

0.0625 

8.8434 

6.1594 

3.2 

0.1448 

0.0558 

10.137 

6.7858 

3.4 

0.1343 

0.0501 

11.561 

7.4538 

3.6 

0.1247 

0.0451 

13.122 

8.1646 

3.8 

0.1162 

0.0408 

14.829 

8.9198 

4.0 

0.1084 

0.0369 

16.693 

9.7208 

4.5 

0.0919 

0.0293 

22.09 

11.93 

5.0 

0.0788 

0.0236 

28.68 

14.47 

5.5 

0.0682 

0.0192 

36.62 

17.34 

6.0 

0.0594 

0.0159 

46.08 

20.59 

6.5 

0.0522 

0.0132 

57.27 

24.23 

7.0 

0.0461 

0.0111 

70.39 

28.30 

7.5 

0.0410 

0.0095 

85.64 

32.81 

8.0 

0.0366 

0.0081 

103.27 

37.80 

8.5 

0.0328 

0.0070 

123.52 

43.29 

9.0 

0.0296 

0.0060 

146.66 

49.32 

9.5 

0.0268 

0.0053 

172.94 

55.92 

10.0 

0.0243 

0.0046 

202.67 

63.11 


Problem 173. Amaldi correction for a neutral atom 

In the Poisson equation underlying the Thomas-Fermi model, it would 
be more correct to introduce the charge density of all but one of the 
electrons on the right-hand side, because the equation serves to determine 
the potential field in which one of the electrons moves. This correction 
leads to an alteration of the Thomas-Fermi model to be investigated 
for a neutral atom. 

Solution. Instead of (172.1) we now write 

, Z-l 

W 2 4> — 4ne- - n(r) (173.1) 

where d> is the potential field originated by Z — 1 electrons, acting on 
the Z’th one. This simple correction makes no difference as to which 
of the electrons is to be taken to be the probe, a neglect corresponding 
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to a nicety to the statistical picture. The boundary condition for small r 
is determined by the nucleus and therefore remains unchanged: 

Ze 

<P(r) = — for r->0, (173.2) 

r 

whereas at the atomic surface we now have 



(173.3) 


for a neutral atom, because there remains a surplus charge e of the 
nucleus not screened away by the other Z—1 electrons, thus still 
acting on the one considered. 

The other fundamental equation originating from quantum sta¬ 
tistics remains unaltered, so that we still have 

n (r) = {2we[4Hr)-$(R)]}*. (173.4) 


Eliminating n(r) from (173.1) and (173.4) and using again 

(p = -^-[<Z>(r)-4>(K)], 

Ze 

the same universal differential equation 


(fq) cp 2 

d* 2 ~ ]/* 


will be obtained if only the variable x = r/a is now defined by 


a —a 



.a 

3 


(173.5) 


(173.6) 


(173.7) 


with a the characteristic length of Eq. (172.9). 

Since a>a this at first sight gives the impression that the atom 
has been made larger by the correction, in contrast to the physical 
meaning of the correction in the Poisson equation that lowers the 
electron-electron repulsive interaction, thus leading to a stronger bond 
and smaller atom. This discrepancy is, however, resolved by the altera¬ 
tion in the boundary condition. Eq. (173.3), expressed in terms of the 
function q>(x), makes the boundary conditions of the atomic surface 
become 

cp(X )=0 and X(p'(X)=- (173.8) 

JLd 


These conditions can no longer be satisfied except by a finite radius, 
thus more than compensating for the stretching effect of a. 
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Problem 174. Energy of a Thomas-Fermi atom 


The total energy content of a neutral Thomas-Fermi atom shall be 
calculated. A differential equation for the electron density n(r), resp. 
for the electrostatic potential <P(r) is to be derived by a variational 
procedure minimizing the energy. 

Solution. There are three contributions to the total energy of the 
atom, viz. the kinetic energy of the electrons, the potential energy E$ t 
of their interaction with the nucleus of charge Ze, and the potential 
energy £ ( p 2J t of their mutual interaction. 

The kinetic energy follows from the basic considerations of Problem 
167. If n(r) is the density of electrons at some place at a distance r 
from the nucleus, then the average kinetic energy of an electron at 
this place is 

_ 3^2 

E=j£=xnJ with x = —-(37t 2 )^. (174.1) 

10m 

The total kinetic energy of the electrons then becomes 

£ki„ = J<Mr)E(r) 

or 

E kin =xSdxn*. (174.2) 

The two parts of potential energy follow from electrostatics, 


and 




dxdx' 


n(r)n{r') 
k-r'| ' 


(174.3) 

(174.4) 


The total energy, i.e. the sum of (174.2), (174.3), and (174.4), 


E = 



Ze 2 1 , 

- n H— e n 

r 2 


I dx' 


n(r') 



dxr\ (174.5) 


must be minimized by a suitable choice of n(r) with the constraint 

\dxn{r)=Z , (174.6) 


the latter integral being the total number of electrons. This is a varia¬ 
tional problem to be solved by 

6 \dx{t} + An) = 0 


(174.7) 
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with a multiplicator A. Putting Eq. (174.5) into (174.7) we find 

dxdn{r)\— -b e 2 \dx —+ AV = 0. (174.8) 

J (3 r J l» r | J 

Here, in the last term, use has been made of the fact that variation of 
n(r) as well as of n(r') in the double integral twice leads to the same 
result. The extremal value of E will be obtained if the curly bracket in 
(174.8) vanishes. 

Since for an atom n only depends upon r, not upon direction, the 
third term in the curly bracket can by expansion into spherical harmonics 
be written 


dx 


, n{r') 

k-f'l 


471 

r 


dr' r' 2 n(r') + 4n 


dr'r'n(r'). 


The variational result from (174.8) therefore becomes 


5 i Ze 2 4ne 2 

-xn> -+- 

3 r r 


r oo 

dr' r' 2 n(r')+4ne 2 idr'r'n(r')+A= 0. 


By differentiation with respect to r, A can be eliminated, 


10 


ten 


i dn Ze 2 4ne 2 


dr 


+ 


dr'r' 2 n{r')= 0, 


the contributions from differentiating the integrals with respect to their 
limits cancelling each other out. Multiplying by r 2 and again differen¬ 
tiating removes the integral and leaves us with the differential equation 


10 d . 

— x — 

9 dr 


2 _j -d n 
r n 3 - 


dr, 


= 4ne 2 r 2 n. 


(174.9) 


It is advantageous to pass over from n{r) to the electrostatic poten¬ 
tial <P(r), as introduced in Problem 172, according to 


1 (2 meOrf 

H= 


(174.10) 


which satisfies the Poisson equation V 2 $ = 4nen. With the further 
abbreviation 

8 me 2 r -— 

C = — —^yime 
3n n* 


(174.11) 
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we then find 


an equation which, with 


V 2 <f> = C#>, (174.12) 


1 

V 2 4> = - 

r dr 

has already been derived in Problem 172. 

The relations (174.10) and (174.11) enable the fractional powers of n 
to be eliminated in the energy expressions (174.2), (174.3), (174.4) by 
putting 


1 C 5 

either n — -V 2 <£ or n — - 

4ne 4ne 


We thus obtain 


(174.13) 


^kin — 


2071 , 


dx$V 2 $; 


(174.14a) 


pi i) 

^pot 


Ze 

471 


dx 


V 2 tf> 


(174.14 b) 


pi 2) 

•^pot 


1 


32 7T 2 


f V 2 *V 2 

I MlwTj 

J \r-r i 


2 <jp 

r 


(174.14c) 


These integrals can be considerably simplified by making use of the 
central symmetry and by introducing instead of <P(r) the function 


We then have, 


and from (174.14a), 


cp(r) = — #(r). 
Ze 


„ Ze 
V 2 tf> = — <p"(r) 
r 


(174.15) 


3 C Ze Ze 3 f 00 ] 

£ k in = —^drr 2 - — (p • — <jp" = -Z 2 e 2 |-(<p<jo')r = o- 

o 


(174.16a) 
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In the same way we find from (174.14b), 

f- —, 

^ p°t A I 

471J r r 


q>" = Z 2 e 2 q>\ 0). 


(174.16b) 


In order to evaluate the integral (174.14 c), we begin with the inner 
integral, 


I(r) 


1 

471 J 


dx l 


Vldfri) 1 

1*"—ril 


00 


dr 1 r\V 2 1 d> + 


dr t y i V 2 <f> 


r 

Ze f 

= — \dr 1 r 1 q>"{r 1 


0 

oo 


) + Ze 


Ze 

dr! (p"(r i) = —- {(<j p-r(p') r = 0 -(p(r)}. 


Then, (174.14c) leads to 


1 


1 


Spot = dxl(r)v 2 <p = -Ze 
8 n J 2 


drr 2 1(r) 


<P 


= \z 2 e 2 Ud r(p ' 2 Hr<P' 2 l--o}. 


(174.16c) 


It is convenient to use instead of r the dimensionless variable 


x = —; a — 
a 


9ti 2 V h 2 


,128 z) me 2 

defined in Problem 172. Since, for small r or x, we have 

cp{x)= 1 -nx+ •••, 
we may, in Eqs. (174.16a-c), put 


(174.17) 


~(<P<P')r = 0 = ^/a; 




-fi/a; 


drJr =o 

so that finally there remain the expressions 

3 Z 2 e 2 


( d(p\ 




dr J 


= 0 


r = 0 


Skin — - 


5 a 


(/*-•/); 


Z 2 e 2 


Fd) _ 

x -'pot — 




(174.18) 
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with 


J = 



(174.19) 


o 

Here, the integral J and the derivative n are independent of Z since 
they depend only upon properties of the universal function q>{x). Their 
numerical values can be determined from q>{x\ Problem 172: 

fi= -<p'(0)= 1,588 J = 0,454. (174.20) 

The total energy of the atom, i.e. the sum of the three expressions (174.18), 

7 2 p 2 (1 \ \ 7 2 p 2 

E= -+ = - 0,680-, (174.21) 

a \5 10 / a 

then becomes proportional to Z* because acc Z~*. Numerically, 


£= — 0,7687 Z^ Ry = -20,93Z^eV. (174.22) 


Problem 175. Virial theorem for the Thomas-Fermi atom 

To prove the virial theorem for a neutral Thomas-Fermi atom, follow¬ 
ing the procedure of Problem 151. What relation follows between n 
and J of Eq. (174.20) from the virial theorem, and what can be con¬ 
cluded on the ratios of the three parts of energy? 

Solution. By scale transformation we replace n(r) by the set of 
functions 

n x (r)=Pn(Ar) 

all satisfying the normalization condition 

\dxnAf)=Z. 

The energy expressions (174.2), (174.3), and (174.4) then transform as 

£ kln a)=A 2 £ kI „; J? p il(A)=l£“> 1 ; Eg (A)=A Eg, 

thus yielding 

£(A)=A 2 £ kin + 2£ pot 


which leads through dE{X)jdX — 0 for 1=1 as in Problem 151 to the 
virial theorem 


2-Ekin + -Epot =: 0- 


( 175 . 1 ) 
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If the three energy expressions (174.18) are put into this relation, 
we arrive at 

(175.2) 

which is corroborated by the numerical values (174.20). The energy 
expressions (174.18) then may all be written in terms of J only, with 
the result 

E u .-iU; Ef" = -lV; £gi-+iU (175.3) 

and 

Z 2 e 2 

U = - J. (175.4) 

a 

The total energy thus becomes the sum 

£= -ft/ (175.5) 

which again leads to the numerical results given at the end of the 
preceding problem. A comparison of (175.5) with the kinetic energy 
(175.3) corroborates the virial theorem. 


Problem 176. Tietz approximation of a Thomas-Fermi field 


The function 


(p{x) = 


1 

(1 + ctx) 2 


(176.1) 


with a suitable value of a, independent of Z, may be used as a fair ap¬ 
proximation to the Thomas-Fermi function <p 0 (x) for a neutral atom. 
The constant a shall be determined in such a way as to permit exact 
normalization of <p, and a numerical comparison shall be made of q> 
and <jp 0 . 

Solution. In Problem 172 it has been shown that the electron density 
n(r) and the atomic potential 

V(r)— — — (p 0 (r) (176.2) 

r 


(in atomic units) are coupled by the relation 

n(r) = -^(-2Vf. (176.3) 

j n 

The normalization condition, 

oo 

4 n J drr 2 n(r)=Z, 
o 


(176.4) 
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therefore may be written 


~(2Z)l]drAq>i = Z. (176.5) 

Dll 0 

This equation is satisfied exactly by the Fermi function <jp 0 (x) with 

x = r/a; a = 0.88534 Z~*. (176.6) 


We now replace <p 0 by the approximate function q>, Eq. (176.1), but 
still keep this normalization. Introduction of the integration variable 
a 

j>=ax — —r then leads to 
a 


co 



0 


(176.7) 


The integral can be solved by the substitution of u=y 2 ; one easily 
verifies 


dy]fy 

(1 +y) 3 


= 2 



u(u 2 — 1) 

V + 1) 2 


+ tan 1 1 


in the limits 0<y< oo therefore, the integral becomes n/S and Eq. 
(176.7) yields 

/2Z\i 

« = ( y ) 0.605702^ a, (176.8) 

or with Eq. (176.6), 


a = 0.53625. 


(176.9) 


In the accompanying table, the functions cp 0 and q> have been compared, 
using this value of a. 


X 

9 

<Po 

9-<Po 

0 

1 

1 

0 

0.1 

0.9008 

0.8817 

+ 0.0191 

0.2 

0.8156 

0.7931 

+ 0.0225 

0.5 

0.6219 

0.6070 

+ 0.0149 

1.0 

0.4237 

0.4240 

-0.0003 

2.0 

0.2328 

0.2430 

-0.0102 

5.0 

0.0738 

0.0788 

-0.0050 

10.0 

0.0247 

0.0243 

+ 0.0004 
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Literature. Tietz, T.: J. Chem. Physics 25, 787 (1956); Z. Naturforsch. 23a, 191 
(1968).—In Tietz’s original papers a factor 0.64309 has been used instead of our 
normalizing factor 0.60570 in Eq. (176.8). Tietz’s approximation therefore does 
not satisfy normalization. His deviations q> — <p 0 , however, are somewhat smaller 
in the most significant region 0 <jc< 0.5, but are much bigger for x> 1. 


Problem 177. Variational approximation of Thomas-Fermi field 


To use a set of Tietz functions 


q>(x) = 


1 

(l+ax ) 2 


(177.1) 


as trial functions with the Ritz parameter a for the approximate solution 
of a variational problem equivalent to the Thomas-Fermi differential 
equation. 

Solution. The differential equation 

q) H = x-±<fi (177.2) 

may be replaced by the variational problem, to make the integral 


J= (177.3) 

o 

an extremum with fixed boundary conditions <jp(0)=l and <p(oo)=0. 
Putting the trial function (177.1) satisfying the boundary conditions in 
the integral (177.3) we have 


1(1 +ax) 6 5 (l+ax) 5 J 


o 

For the evaluation of the integral we set a x — t 2 in the second term; 
then we may use the formula 


f dt 

J (1 + ' 2 ) 5 

1 \ t It 35 t 35 t 35 _j | 
” ¥ 1(1 -hr 2 ) 4 + 6 (1 + / 2 ) 3 + 24 (l + f 2 7 + 16 l+> + 16 tan J 

which can easily be verified. We find 

(177.4) 

The extremum condition dJ/d<x = 0 leads to 

« = (^) l = 0.570. 


(177.5) 
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This value of a deviates only slightly from a = 0.536 which is found to 
satisfy the normalization condition 

oo __ 

$dx]/x<p* = l (177.6) 

o 

of the preceding problem; with the present value of a it yields 

3 n 32 
a 2 •— = —, 

8 35 

i.e. the approximate field minimizing the integral J corresponds to ff Z 
electrons instead of to Z in the atom. 


Problem 178. Screening of K electrons 

To determine the screening correction to the binding energy of a K 
electron by using the Tietz approximation to the Thomas-Fermi model. 

Solution. Suppose one of the two K electrons and one unit of the 
nuclear charge to be removed from the atom of charge Z. The result will 
be a neutral atom of charge Z — 1. Then, add again the removed nuclear 
charge but neglect its influence upon the Z—1 remaining electrons. 
The result (in atomic units) is a charge distribution with the electrostatic 
potential 

4>(r) = i + ^—!-<?(*) (178.1) 

r r 

with <j o{x) the Thomas-Fermi function to the variable 

* = -; a = 0.88534(Z—1)~K (178.2) 

a 

The potential energy of an electron (charge — 1) moving in this potential 
would be 


V(r)— —${r); (178.3) 

this therefore is the potential energy field in which the removed K 
electron would move if replaced into the atom. 

Let us now apply perturbation theory. Without screening we should 
have 

Z 


V 0 (r)= 


r 



132 


Many-Body Problems. Very Many Particles : Quantum Statistics 


with screening we have 

V(r)= - — + (p(x)= V 0 (r) + -—- [1 - <p(x)]. (178.4) 

r r r 

The eigenvalue E 0 and eigenfunction u 0 (r) of the K electron without 
screening are 

E 0 — —jZ 2 ; m 0 = — e~ z '. (178.5) 

]/n 

The first-order energy shift due to screening then becomes 

f Z-l 

d£ s = \dxu%—-~(\-q>)u 0 

or, after inserting w 0 , 

00 

AE S =4Z 3 (Z—1) j t/rre _2Zr [l — <jo(x)]. (178.6) 

o 

We now are prepared to introduce the Tietz approximation (Prob¬ 
lem 176), 

cp(x) = -—!—a = 0.53625 (178.7) 

(1 + ax) 

To evaluate the integral (178.6) we then use the auxiliary variable 

r = jS(l + ax) (178.8) 

with 

j8 = 2Z—= 3.302 Z(Z—1)~^ (178.9) 

a 


thus obtaining 


AE s =Z(Z-l)e^dte- , ^t- 
The exponential integral occurring here 


„ P 2 P 3 
P- — + - 
t 


(178.10) 


E r(j8) = 


dt 


(178.11) 
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is a well-known function whose asymptotic behaviour at large values 
of P is described by the semiconvergent series 


E dP) 





(178.12) 


The integral over 
function, 


Thus we find 


the last term in (178.10) may be reduced to this 

00 

EM= = y -£,(/)). (178.13) 

f> 


AE S =Z(Z—1){1 + p 2 — p 2 (l + P)e p E^p)}, (178.14) 

or by expansion, according to (178.12), for j 8>1, the semiconvergent 
series 


AE S =Z(Z- 1) 


P 


' 9/2 24 

!~t + w 



(178.15) 


Turning now to the numerical evaluation of the energy shift AE S , 
we find p from (178.9) indeed to be large (cf. table next page) so that 

(178.15) is a reasonable approximation. In the column marked (1-) in 

the table the values of the bracket in (178.15) are reproduced; the series 
converges rapidly. The energy shifts, AE S , lie between 26% and 12% 
of |£ 0 | if Z varies from 20 to 80. They are therefore corrections only 
which, however, are not so very small that a second-order perturbation 
calculation would not change them by several per cent. On the other 
hand, the Thomas-Fermi model used is too rough to make such a 
change in the values physically significant. 

In x-ray spectroscopy it is customary to describe the energy shift by 
a screening constant s defined by 

E=-±Z 2 + AE s =-±(Z-s) 2 ; (178.16) 

this definition renders 


s=Z 




(178.17) 


The screening constants given in the table are computed according to 
this formula. Since AE s <>l\E 0 \, we may roughly expand the radical 
in (178.17) and write 
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which is about proportional to Z*. If we try a rough formula of this 
type, 

s — aZ 

we obtain the following pairs of values: 


Z—20 

50 

80 

<7= 1.03 

1.12 

1.15 


z 

P 

(1- ) 

AE S 

|£ 0 I 

s 

AE r 

corr. 

20 

24.75 

0.847 

52.2 

200 

2.81 



30 

32.25 

0.880 

95.2 

450 

3.36 



40 

38.96 

0.897 

144.3 

800 

3.79 

- 17.1 

3.35 

50 

45.12 

0.910 

198.0 

1250 

4.13 

- 41.7 

3.26 

60 

50.90 

0.921 

257.3 

1800 

4.42 

- 86.3 

2.94 

70 

56.35 

0.927 

318.6 

2450 

4.71 

-160 

2.34 

80 

61.56 

0.932 

384.0 

3200 

4.96 

-273 

1.62 


It is, however, useless to go into such detail. One glance at the ex¬ 
perimental values shows that our s values are rather good up to about 
Z = 50 but that, instead of the predicted slow rise of s with increasing Z 
beyond this value, the s values do not exceed a maximum of 3.7 and then, 
first slowly and above Z = 70 rapidly, begin to fall again. Such a dis¬ 
crepancy at high values of Z clearly must be explained as a relativistic 
effect. This is, in essence, if only in a rough way, shown in the last two 
columns of the table. According to relativistic quantum mechanics (cf. 
Problem 203) the unperturbed K electron energy is lowered by the 
amount 


A E r — - 




9 


these shifts have to be added to the AE S screening shifts before calcu¬ 
lating screening constants as given in the last column. Since 


A E = A E s + A E r 

becomes, for large values of Z, increasingly smaller than the original 
AE S , the deviations from the unscreened nuclear field, i.e. the corrected 
s values, will also become increasingly smaller. This is corroborated by 
experiment. In a strict sense, of course, relativistic corrections should 
not be applied only to E 0 but to AE S as well. The results may there¬ 
fore still be a little rough, but scarcely more so than corresponds to the 
general application of the Thomas-Fermi field which neglects all special 
shell structure effects. 




V. Non-Stationary Problems 


Problem 179. Two-level system with time-independent perturbation 

Given an atomic system with only two stationary states |1> and |2> 
and energies hco 1 <ha> 2 . At the time t — 0, the system being in its 
ground state, a perturbation W not depending upon time is switched 
on. The probability shall be calculated of finding the system in either 
state at the time t. 

Solution. Let H be the hamiltonian of the unperturbed system with 
H\l} = hco 1 11>; H\2) = h(o 2 12> (179.1) 

defining its two stationary states. Then, the Schrodinger equation with 
perturbation, 

--\jf = (H + WW, (179.2) 

i 

is to be solved in terms of the stationary functions: 

^(0 = q(0e“ itOlf |l> + c 2 (t)e- itI,2, |2>. (179.3) 

It must be possible thus to construct the exact solution, because |1> 
and |2> form a complete orthonormal set so that (179.3) is just the 
expansion of i// with respect to this set with time-dependent coefficients. 
The latter have to be determined with initial conditions 

Ci(0)= 1; c 2 (0) = 0. (179.4) 

If we put (179.3) into (179.2) and multiply 1 by either <1| or <2|, we 
find two differential equations of the first order for the coefficients: 


1 “Multiplication” here means the formation of scalar products in Hilbert 
space, i.e. matrix elements between a pair of states. 
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h 

~-c 1 e~ l01it = <1| W\l>c t e-‘“ lf + <l| W\2}c 2 e~ lW2t , 

h (1795) 

- -c 2 e- i0l2t = <2\W\l}c l e- i0Ht + <2\W\2yc 2 e~ i<O2t . 
i 

Let us briefly write 

< f x\W\v) = W v „ 


then, in consequence of the hermiticity of the operator W, the diagonal 
matrix elements W lt and W 22 are real, whereas the complex off-diagonal 
elements are conjugate: 

*Li2= Ho¬ 
using the abbreviation 


(o 0 = (o 2 — (o l , (179.6) 

so that hco 0 is the energy difference between the two levels, Eqs. (179.5) 
may be written 

hic x = W ll c 1 + W 21 e _ia,ot C 2 ,l 
hic 2 = W 12 e it00 ‘c 1 + W 22 c 2 . J 

Apparently it is possible to solve these equations by 

c t = A e~ itot ; c 2 = B e~ iic °- 0,0)1 . 


(179.7) 

(179.8) 


This can immediately be seen when (179.8) is put into (179.7) leading 
to the linear equations 

(Wu-h^A + W^B^O, 

W 12 A + (W 22 — hco + ho) 0 )B — 0. 


The determinant of these two equations vanishes for the two frequencies 


W 2l 1 

^=-ir + 2 y±c 

with 

hy = W 22 — W 11 +hco 0 , 
ho = ]/h 2 + \Wi 2 \ 2 . 

Further, we obtain 

h(o ltll — W xl 


(179.9) 

(179.10) 


(179.11) 
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Thence, 

c 1 (f) = ^ I e- i£0ir + /l I1 e“‘' a,,,t ; 

c 2 ( t )= 7j7~ eio>0t {(hco I — W 11 )A I e~ iont + (hco u —W 11 )A II e~ io>IIt }. 

”21 

The initial conditions (179.4) permit evaluation of the constants Aj and 
A n . After a straightforward computation, we then arrive at the result: 


Ci (0 = exp 


/W'li 1 V 

-\-T + l y ‘ 


,cos at + i — 


. y . 1 

i — sino7>-; 
2<r J 


/ W X2 
c 2 (t)= -i-r— exp 
ha 


["04 


y-o) o )t 


(179.12a) 
sin at. (179.12 b) 


The probability, then, of finding the system in the excited state will be 


MO I 2 = 


\w l2 \\. 

h 2 a 2 


sin 2 at 


or, using (179.10), 


MOI 2 = 


m 12 \ 2 


(hy) 2 + 4\Wi 2 l 


sm at. 


(179.13) 


The probability of finding it in the original ground state again, on 
the other hand, becomes 


\c 1 {t)\ 2 = cos 2 at + 


y_ 

,2a. 


or 


M 0I 2 -1 


4|^ 12 p 


(hy) 2 +4\W 12 [ 


sin 2 <rr 


sin 2 <rt. 


(179.14) 


Note that the sum of (179.13) and (179.14) will be 1. The system is 
oscillating between the two levels with a time period nja. 


Problem 180. Periodic perturbation of a two-level system 

Given the same two-level system as in the preceding problem. At the 
time / = 0, however, let a periodic perturbation IPcos rot be switched 
on (e.g. a light wave) with its frequency co almost corresponding to 
the energy difference h(o 0 = h(co 2 — ct^) of the two levels. Again the 
probability of finding the system in either state after switching off the 
perturbation at the time t shall be found. 
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Solution. The Schrddinger equation 

h . 

— 7 \j/= [H+W cosco t~\il/ (180.1) 

is to be solved by the function 

= c 1 (t)e~ imit \iy + c 2 (t)e~ im2t \2} (180.2) 

with the initial condition 


iA(0) = l, or £^(0)= 1; c 2 (0) = 0. (180.3) 

Here, |1> and |2) are solutions of the stationary state equations 

JT|l> = ftoj 1 |l>; H\2} = ha) 2 \2>, (180.4) 

and |1> and |2) may be supposed to be orthonormal. By putting (180.2) 
into (180.1) and by scalar multiplication of the result with either <1| 
or <2|, we arrive at two differential equations for c^t) and c 2 (t), viz. 


h 

— e~ ,colt =cosa>/{<l| lT|l>c 1 e _, " lt + <l| W\2}c 2 e~ la,2t }; 
h 

- - c 2 e ~" W2t = cos CO t {<2| W\ 1 > Cj tr 1 ' mt + <2| W\2) c 2 e- l£02t }. 


(180.5) 


Let us here introduce the above abbreviation 


and write 


O ) 0 = (O 2 -O ) 1 

o) — (o 0 = Aco; 


then it is to be supposed that 


Eq. (180.5) thus becomes 


\Ao)\<(o 0 . 


(180.6) 

(180.7) 


ic, = — {< 1 |PT| 1 >( eitot + e- iw V i + < 1 IWI 2 >( ei ' , “ r + e ' i(a,+a,o) V 2 } ; 


ic 2 = ^-{(2\W\l> (e i( " +0,0)1 + e- iA(0t )c l + (2\W\2}(e i(0t + e- i(0t )c 2 }. 

2 n 

Here we meet a very pronounced distinction between high-frequency 
terms with frequencies of the orders co and 2 co, and low-frequency 
terms with Aco. Averaging over a time interval 2n/a>, all high-frequency 
contributions will cancel. So, if we replace c t and c 2 by 

t + z 

C M (t) = J ' dt'c^t’) with x —n/a), 

t-z 
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these averages satisfy the much simpler equations 


■c, =4<l|»'|2>e‘' , "' c 2; 

2 n 

ic 2 = ^-(2\w\iyc- i ^ t c 1 


(180.8) 


where the slowly varying factors exp (±iAcot) on the right-hand side 
are treated as constants in averaging. 

The differential equations (180.8) permit exact solution by differ¬ 
entiation of either, and elimination of the other variable and its first 
derivative by using the original equations (180.8). We thus arrive at 

C 1 —iAcoC 1 +^Q 2 C t =0;i 
C 2 T i Aco C 2 T ^ £2 2 C 2 — 0 J 

with 

Q 2 = ^(1\W\2}(2\W\1} = i |<2| JT|1>| 2 . 

Use of the abbreviation 

R = ]/Q 2 + {Aco) 2 

leads to the following solutions satisfying the initial conditions (180.3): 


(180.9) 

(180.10) 

(180.11) 


„ iA r< 1 

I Rt 

Rt 1 

Q=e j 

cos-b Asm 

i 2 


. Ao 

t Rt 


C 2 — t 2 

B sin —. 



2 



(180.12) 


The remaining two integration constants A and B can be computed 
by putting (180.12) into the first-order equations (180.8). The result is 


A = 



„ .<2\W\iy 

B= —i - 


(180.13) 


The probability of finding the system, at the time t, in the excited 
state is now 


IQ | 2 


Q . ,Rt 

-siti — 

Q 2 + {A(o) 2 2 


(180.14) 


and that of finding it in its ground state again is 


,, -Rt 
IQ | 2 = cos 2 — + 


(Aco) 2 . . Rt 

—z — -- sur —. 

Q 2 + {Acd) 2 2 


(180.15) 
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According to (180.14), the excitation is a typical resonance process, its 
probability rapidly decreasing with increasing values of \Aco\. Needless 
to say, this holds only as long as condition (180.7) remains satisfied. 
The process is periodically repeated with the frequency R determined 
by Eq. (180.11), i.e. mainly by the value of the matrix element, so that 
after a time interval 


2nn 



n = 1,2,3, 


(180.16) 


the system will be found in the ground state again. If the periodic 
perturbation is performed, e.g. by a light wave switched on at time 
t — 0 and switched off again at t = t n , no resultant change will have 
affected the system. 

Application. Let the hamiltonian H describe the Zeeman effect in a one-electron 
S state produced by a magnetic field J^ 0 in z direction. Then h {a> 2 — <u,) is the 
level splitting between the two spin orientations, i.e. (o 0 = 2pJf 0 /h (with |2> the 
upper, |1) the lower state). Let now the perturbation consist of a periodic magnetic 
field, S’?' cos cot, so that 

eh 

W= — n(<r-3tf”)cosa>t, jU = — -—-. 

If the field Jtf" is parallel to J^ 0 , the matrix element (l\W\2) vanishes; the states 
|1> and |2> are then independently perturbed and no transitions are induced. 
If, on the other hand, is chosen perpendicular to sa y in x direction, the 
diagonal matrix elements of W vanish and we find exactly the case described 
above with 

<i|jr|2> = <2|ir|i> = - hjt . 

Resonance will occur in this device if to~co 0 , as before, and the system will 
alternate between its two magnetic states. This is the simplest case of paramagnetic 
resonance. 


Problem 181. Dirac perturbation method 

Let an atomic system have the non-degenerate stationary states \(/ k . 
Let it be in its ground state \j/ 0 at time / = 0 and then a perturbation 
be switched on (depending upon, or independent of, time) inducing 
transitions to other states The probability shall be determined of 
finding the system, after switching off the perturbation at time t, in a 
state i// t , supposing the perturbation to be small. 

Solution. Let the unperturbed states satisfy the Schrodinger equation 
- ^ii/ k = HiJ/ k with ^ fc =|/c>e" it0kt ; E k =ha> k (181.1) 

i 


and 


</| *> = *«. 


( 181 . 2 ) 
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After switching on the perturbation W, we have the differential equation 

h . 

--t I/ = (H+W)ij/ (181.3) 

i 

with a wave function ^ which may be expanded into a series 

<A = I>kWiAfc- (181.4) 

ft 

In consequence of (181.2), it then follows from (181.4) that 2 

ZkWM- (181-5) 

it 

Each |a k | 2 then is the probability of finding the system in the state \J/ k 
at the time t. 

Introducing the sum (181.4) into the differential equation (181.3) 
we find 

h 

- ~ I ](a k -i(o k a k )il/ k = X(fteo k + W)a k \jj k 

1 it * 

or, forming the scalar product in Hilbert space with <7| and making 
use of (181.2), 

Ee-^-^/l^|fc>flft. (181.6) 

ft * 

In this equation, so far, nothing has yet been neglected. It corresponds 
to the fact that the time rate of any state |/> depends upon all states 
of the system combining with |/> under the action of the perturbation. 
This, of course, is a consequence of (181.5): If one of the coefficients, 
a u is changed, the other coefficients are bound to change as well in 
order to keep the sum (181.5) constant. (Cf. Problem 179 for a system 
with two states only.) 

If the perturbation is small, we may in first approximation insert 
on the right-hand side of (181.6) the initial values 

tfft(0)=<W (181.7) 

Then, the set of equations (181.6) becomes, for //0, 

d, = — — e -i(£OO-e,,)r </|ir|0>. (181.8) 

n 


2 If a continuous part of the spectrum exists besides the discontinuous part, 
it can, by the use of a periodicity volume, be transformed into a formally dis¬ 
continuous spectrum and thus be included into the sums (181.4) and (181.5) 
without further mathematical difficulties. 
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(This is a much more specialized behaviour than that of Problem 179, 
because it neglects backward transitions from |4> to |0> and the like.) 
Integration of (181.8) yields 


a,(t) = 


- dt(l\ IT|0>e _ ‘ < “ 0 ~ £0 ' ,< . 
n . 


(181.9) 


The integral, of course, depends very much on how the perturbation 
W, and thus its matrix element, depend upon time. 

Our approximation is valid only if 


|</|JT|0>|r/Ml, (181.10) 


so that the coefficient a t (t) remains small throughout. Since it follows 
from (181.10) that 


(co,-co 0 )t 


hjcot-cop) 

|<W0>| 


and the excitation energy in the numerator is usually much larger than 
the matrix element in the denominator, the exponent in (181.8) or 
(181.9) may still be quite large so that there occur periodic oscillations 
of a t {t) which do not quite agree with the basic idea underlying our 
first-order perturbation approximation. However, in the following 
problems we shall show how to eliminate this difficulty. 


Problem 182. Periodic perturbation: Resonance 


Let the atomic system of the preceding problem be perturbed by a 
periodic field 

W{t) = iTe- i( 0 t +ir^e i(0t . (182.1) 

Discuss resonance absorption and the effect of a finite frequency width 
of the irradiated field upon the transitions. 

Solution. If (182.1) is put into the general first-order perturbation 
formula (182.9) and the integration is performed, we get 


«i(0 = 


<W 0> 


gi(coi-coo— oo)t _j 

z(oj ; — CO 0 — co) 


+ </|')T t |0> 


g£( coi — coo + (o)t _ 

z(co, - co 0 +<y) j 


(182.2) 
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The excitation energy, E ex — h(a>i — co 0 ) being positive, the first term 
has resonance if h(o — E ex whereas the second term never shows re¬ 
sonance. Thus, if Bohr’s frequency condition 

co = (Oi — (o 0 (182.3) 


holds, the system can absorb energy from the alternating field applied: 


, „ xl2 4|</|iT|0>| 2 sin 2 j («, —co 0 —co)t 

M)l h 2 fa-COo-CO ) 2 


(182.4) 



X 


Fig. 70. The natural line shape sin 2 */* 2 


This formula should still be corrected for the finite frequency width 
of the irradiated field. Let p(coi)d(o be its intensity between oo and 
(o+dco, then we have 


\a t (t) | 2 


or, with 


= rf<op(wH|</|'r|o>| 2 


sin 2 i(<u, — (o 0 — (d)t 
h 2 (g)j — (Oq — to ) 2 




(182.5) 


as integration variable, 

\ai{t)\ 2 = 2t 

Here, the last factor, &in 2 x/x 2 , has a pronounced maximum at x = 0 
whence it decreases rapidly on both sides (Fig. 70) so that |x|<7t brings 
the main contribution to the integral 


• 

nr 

dx p (caj — co 0 + 2 x/t) 

</| X |0> 
n 


2 sin 2 * 


x‘ 
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Within this range of x values we have \2x/t\<2n/t or, since condition 
(181.10) of the preceding problem must hold, i.e...since 

|</|#-|0>| <t 

and since this matrix element will usually be very small compared 
with the excitation energy, we find that the argument of p may be 
replaced simply by a); — co 0 . A similar argument obtains for the matrix 
element which too may be treated as a constant, independent of x, 
so that we arrive at 

fV 2 

l fl i(OI 2 = 2w t < 1 1 —10> p{a> l - ft> 0 ) • (182.6) 

The probability of finding the system in any state |/> thus increases in 
proportion to the time. Therefore we may reasonably define a transition 
probability 

P, (182.7) 

independent of time which becomes 

iV 2 

P l = 2n </l —10> p(cOj — o ) q ). (182.8) 

n 

NB. The last result shows a close similarity to the Golden Rule to be discussed 
in Problem 183. It should, however, be borne in mind that the Golden Rule de¬ 
scribes summation over close-lying final states, whereas we have introduced a 
summation over a continuum of initial field properties. It has not been shown 
here that this summation must necessarily be performed in the probabilities, 
Eq. (182.5), and not in the amplitude formula (182.2). 


Problem 183. Golden Rule for scattering 


Let a beam of particles with initial momentum p^hki be elastically 
scattered by a potential W(r) into states of final momentum p f =hk f 
within the solid angle element dQ f . The differential cross section d(r/dQ f 
•shall be derived by the Dirac perturbation method. 
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This may be integrated, if the matrix element is supposed not to depend 
upon time, so that we arrive at the basic formula 


2 4|</|Fy|i-)| 2 _ : _ 2 (cOi-co f )t 

hHcOi-co,) 2 "" 


(183.2) 


Now both the initial and final states are lying in the continuous spec¬ 
trum. Using a normalization volume V, the respective wave functions 
are 

| i)=V~*e ikrr ; (fl = V~^e~ ikf ' r . (183.3) 

There are, even for finite volume V, a great many final states in the 
vicinity of </| and, in the limit F->oo, there will be an infinite number 
of them in an infinitesimal surrounding. To ask what is the probability 
of one final state </| with sharp k f thus becomes meaningless; we may 
only ask with what probability a certain interval will be reached. 

Let p f (E f )dE f levels be lying in the interval dE f at the final energy 
E f with their momenta within the solid angle element dQ f , then the 
transition probability per unit time to this angular interval becomes 

dT= | ^dE fPf (E f )\a f (t)\ 2 . (183.4) 

This definition is reasonable only because this expression does not 
depend on time and the integral goes over a very narrow energy region. 
If now we introduce the variable 

X = j((O f -(JOi)t 

and put E f — h(o f so that we get 

2 h 

dE f = — dx 
1 t 

we find, according to (183.2) and (183.4), 


dT = 


2 

h 


dx Pf(E f ) 


sin 2 x 


\<f\w\iy \ 2 


where the considerations of the preceding problem will again hold for 
the integral, so that 

*r-£»W|</l*IO|* 


( 183 . 5 ) 
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since integration over an extremely large interval in x about x = 0 corre¬ 
sponds to a very narrow one only in energy about the resonance energy 
Ej — Ei- The differential notation, dT, is appropriate because of the 
infinitesimal interval dQ f still contained in p f (which itself might 
perhaps better be written dp f ). Eq. (183.5) is called the Golden Rule. 

This transition probability still depends in an obvious way upon the 
normalization volume V and the initial velocity u 0 = ft/c,/m of the 
particles hitting the obstacle, 


dT = -—da, (183.6) 

where da is independent of V and therefore a quantity of physical signif¬ 
icance. It has the dimension of cm 2 and is identical with the differential 
cross section thus to be found from the Golden Rule expression (183.5): 


2n V 

da = —p,(E)--\(f\W\0\ 2 . 


(183.7) 


Here we still have to evaluate the final state density p f and the 
matrix element. 

The final state density may be derived from the fact that one state 
(if the particles have no spin) falls in an element d 3 p of momentum 
space of the amount ( 2nh) 3 /V. Therefore, in an arbitrary element d 3 p 
there will lie 


states. With 
we have 

so that 


cPpV 

8 7C 3 h 3 


d 3 p=p 2 dpdQ—mpdEdQ 
mp f dE f dQ f V 

Pfd '~ 8 7I 3 ft 3 ’ 


dQ f \2nh 2 J k^ J 11/1 f 


(183.8) 

(183.9) 


where we may omit the factor kf/k t = 1 for elastic scattering. 

The matrix element, for a potential W(r) of central symmetry, 
formed with the plane waves (183.3) runs 


(f\W\i) = i \cPxe~ iKr W{r) 


(183.10) 
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with K — kf — ki the momentum transfer vector (in units of h). The 
integration over the polar angles leads to 


471 f „ sinXr 

<f\W\iy = —y r r 2 W{r)-^- 

o 

so that finally we arrive at the cross section formula 


da 

dQ f 


2m f , , , , sin Kr 

If) drr mr) ^7~ 


2 


(183.11) 


(183.12) 


i.e. the result of the first Born approximation (cf. Problem 105). This of 
course, was only to be expected since we treated the scattering potential 
as a perturbation already in our starting equation (183.1) and conse¬ 
quently used plane waves to describe the initial and final states. 


Problem 184. Born scattering in momentum space 


To derive the differential scattering cross section in momentum space 
by a time-dependent perturbation method in the first approximation. 
Let the perturbation be switched on at t = 0 and be constant there¬ 
after. 


Solution. According to Problem 14 the time-dependent Schrodinger 
equation 

h h 2 

= -VV+P(»# (184.1) 

i 2m 


corresponds to the integro-differential equation in momentum space, 



i 


2m 


k 2 f{k,t) + 


< Pk'W{k-k')f(k',t) 


(184.2) 


with f{k,t) the Fourier transform of i{/(r,t) and W(k) of V(r) in the 
normalization used in Problem 14. Eq. (184.2) may be somewhat simpli¬ 
fied by writing / in the form 


We then find 


f{k,t) = v{k,i)t~ i(at - 



dv{k,t) 


i 

h 


cPk' W(k — k')e i{0> ~ (O )t v(k', t). 


(184.3) 


dt 


(184.4) 
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To solve (184.4) in first approximation we replace v under the inte¬ 
gral by the unperturbed function 

v 0 (k,t)=C{2nfd(k-k 0 ), (184.5) 

i.e. by the Fourier transform of the plane wave 

il/ 0 (r,t)=Ce ikor . (184.6) 

Eq. (184.4) then simply becomes 


dv(k,t) i 3 

= - - C( 2 nf W{k - k 0 ) e ,(t0_£0o)( 
at n 

and yields the integral 

Q e i(io-co 0 )t _ J 

v(k,t)= - -(2 nfw{k-k 0 ) -. (184.7) 

n co — coq 

The probability of finding a particle of momentum k within cPk at the 
time t is then (cf. Problem 15) 


\v(k,t)\ 2 (Pk — ^ ( — \W(k — k 0 )\ 2 t 2 S n -* k 2 dkdQ 


with the abbreviation 


h 2 


X = j((0 — (O 0 )t. 


This expression has still to be integrated over the energy resonance (cf. 
Problem 183); since 


2m 

kdk — -—dx 
ht 


and 


+ oo 


dx 


sin 2 * 


n. 


we find an expression linear in t, and the transition probability, defined 
by 


becomes 


1 ' 
dT = —dQ 
t 


dkk 2 \v(k,t)\ 2 , 


(184.8) 


dT= |C| - ?y m<C \W{k-kXdCl. 


( 184 . 9 ) 



Problem 184. Bora scattering in momentum space 


149 


The differential cross section is defined by putting 

(184.10) 

(184.11) 

This general formula may still be simplified for a central-force 
potential V(r) which permits integration over the polar angles in its 
Fourier transform: 

OO 

W(k-k 0 ) = -Tj [d 1 xe“■' V(r) = drr 2 V(r) S -^ (184.12) 

(2n) 3 J (2 n) J Kr 

o 

with K=k-k 0 the momentum transfer (in units of h), i.e. with 

S 

K-2k 0 sin— (184.13) 


therefore 


dT= \C\ 2 v 0 da= |C| 2 — do; 

m 


da = ( 2n \ m \W{k — k 0 )\ 2 dQ. 
n 


where 3 is the angle of deflection. Putting (184.12) into (184.11) we 
finally arrive at the well-known result of Born, 


da 

dQ 




(184.14) 


NB. The transition from the momentum function / to v is, generally 
speaking, the transition from Schrodinger to interaction representation 
as v would no longer depend upon time if there were no interaction 
W(k). —The cross section formula (184.14) has also been derived in 
Problem 105.—It should further be noted that the Fourier transform 
W(k — k 0 ) is—except for a normalization factor—the matrix element 
of the potential V{r) in ordinary space: 

(2tt) 3 W(k-k 0 ) = $d 3 k'e- ik r V{r)e iko r = (k\V\k 0 >. 

This permits e.g. to write the cross section formula (184.11) as well in 
the form 

do — ^< k \ v \ k o> dO. ( 184 . 15 ) 



150 


Non-Stationary Problems 


Problem 185. Coulomb excitation of an atom 


Let an electron of velocity v pass an alkali atom at a distance b (“colli¬ 
sion parameter”); let its velocity be large compared to the velocity of 
the valence electron in the atom. Its Coulomb interaction with the 
latter may originate an excitation, the cross section of which shall be 
determined by a perturbation procedure. 

Solution. The position of the atomic electron is shown in Fig. 71, 
its position r relative to the atomic core having coordinates x, y, z, as 
indicated. Its interaction with the electron passing at the point P is 


with 



R 2 = (v t - x) 2 + y 2 + (b - z) 2 . 


(185.1) 

(185.2) 



Fig. 71. Notations indicating position of the two interacting particles 


Here any deflection or deceleration of the passing electron has been 
neglected. Its classical treatment, of course, precludes effects of overlap 
such as exchange phenomena. It is a reasonable approximation for a 
wavelength small compared to the distance b and to the atomic dimen¬ 
sions. Let us further assume the collision parameter b to be very large 
compared to the atomic dimensions so that we may expand 

1 If vtx + bz^ 

R |/(yf) 2 + Z> 2 l 1 + ( Vt) 2 + b 2 j ' 


(185.2') 
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The matrix element between the ground state (subscript: 0) and an 
excited state (k) then becomes, in this approximation, 


<*|F(0|0> = 


-{rf</cM0> + Z><fc|z|0>}, 

+ & 2 ] 


(185.3) 


the first (static) term in (185.2'), only contributing to the diagonal 
elements <0|F]0> of elastic scattering. 

If the unperturbed wave functions, |/c>, satisfy a Schrodinger equation 


H\k) = hco k \k> 
the perturbed wave function may be written 

i^ = e _ia,ot |0> + Y;a k {t)e- i(0ht |fc> 

k 

with (cf. Problem 181) 


(185.4) 


a k (t)- 




dte i{a,k ~ ( ° o)t (k\ V{t) |0>. 


(185.5) 


The probability of finding the atom in the excited state \k ) after passage 
of the colliding electron is then 


Pk=\a k (o o)| 2 , 


(185.6) 


and the excitation cross section of the state | k) is obtained by integra¬ 
tion over the collision parameter: 


a k = 2n$dbb\a k {cc)\ 2 . 


(185.7) 


Thus the problem is reduced mainly to the calculation of a k (oo) with 
the matrix element (185.3): 


+ oo 


a fc (oo)= 


i 2 f . e i( ‘ 
— e 2 dt - 

h J \v 2 t 


i(coic-<»o)* 


[v 2 t 2 + b 2 f 


With the abbreviations 


P 


(o) k — (o 0 )b 


{i;r</c|x|0) + 6</c|z|0>}. 


v 

S = ~b t 


v 


(185.8) 
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this may be written 



The two integrals can be determined using the integral representation 
of the modified Hankel function 


f , cos Bs 

* — J ^ = PKM- (185.10) 

J (1+i 2 )' 

0 

This integral may equally well be written 

OO go +00 

1 f dse ips 1 f dse~ ips 1 (* dse ifis 

2 J (1 +s 2 f + 2 J (1 +s 2 f ~ 2 J (1 +s 2 f 

0 0 — oo 

so that 

+ oo 

f *77^77 = 2 WM- (185.11) 

J (l+s 2 ) T 

— 00 

The derivative with respect to /? is 

+ 00 

' I ds 77^i = 2 4W*i<0] = (185.12) 

J (1+S 2 F dfl 

— 00 

We therefore obtain 

<%(»)=-f.4{<*l 2 'K»(-P«»(«) + '<*|z|0>/(K: I («}. (185.13) 

nv b 

If the atoms are not oriented, in the statistical average 

<k|x|0> = </c|z|0> = 0; \(k\x\0}f= |<fc|^|0>| 2 (185.14) 

so that 

KMI 2 - (0 \<k\xioy\ l nulW+K^Ml (iss.15) 

According to (185.7) and (185.8) this leads to the excitation cross section 
of the state |/c>: 

oo 

<r * =8 *(0i <t| * |o> n d ^i Kl M+K\m- d* 5 - 16 ) 

0 
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The last integral can be evaluated for a finite lower bound 

00 

IdfiftKZW + Kliffl-fiKotoKM. (185.17) 

P 

For small values of /?, the limiting values to the functions are 

i?Xi(j8)-l; K 0 (/?HC+ log | (185.18) 

with C=0.5772... the Euler constant. The integral therefore diverges at 
small values of jS or, according to (185.8), of the collision parameter b. 
This divergence is caused by the expansion (185.2') of the interaction 
which only holds if the distance r of the atomic electron from the atomic 
nucleus is small compared to the collision parameter b. The divergence 
can to some extent be remedied by a cut-off at b=r 0 , with r 0 some¬ 
thing like the atomic radius or, using (185.8), at 


A. 


r 0 ((o k -(o 0 ) 


(185.19) 


Since v shall be large compared to the atomic electron velocity, /? min 1 
so that the formulae (185.18) obtain. We then arrive at the cross section 
formula 

No very exact knowledge of the cut-off radius is needed, since the loga¬ 
rithm varies rather slowly with its argument. 


Literature. The method is an abridged form of that used in the theory of nuclear 
Coulomb excitation, cf. Alder, K., Winther, W.: Dan. Mat.-Fys. Medd. 29, 19 
(1955). 


Problem 186. Photoeffect 


A light wave of linear polarization (<f ||x, Jf || y) propagating in z direc¬ 
tion falls on a hydrogen atom with the electron in its ground state. 
What is the angular distribution of photoelectrons emitted? What is the 
differential cross section of photo-emission? Retardation effects shall be 
neglected and the final state be approximated by a plane wave. 


Solution. The light wave may be described by a vector potential A 
with 


co 


S 0 cos 


T"7 


^ + <5 ; 


A y = 0; A z = 0, (186.1) 
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then the following field strength components can be derived: 


^ _ y 


!■„.[( A S] 

-A X = S 0 sin colt I + o ; 

c L V cj J 

- = S Q sin co^t -+ <5 , 


all other components vanishing. The average Poynting vector in z 
direction is 


_ £ _ £ 

_ & y/? _ _ &2 

4n y 8 n 0 


so that there are 


Snhco 


(186.2) 


incident photons per cm 2 and sec. 

The interaction energy between light and electron is, according to 
Problem 125, 


W= -/M-V) = We- i “ , +W t e i “ ( 

me 


where 


.. d 


2 mco 


(186.3) 


(186.4) 


Here the retardation factor, exp^i —J has been taken =1. 

We then may apply the method developped in Problem 182. Only 
the interaction term W leads to a resonance denominator ay —co, —co, 
thus satisfying energy conservation. Putting 


we get 


x = j(a> f — co i — a>)t 


M')l 2 -^l</iwi0| : 


sin 2 * 


and thence the transition probability P f , from the initial state |/> to 
the final state |/), 


27r 

p, = ^ p,\<f\m>\ 2 


(186.5) 
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Here p f , the final state density in the energy scale refers to the out¬ 
going electron and is, according to (183.8), 

mV 

Pf = ^2 kfdQf (186.6) 

if V is the normalization volume and h k f the momentum of the photo¬ 
electron. The differential cross section for photo-emission into the 
solid angle element dQ f is P f /n so that, gathering expressions from 
(186.2) and (186.4-6), we arrive at the general formula 


do = 


e 2 V 

Inmceo 


kj 1 dQ f 



10 


(186.7) 


We now are dealing with wave functions in a potential field of 
central symmetry, with the ground state |z> independent of polar angles. 
Then, 

d d\i} 

—10 = —— sin$cos<p (186.8) 

ox dr 

is proportional to a spherical harmonic of the first order so that the 
matrix element must necessarily vanish if the electron is not emitted 
in a P state. 

Let the final state be approximately described by a plane wave, 

1 00 

|/> = = — £ (21+ l^M^cosy) (186.9) 

kr I = 0 

where y is the angle between the directions of k f with polar angles 0, # 
and r with angles $ and q>. Then only the term /=1 (P term) can con¬ 
tribute to the matrix element so that 


d 3i f , j\(k r) d\i} f 

</1 —10 =- drr 2 - -— (D dQ cosy sinScoszp. 

Ox i fy J kr dr J 

v o 

Because of 

cosy = cosS cos 0 + sin $ sin <9 (cos <p cos<P + sin<jo sin^) 
the angular integral yields 


sin© cos# d) dQ sin 2 3 cos 2 <p 


4n 

— sin© cos# 
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so that we arrive at 


00 

d 4ni . f d \i} 

</1 — | iy =-sin© cos# drr lJ —-t -— 

J ' dr y ]/V J kj-r dr 


and, according to (186.7), 
da Sue 2 


dQ f mcookf 


drrj\(k f r) 


d\i> 


dr 


Lo 


> sin 2 © cos 2 #. 


(186.10) 


Here the radial function j\ stemming from the plane-wave approximation 
should be replaced by a more correct expression for quantitative cal¬ 
culations. The angular distribution of the photo-electrons, however, is 
correct and in complete agreement with the classical expectation, since 
sin 2 ©cos 2 # has a maximum in the direction x of the electrical field 
strength. 


NB.With 


|i> = 7t *e 

for a K shell electron (screening constant s, 
in (186.10) 


h 2 

( Z—s)me 2 

cf. Problem 178) we get for the integral 


J = ^drrj\(k f r)^- = 
o 




— COSX 


e 


X 

kfa 


where x=k f r. This integral can be evaluated in an elementary way and yields 

2 kfa 2 
= ~^'(1 + k 2 a 2 r 


This formula can only hold for k f ap 1, because otherwise the plane-wave ap¬ 
proximation would be quite insufficient; so we may write 



J ^ .— (fya) 2 

]/Ta 

and 

da 32 e 2 1 

or, with 

dQ f mca 5 cokf 

*£ = hex. 


2m f ’ 

finally, 



da o /-7 \5 ’ 2 jOk 2* e2 m2e 

——~8(Z—s) 5 sur ©cos 2 #-}— • —pf 
dQ f fic ft 


10 
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This formula shows the main features of more exact calculations: rapid increase 
with Z—s, rapid decrease with growing quantum energy ho, roughly proportional 
to ct>~ 3 ‘ 5 , order of magnitude in atomic units e 2 /hc, and correct angular distri¬ 
bution. 

Literature. Stobbe, M.: Ann. Physik 7, 661 (1930). — Retardation effects in 
hydrogen: Sommerfeld, A., Schur, G., Ann. Physik 4, 409 (1930). — Relativistic 
treatment: Sauter, F., Ann. Physik 11, 454 (1931). 


187. Dispersion of light. Oscillator strengths 


A light wave as defined in the preceding problem (but take 5 = 0) inter¬ 
acts with an atom. The induced polarization shall be calculated from 
which the oscillator strengths may be derived. Only one electron shall 
be taken into account, and all matrix elements, neglecting retardation, 
reduced to matrix elements of electrical dipole moments. 


Solution. In the Dirac notation of Problem 181 the atomic wave 
function under the action of the light wave may be written 

i 


if |/> is a state of the unperturbed atom. Using (182.2) for the coefficient 
a t (t) and omitting all switch-on effects of the light wave, we arrive at 


a i(a>i-coo~ (o)t 


— m\ pr-itoot 


<M 0>e- 


-£ </|W|0>- 

n ., ( cUj — coq — o) 


+ </|Wt|0> 


J(coi - a>o + to)t'] 


COi — COq + COJ 


|/>e- 


— i ant 


Here |0> denotes the atomic ground state and |/> any excited state so 
that (o, — a> 0 > 0 and only the first term in the sum shows resonance. 
Neglecting the other term we then may start from the wave function 

^ = {|0> - I <<|W|0> |/>|e-' toot . (187.1) 

i h ; Wt-coo-co J 


Now we know that for the optical properties the induced dipole 
moment p ind plays the essential role. It follows from (187.1) according to 

jPind ~ (187.2) 

Neglecting second-order corrections we thus get 

_ e <0|r|/> </|W|0>e -ia>t + </|r|0> </|W|0>*e io>t /1o „^ 

Pind » 2-i 


ft)j — 03 o — CO 
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This expression can be much simplified if we replace the matrix ele¬ 
ments </|W|0> of the interaction 


W = 


eh . d 
-— 

2 m co ox 


(187.4) 


by matrix elements of the atomic moment p, in field direction, 

</|p x |0>= —e</|x|0>. 

This can be accomplished by using the relation 

> = ^(co fc -co,)</|x|/c> 
ox h 


(187.5) 

(187.6) 


holding between any pair of states |/> and |/c>. 

Eq. (187.6) may be derived from the two Schrodinger equations 

{~£n V2+F } |fc> = h( °^ k >’ V * +7 } </| = 

from which there follows, by multiplying by x, forming matrix elements and 
subtracting both equations in order to eliminate the term with V: 

- ^ (</|xV 2 |fc> - <fc|x V 2 |/>*} = ft(co t -co,)</|x|fc>. (187.6') 

Now, according to 



x(v x) V 2 u = 



vx)Vu 


<Px[ xVvVu+v^— 
ox 


the curly bracket on the left-hand side may be reshaped into 


proportional to the left-hand side of (187.6) whereas on the right-hand side of 
(187.6') we already have the dipole matrix element wanted. 


Using (187.6), we may write the induced dipole moment (1873) in 
the simpler form 


*o y <0\p\l><l\p x \0>e- i(O, -<l\p\0><l\p x \0>*e i(Ot 
2 ih , co, — co 0 — co 


(187.7) 


In a statistical distribution of atoms with dipole moments p oriented 
in all directions, the y and z components of p ind will cancel and an 
induced dipole moment remain only in the x direction, i.e. parallel to 
the electrical field applied. In the first term of (187.7) we further use the 
hermiticity of <0| p |/> = </| p |0>* and then the statistical average re¬ 
lation _ 


|<^*|0>| 2 = } l < f | p |0>[ 2 
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where the expression on the right-hand side needs no further averaging, 
being independent of the atom’s orientation. Thus we arrive at the 
result 


i</ipio>r . 

Find = rr L -— smcot. 

3 n i (D[ — o)q — co 


Since S’Qsincot-S' is the instantaneous value of the field strength we 
may define atomic polarizability a in the usual way by p ind = so 
that 


a ly l«ll>|0>| 2 

3 , hicot — coo — a)) 


(187.8) 


In classical optics, the index of refraction, n, is derived from the 
formula 


n 2 -1 
n 2 + 2 



(187.9) 


with N the number of atoms per unit volume. (This expression is called 
the refraction.) The classical polarizability is then evaluated as a sum 
over all the electrons contributing (subscript A) and is written in the 
form 


n 2 — 1 An e 2 f x 

- = — n—Y ——— 

n 2 + 2 3 m x cof— co 2 


(187.10) 


where co x is the eigenfrequency of the A’th electron and f x , the so-called 
oscillator strength, gives the number of electrons per atom in a state of 
eigenfrequency co x , in this classical picture. That the oscillator strengths 
turned out experimentally not to be integers raised the first doubts in 
this classical picture. 

The quantum theoretical formula (187.8) gives formally a very 
similar result. We may write, 


_ 1 y (<Pt-ft>o+cp)l</|jHO)| 2 _ 2m |</lp|Q>l 2 
3 , ft[(a>; — cw 0 ) 2 — a> 2 ] 3h , (co, — co 0 ) 2 — co 2 

then (187.9) leads to the refraction 

n 2 -1 An e 2 ^ /, 

-= — n—Y -—- 

n 2 + 2 3 m , (a>, — co 0 ) 2 — a» 2 


(187.11) 


with the oscillator strengths 


fi = 


2 mco 

3 he 2 


K'lp|o>| 2 . 


(187.12) 
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The formal similarity of the quantum theoretical result (187.11) with 
the classical one, (187.10), however, is deceptive. In Eq. (187.11) the 
sum does not run over electrons but over excited states so that sum¬ 
mation over a multitude of terms is necessary even for our one-electron 
problem. The eigenfrequencies are replaced by frequency differences, 
o l — oo q. Finally, the oscillator strengths /, no longer mean numbers 
of electrons but are rather involved intensity constants to be computed 
from dipole transition matrix elements according to (187.12). It is 
therefore no longer surprising that these numbers turn out not to be 
integers. 


Problem 188. Spin flip in a magnetic resonance device 

Let a particle of spin jh and of magnetic moment n pass in y direction 
through an homogeneous magnetic field parallel to the z axis. The 
particle spin in this field will be oriented in either +z or — z direction. 
Let us assume it to point in positive z direction. When passing the point 
y = 0 at the time t = 0, the particle enters an additional homogeneous 
field 3/C parallel to the x axis. It leaves this auxiliary field at y—l at 
t = t 0 . What is the probability of a spin flip during this time interval? 

Solution. In the Schrodinger equation 

— — ij/= -V 2 i^— ft- (188.1) 

i 2m 

the last term is the interaction energy of the magnetic field &C with the 
magnetic moment fi of the particle. The latter is defined as the vector 
operator 

— (188.2) 

with a the spin vector whose three components are the Pauli matrices 
(cf. Problem 129). 

For t<0, only the field J^ 0 \\z is acting on the particle; the solution 
of (188.1) then is 





and the energy of the particle 


(188.3) 


h 2 k 2 

hat = 


2m 


- 


(188.4) 
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If now, at /=0, the field Jf'\\x is switched on, the state of the particle 
undergoes a change so that its wave function may be written 


+ - 


J(ky-o 0 t) 



+ b(t) 



_ e Hky-coot)( a ^) 

W, 


(188.5) 


with the abbreviation 

h 2 k 2 

hco =-. (188.6) 

2m 


If path curvature by the Lorentz force acting perpendicular to the y 
direction may be neglected, it is safe to assume that the momentum 
hk in y direction is unchanged throughout. 

Putting (188.5) in (188.1) we have to be a little cautious about the 
magnetic interaction: 

and therefore 





/jf 0 a + JTb\ 

\jra-Jtr 0 b) 


Separating the two components of the Schrodinger equation, we thus 
arrive at 


- y£ = -/i(jf 0 a+jT b)\ 
— -b= — Jt 0 b). 


(188.7) 


To solve these equations we set 


a(t) — A Q imt \ b{t) = Be i(0,t ; 


then (188.7) becomes the algebraic set of linear equations 

(H - h to') A + n W B = 0; 

H A — (n Jf 0 + h co') B = 0. 

The determinant vanishes for two different values of co', 


<o'= ±v 1/OfS+Jf' 2 ; 

n 


(188.8) 
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in what follows we shall write co' and —(o' for these two roots. Then 
the set (188.7) will be solved by 

a(t) = A l e icot + A n e~ i<ot ; 

6(0 = B l e i<0 ' t + B n e- i(0 ' t 

with 

i 1 / ^>2 . ~ m >>2 ■&> 

D _ + A 
u \,n ~ A i,n ■ 

There still remain two integration constants, A l and A n , to be deter¬ 
mined from the initial conditions, 

a(0)=l; 6(0) = 0. (188.9) 

This leads to 

1 / i '*//?>'! i 1 / ^2 i'~'~ 'i/pi'2. 'tj/? 

y o ■ i JI o # ^ y o I o 

2 ’ 11 2]/jel+jr 2 

and yields after some straightforward reshaping the formulae 


a{t) = cos co't+i 


JTq 


6(0 = i 




yjpl+jr 2 


sin a>'t. 


sinm't; 


It can easily be checked that 

l«(0l 2 + \W)\ 2 = 1 • 


(188.10) 


The probability of spin flip, i.e. of finding the particle with spin 
downward, in the negative z direction, after its leaving the auxiliary 
field 3tf" at the time t = t 0 = l/v will be, according to (188.10) and (188.8), 

W'o)l 2 = sin 2 I/Jfl+JT 2 r„|. (188.11) 

Eq. (188.11) shows that the experimental device may be used to deter¬ 
mine the magnetic moment of an atom of spin jh (as an alkali atom in 
its ground state). If atoms are focussed if they do not undergo spin flip, 
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but defocussed if they do, and the magnetic fields are varied during the 
course of the experiment, the beam intensity will become a minimum, 

l a (^o)lmin = , -&»2 

*7V 0 | sTt 

if 

+ (188.12) 
n v 2 

Such a determination is, of course, possible only if a velocity selection 
is applied and v is well known. Our representation of the method has 
necessarily been simplified by neglecting detail like the deflection by the 
Lorentz force, field inhomogeneities used for focussing, stray fields and 
—most important—the non-static changes of the magnetic moment by 
the Zeeman effect. Our problem corresponds rather to the Paschen- 
Back effect of decoupled moments which, however, may contradict the 
idea of fields weak enough to allow perpendicular momentum transfer 
to be neglected. 

NB. A particle “at the point y=0 at the time t = 0, etc.” should, of course, 
be described by a wave packet, cf. Problem 17. For the present purpose, however, 
this is of little avail and has therefore been omitted. 




VI. The Relativistic Dirac Equation 


Remark. In this chapter we use the fourth coordinate x A =ict and Euclidian 
metric. Greek subscripts (e.g. x 4 ) run over /j. =1,2,3,4, Latin subscripts (x k ) over 
k= 1,2,3, only. 


Problem 189. Iteration of the Dirac equation 

To derive commutation relations of the y’s from the relativistic dispersion 
law of plane Dirac waves. An irreducible representation of the y’s shall 
then be given that makes y 4 diagonal. 

Solution. If the Dirac equation for the force-free case, 

ZVm 3 ^A + J«A = 0 (189.1) 

It 

is to be solved by a plane wave 

xl/ = Ce i(kr - ( ° t) (189.2) 

the y’s must satisfy the algebraic relation 


*'IX}V + x = 0 ’ K- — . (189.3) 

^ c 

Now the y’s must be independent of the special choice of the k^s. The 
latter can only be eliminated from (189.3) by using the relativistic 
dispersion law, 

2 

Ykl = k 2 = -x 2 , (189.4) 

it c 

which can be constructed from (189.3) by iteration: 
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The latter equation becomes identical with (189.4) if, and only if, the 
double sum is reduced to diagonal terms of appropriate normalization, 
in fact, if 

^ + ^ = 2 <5^. (189.6) 

If an analogous procedure is applied directly to the Dirac equation 
(189.1) without using plane waves, we have 

= (ZyA) 2 '/' = X HyrfvWv 

' H ' fi v 

With the anticommutators (189.6) this simply leads to 

O 2 \j/-x 2 il/ = 0, (189.7) 

i.e. to the Klein-Gordon equation. 

There exist irreducible representations of the y^s by 4 x 4 matrices. 
If is one such representation, any unitary transformation C/ t y AJ U 
will produce another set. Therefore, one of the matrices, say y 4 , may 
always be supposed to be diagonal. As yl = i, its eigenvalues must be 
+ 1 and —1. Thus we may start the construction of the matrix set by 
writing 

»-(£ 5) ( ' i “ u ' 3); <im) 

with all bold face letters meaning 2x2 matrices. From (189.6) we then 
find 

/BiCb + BtC,; 0 \ 

™ +M= ( o CA+C.J- 2 ^ (189 - 9a) 

(2 A k ; 0 \ 

y k y*+y*y k = [ 0; _ 2 J = o ; (189.9b) 

From (189.9b) we get /4 k =0, D k = 0 for the three first matrices, and 
from (189.9 a) it follows that 

B k C k = 1; + 0. (189.10) 

These are three anticommutation rules for 2x2 matrices allowing 
reduction to the Pauli matrices, a k (cf. Problem 129). If a and b are two 
numbers, Eqs. (189.10) are satisfied by 


B k — aG k , C k —b<j k ; ab— 1, 
so that any representation 


y k = 


( 0 , ft-VA 

\ba k , 0 /’ 



(189.11) 

(189.12) 
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satisfies the commutation rules (189.6). The standard representation 
(often used in the following problems) is obtained by the choice b—i; 
the four matrices then become 



/° 

0 

0 

\ 

1 0 

0 

0 

_1 \ 


f 0 

0 

-i 

0 j 

' 0 

0 

1 

0 

7i = 

l ° 

i 

0 

o 

K) 

II 

0 

1 

0 

0 



0 

0 

0/ 

1-1 

0 

0 

0/ 


(189.13) 



/ 0 0 - i 0\ 


/I 0 0 0\ 


0 0 0 i 


( 0 1 0 0 

y 3 = 

i 0 0 0 

; y 4 = 

1 0 0-1 0 


\ 0 -i 0 0 ! 


\0 0 0 -1 / 


NB.With b=a= 1 one obtains the set of matrices 

“*-(!, o*) < i89 - i4 > 

instead of the three y*’s. Together with y 4 ==/J as above, they obey the same com¬ 
mutation laws. They are connected with the y’s by the relations 

y k =-ipct k ; ? 4 =j3. (189.15) 

The a’s are used to advantage in the Dirac hamiltonian, cf. Problem 200. 


Problem 190. Plane Dirac waves of positive energy 


To determine in standard representation the spinor amplitudes of plane 
Dirac waves of positive and negative helicity, but of positive energy 
only. 

Solution. With 

\j/ = Ce i{kr ~ <ot) (190.1) 


we obtain [cf. Eq. (189.3)] in standard representation the four compo¬ 
nent equations 


(k x —ik y )C^ + k z C 2 + 



c 1= o, 


(k x + ik y )C 2 -k z C 4 + ( - — + x j C 2 = 0, 

L \ (i9o ' 2) 

— ( k x — ik y )C 2 — k z C l + f—b x) C 3 = 0, 


—(k x +ik y )C 1 +k z C 2 + 



c 4 =o. 
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Using the abbreviations 

, (o k co 

kt] —- x; — = —h x, 

c q c 


(190.3) 


we have in q a suitable parameter in which to express the most impor¬ 
tant particle quantities, viz. its momentum 

p = hk = mc —, (190.4a) 

i -n 


its kinetic energy 


E — hco — mc 2 


l+rj 2 


(190.4 b) 


and its velocity 


v—c 


in 

l+rj 2 ' 


(190.4c) 


It is also useful to introduce two polar angles 9 and (p, determining the 
direction of the vector k. 


k x ±iky=ksm&e ±,<^, ; k z = k cos9. 

The equations (190.2) may then be written in the form 
sin9e~ ,<;, ’C 4 -|-cos9C3 — rjC l = 0, 
sin9e + “' , C 3 — cos$C 4 — q C 2 = 0, 

— sin9e~“ /, C 2 —cos3C 1 +-C 3 = 0, 

n 

— sin9e +i(,, C l +cos9C 2 +-C 4 = 0. 

rj 

This is a homogeneous system of linear equations for the four C^’s. 
Its determinant vanishes, as may be easily checked, but it can also be 
factorized in two factors each of which is zero. It is not therefore possible 
to express all the C^’s as multiples of one of them, and there remain 
two C„’s to be chosen arbitrarily. Therefore we shall proceed in another 
way. 

We first look for eigenfunctions of the helicity operator 

h = y 'Zffjkj, 

k 7 


(190.5) 


(190.6) 


(190.7) 
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i.e. of the operator “spin component in the direction of fc”. Since, in 
standard representation, the spin matrices consist merely of doubled 
Pauli 2x2 matrices Sj, 



we find the definition (190.7): 



5 


h = 


j cos#; sinSe~ l<p ; 0; 

sinde^; -cos#; 0; 

0; 0; cos#; 

\ 0; 0; sin#e i<p ; 



(190.8) 


Let the eigenvalue be h ; then the eigenvalue problem h C=h C can be 
decomposed into one pair of equations for C x and C 2 , 


C 1 cos3 + C 2 sin&e i(p = hC 1 ; 
sin # e i<p — C 2 cos # = h C 2 


(190.9) 


and the same pair for C 3 and C 4 . The determinant of (190.9) vanishes 
if h — +1; thus we arrive at two solutions: 

h= +1 (spin parallel to ft): 


# # 

C 2 = tan-e i<p C 1 ; C^tan-e^C, 
2 2 2 


and 


h= — 1 (spin antiparallel to k): 


(190.10) 


# # 

C 2 =-cot-e i ’’C 1 ; C 4 =-cot-e i<J, C 3 . (190.11) 


Cj and C 3 may still be chosen arbitrarily. 

Let us now put these results into the set of Eqs. (190.6). With the 
elementary identities 


# # 

sin# tan—bcos#=l; sin# cot-cos#=l; 

2 2 


# # . n n # # 
sin#—cos# tan— = tan — ; sm#+cos#cot— = cot — 

2 2 2 2 
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all four equations (190.6) reduce to 


and to 


C 3 = rjC 1 for h = +1 


C 3 = —t]C 1 for h = —l, 
respectively. If, therefore, we normalize so that 1 

jd 3 xiJ/^iJ/ = jd 3 xCf r C—l 

V V 

we obtain the following spinor amplitudes: 


(190.12) 

(190.13) 

(190.14) 


for h = +1 C+ = 


and 


for h = — 1 C — 


Vmwi 


/ 


VWW) 


9 -i*\ 
cos — e z ' 
2 


$ + y«> 

sin — e z 


5 -4<p 
n cos —e 
2 




9 +-1-<d 

ri sin — e 


/ 


/ 


• ® -y* \ 

sin — e \ 

2 

5 + -i-cp 
— cos —e 
2 

$ - -i<p 

-rj sm — e z 




3 

rj cos — e 


+ i” 


(190.15) 


(190.16) 


NB. The unrelativistic case, according to (190.4 c), leads to ri<^ 1. The com¬ 
ponents if/ 3 and i// 4 of the spinor then may be neglected, and we fall back upon 
the two-component Pauli spin theory. 


1 It should be noted that this normalization is Lorentz-invariant, the integral 
being proportional to the electric charge total inside the volume V. Another 
Lorentz-invariant normalization often used is t^i/f = l. 
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Problem 191. Transformation properties of a spinor 

How does a spinor if/ transform under infinitesimal Lorentz trans¬ 
formation? 

Solution. An infinitesimal Lorentz transformation is defined by 

Xp Xp + Z EfipXp’ &pp l £ ppl ^ 1 • (1^1-1) 

P 

Here all e kl are real, and the three e k4 . purely imaginary. The Dirac 
equation 

Y.y»D^ + *t = 0 (191.2) 

P 

shall be transformed into 

£y„D;f+xf = 0 (191.2') 

P 

with unchanged coefficients y M and x. The operators are four- 
vectors transforming under the same law as the coordinates (191.1): 

0;= o «+X>»p0p; (i9i.3) 

p 

the transformation formula of \j/ may be 

f = (l-K)<A (191-4) 

with an infinitesimal t, linear in the £ pp ’s which is a Clifford number. 

We start with Eq. (191.2') in which we put D p from (191.3) and i// 
from (191.4): 

Y v,(d ,+ Y <s,pi>p)(i +t)>l' +*(i+ M =o. 

If we multiply from the left side by (1 - £), the last term goes over into 
x\j/, i. e. into the last term of (191.2). The operator £ therefore must 
be chosen in such a way as to make 

'Z(i-OyjD, + 'Zl:„D,)(l+0^ = ^y„DJ. (191.5) 

P \ P / P 

From this equation £ shall be determined. Neglecting all second-order 
contributions, we find 

Z top z - £yp)°p +Z E s P P yp D P •A = 0 

p p p 

or, exchanging the dummies p and p in the double sum (and writing v 
instead of p), 

Z{(y^-^p)-Z £ pv7v}f > p'A = 0. 
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Since this relation is supposed to hold for any if/, each sum term is 
bound to vanish separately: 

7p£-£7p = E £ pv7v (191-6) 

V 

The only Clifford number linear in the e MV ’s satisfying these four 
commutation relations is 

f = (i 9 i- 7 ) 

P a 

This can easily be proved by direct evaluation of the commutators 
(191.6): We have 

y ^~ £ ? p = i £ £ £ P * (y#* y P 7*- y P y* yj ; 

P <r 

here we find 

7p7<r7p y p ( 7 p 7 <r 4” 2 <5 pff ) (7p 7p 2 ^pp)7<r~t~2 7p ^PA¬ 
SO that 

7p 7 P y a - 7p 7* 7p = 2 (y, <5„ p - 7 P <5 M<r ); 

therefore 

7p^-^7p = iZZ z P Ay a <W - 7p 

p <r 


2 (EV7. £®pp7p^ E^pv7v> 


and that was to be proved. 

Hence the spinor if/ transforms according to 

f = ^+iEE £ P<r7p7<r'A- 

p er 


(191.8) 


Problem 192. Lorentz covariants 

Which Lorentz covariants of the form 

G = ^r^; i]/ = \lSy 4 (192.1) 

can be constructed, f being one of the 16 basis elements of the Clifford 
algebra? 

Solution. The 16 basis elements of the algebra can be grouped into 
five sets as follows: 

(1) 1, 

(2) 7i» 7i» 7a» 7 4 > 

(3) 7i7 2 > 7i>7 3 > 7i74. 7 2 7 3 > 7 2 7 4 > 7 3 7 4 > 

(4) 7 2 7 3 7 4 > 7 3 7 4 7i. 7 4 7i7 2 , 7i7 2 7 3 > 

(5) 7i7 2 7 3 7 4 - 


(192.2) 
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Expressions of the form (192.1) will be formed with each of these five 
sets separately. 

Before performing this programme in detail, however, let us inves¬ 
tigate the transformation properties of any of the 16 quantities (192.1) 
under the infinitesimal Lorentz transformation 


^H -*71 "f~ Z £ Jip^p' 


(192.3) 


In the preceding problem it has been shown that if/ under this trans¬ 
formation becomes 

f = (l-K)<A (192.4 a) 

with 

£ = (192.4b) 

pa v 

The transform of G is 

G = v* y, r f = ^(1 + f) y 4 r (1 + {) i. 

Formally we may write 

G'-trr, r = y 4 (l+f)y 4 r(l+{). (192.5) 


This can be further simplified when we know a little more about the 
hermitian conjugate £ + . According to Eq. (192.4 b), it should obey the 
commutation relation 

k 


since yj = y v . Now, the rotation angles e 4fc are purely imaginary so that 
£ 4 j[ £4i- 


and 


y4^-^ + 74 = Z £ 4 k7k 

k 

= 74(74 - Z £ 4k7ft} = - Z £ 4k7 4 7 k- (192.6) 


It further follows from (192.4 b) with £*, = £*, (real rotations in 3-space) 
that 

^iZZ £ u7 k 7 i + iZ £ fc4 7,74 (192.7 a) 

k l k 

has the hermitian conjugate 

?= — ' 4 Z Z £ */ 7fc7i + 1Z £ k47*74 (192.7b) 

k l k 


so that 


^ + ^ + = Z £ ft 4 7fc7 4 - 


(192.8) 
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Putting (192.8) into (192.6) we obtain 

y 4 <fy 4 =-£. ' (192.9) 

With this last result, the “transformed operator” F, Eq. (192.5), may 
finally be written 

r = r+(rt;-zr). (192.10) 

We now may easily apply this simple result to the five sets of quan¬ 
tities defined by (192.2), consecutively. 

1. With r=l, Eq. (192.10) gives immediately F — 1 so that we find 

G = ^->G' = ^; G' = G. (192.11) 

The quantity G therefore behaves as a scalar. 

2. With r = y /i , Eqs. (192.10) and (192.4 b) yield 

r 7/t T Z^p v ^ v 

V 

so that we arrive at the transformation formulae 

G ll = iJ/y^^>G' ll = G ll + Y J £ llv G v , (192.12) 

V 

i. e. the G M ’s transform as the components of a vector. 

3. It is suitable first to decompose the products y li y v into a sym¬ 
metrical and an antisymmetrical part, 

y v = h (y„ y v +y v y„) + i (y„ y v - y v y„) • 

The first part reduces to S uv , i. e. to the scalar (192.11) multiplied by 
the unit tensor. New evidence apparently comes only from the anti¬ 
symmetrical part; so we confine our discussion to the combination 

^v = T(y„yv-yvy w )- (192.13) 

According to (192.4 b) we have 

£ y » y v (y„f Z^pp^p)i ,v y^fyv <= Z ^p^p) Z ^pp^p^v 

x p v p p 

or 

ypyv£-£y„yv~~ Z( £ vpypyp^~ £ ppypyv) 

p 

so that the transformation formula runs as follows: 

= iG; v = G pv + Z( £ pp G pv + £ yp G pp)- (192.14) 

p 

This is the behaviour of a tensor (of rank 2) under infinitesimal rotation. 

4. The products of three y’s can be written in a simpler way by 
introducing the Clifford number 


y5 = yiy2y 3 y4- 


(192.15) 
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Then the four products become 

72 73 74 = 7i7 5 ; -7 3 747i- 7 2 7 5 ; 74 7i7 2 = 73 7 5 ; ~7i 7 2 7 3 = 7 4 7s- 

Since y 5 anticommutes with all four 

7^75 + 75 7^ = 0, (192.16) 

it will commute with £ so that Eq. (192.10) applied to r=y ft y 5 leads to 

r ' = 7m 7s + (7 m 7s ^ ~ ^ 7 m 7s) = [7 m + (7m ^ ~ ^ 7m)] 7s • 

Thus we essentially fall back upon case 2 and find the transformation 
laws of the components of a vector: 

G t -fo.y s *-g;-g„ + £«„g,. (192.17) 

V 

Strictly speaking, this is not a (polar) vector but a pseudovector , as will 
be shown in the following problem. 

5. According to (192.15) and (192.16) we obtain 

G — \j/y s iJ/->G' = G, (192.18) 

i. e. for this last combination there holds the transformation law of a 
scalar. We shall see in the next problem that the quantity is more cor¬ 
rectly classified a pseudoscalar. 


Problem 193. Parity transformation 

How do the five Lorentz covariants of the preceding problem transform 
under reflection of space coordinates (i. e. under parity transformation)? 


Solution. We start by investigating the behaviour of the spinor ^ 
under the reflection process under consideration. It is defined by the 
postulate that the Dirac equation 


Z7m d m^+*^ = ° 

(193.1) 

M 

shall transform into 


n 

(193.1') 

under the parity transformation 


**=-**; *4 = * 4 - 

(193.2) 


The same relations as (193.2) will hold for the operators d A more 
detailed investigation is necessary of the vector potential. The electric 
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field components S\ are coupled with the components by the 
relations 

= 1(8* A k 8 k A 4 ). 

c 

Since the electric field is a polar 3-vector, it changes sign with the x ft ’s 
under transformation. This leads to 

A' k =-A k ; A' 4 = A 4 . (193.3) 

Thus A m undergoes the same transformation as d 4 and, in consequence 
thereof, transforms in the same way. Therefore, instead of Eq. (T) 
we may write 

- Z yk D k V +y 4 d 4 y +x y =o. 

k 

It is immediately seen that with 

^ = 74* (193-4) 

this leads back to (193.1), thus determining the parity transformation 
of a spinor. 

Any quantity 

g = i pr\]/ = 

then transforms into 

G' = <A' + y 4 f>' = y 4 i// = ij/y 4 ry 4 il/ 

so that we may write 

G = \j/r\f/->G' = ^r>; r = y 4 ry 4 . (193.5) 

Applied to the five covariants of the preceding problem we have 

(1) G = ^; T=l; F = 1; G' = G; (193.6) 

(5) G = r = y 5 ; F = y 4 y 5 y 4 = —y 5 ; G'=-G. (193.7) 

The behaviour of these two quantities was the same under rotation, 
but it now is opposite under space reflection, (1) being called a (genuine) 
scalar and (5) a pseudoscalar. 

(2) Gp *Ay^*A> r y M , ft y 4 y*y 4 y*» ^ (193 8) 

r 4 = y 4 G 4 = 4- G 4 . 

(4) G M =i^y^y 5 ^; T = y„y 5 ; 

^ = y 4 y»y5y 4 =s +7»y s ; ^=+G k ; 

^ 4 . ~ Tsiu = — y 4 y55 ^ 4 ~ ~G 4 . 


(193.9) 
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Both quantities behave as 4-vectors under rotation, but reversely under 
space reflection, (2) being called a (polar or genuine) vector and (4) an 
axial or pseudovector. 


( 3 ) 


Fki ~ 


r = Hy»y v -y v y fl )\ 

Gki = G kl 


r> _ 

i fc4 “ 


' k 4> 


GU=~G, 


k 4- 


(193.10) 


Since there is only one tensor, no further classification is necessary. 


Problem 194. Charge conjugation 

To construct from the spinor \j/ solving the Dirac equation for a particle 
of charge e the charge conjugate spinor \j/ c describing the behaviour 
of a particle of the opposite charge —e. 

Solution. Let us use the abbreviation a fl =(e/hc)A ll with the 
electromagnetic 4-potential in this problem. Then the Dirac equation 
for the particle of charge e runs 

T,y^ li -iaJil'+}dl/ = 0. (194.1) 

The equation to be constructed for the opposite charge then must be 

+ + = (194.2) 

It 

The charge conjugate i ]/ c which solves the latter equation shall be 
connected with the solution i // of (194.1). 

The operator d^ + ia^ occurring in (194.2) can be introduced by 
using the adjoint equation of (194.1), 

+ (194.3) 

Transposing the latter again, we find 

where 

If we multiply the last equation with a Clifford number C, 

Z c yj< d » + ia J h - * C y 4 il/* = 0, 

it 


(194.4) 
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the result becomes identical with (194.2) if we choose C so that the 
two relations 

- C y 4 ip* = y M «A C ; C y 4 1 )/* = t/r c (194.5) 

are satisfied. Here ij/ c may be eliminated in order first to determine C: 

-Cy»y4'l'* = y»Cy 4 ii/* 

where we omit y 4 1 //* and are left with the four relations 

y,C=-Cy M (194.6) 

to determine C. 

Since the problem is homogeneous, there is of course always an 
arbitrary factor in i p c . It is reasonable to fix it as far as possible by 
postulating that charge conjugation shall not alter the normalization, 

•/')*• (194.7) 

Now, from (194.5) we have 

<Ac + = fee 4 . 

hence 

c%r = (>A*) t WC , c? 4 )(^*), 

and that becomes identical with (194.7) if 

y*tfCy 4 =l 

or, since yj = y 4 , y 4 = yj, 

C*C=1. (194.8) 

It follows that C is an unitary operator. 

Specializing to standard representation we note that 

7i=-ri; h =+y 2 ; y 3 =-y 3 ; y 4 =+y 4 - (194.9) 

Thence Eq. (194.6) leads to C commuting with y x and y 3 , but anti¬ 
commuting with y 2 and y 4 . This will be performed by 

C = y 2 y 4 (194.10) 

which is the only one of the 16 basis elements of the Clifford algebra 
satisfying the four conditions (194.6). It may be noted that from (194.10) 
we find 

C* = —C; C 2 =- 1. (194.11) 

It then follows from (194.5) that the charge conjugate wave function 
in standard representation is 


^ c = y 2 </'*• 


(194.12) 
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Problem 195. Mixed helicity states 


A plane Dirac wave runs in z direction. It shall be shown that it is 
impossible to construct a spinor amplitude which simultaneously makes 
if/ an eigenfunction of a x . 

Solution, a) For a plane wave, 

^ = Ce iikz ~ <ot) (195.1) 

there follows, from the Dirac equation, the algebraic relation 

QC = ^iky 3 — — y 4 + x\ C — 0 (195.2) 


for the spinor amplitude C. The operator Q defined by (195.2), however, 
does not commute with 


since 


but 


<r x = -iy 2 y 3 (195.3) 

_ , .CO 

(7 x Q= + ky 2 + i-y 2 y 3 y 4 -ixy 2 y 3 

_ . . 0 ) 

0(T X = -ky 2 + i-y 2 y 3 y 4 -ixy 2 y 3 . 
c 


Therefore ij/ cannot be eigenfunction to both operators. 

b) In standard representation Eq. (195.2) would run as follows: 


co 


k C 3 + (—^—h C 2 = 0; 


0) 


— k C 4 + (-b x } C*2 — 0; 


’ kCl + U +x ) C3 = 0; 


CO 


kC 2 + ( —b x ) Ca = 0. 


With the abbreviations 


this leads to 


co , co k 

- x — kri; —h x = — 

c c r/ 


c 3 — C 4 — —fj c 2 . 


(195.2') 


(195.3') 

(195.4) 
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On the other hand, the eigenvalue problem 


a x C = A-C 


with A being an eigenvalue demands 


so that 
and 



/ c *) 


( c *\ 

1 

AcA 

C 2 


c 1 


ac 2 \ 

c 3. 


C 4 

* 

a c 3 I 


} 

w 


\AcJ 


C^ — AC 2 


AC a 


(195.5) 


(195.6) 


Both pairs of equations can only be satisfied for A— +1. Using (195.6) 
we may eliminate C 2 and C 4 from Eq. (195.4) thus arriving at 

C 3 —rjC 1 and AC 3 = 


two relations which contradict each other. Therefore the spinor C 
satisfying (195.4) cannot simultaneously satisfy (195.6) as had to be 
proved. 


NB. In the unrelativistic limit r/->0, the amplitudes C 3 and C 4 and hence the 
second pair of equations (195.6) drop out so that no contradiction remains. 


Problem 196. Spin expectation value 


The expectation value of o x shall be calculated for a superposition of 
two plane waves in z direction having opposite helicities. 


Solution. With the spinor amplitudes [cf. Eqs. (190.15, 16) for 5 = 0] 



A 


(o\ 

r 1 . 

0 

and C — 

-1 

Vmw) 

A 

l/r(i+, ! ) 

i ° 


W \,/ 


(196.1) 


for positive and negative helicities, respectively, we construct the mixed 
state amplitude, 

C — C+ cosae‘^ + C_ sinae -1 ^ (196.2) 

of the same normalization, 

J d 3 xC*C = 1 (196.3) 
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with arbitrary but real constants a and /?. The expectation value of o x 
is then defined by 


From 


<0 = 1 C^<7 x Cd 3 x. 


(196.4) 


yWW) ° x c + 


I°\ 

1 

0 ’ 


o 

VWW) <r,C. = 

, n 

w 


\ 0/ 


we obtain the products 

Cl<r x C + = 0; CLa,C + -^; 

1 1 — 

C!,ff x C_ =V; CL<r x C_ = 0. 

F 1+t/ 2 

Then, 

1 - M 2 

<0-^) = — cosasina(e 2,/J +e 2l/? ) - 
or 

1 — M 2 

(o x } — — sin2acos2/9 • (196.5) 


The absolute value of the expectation value of o x therefore always turns 
out to be smaller than 1. In the extreme relativistic case where 77 
approches unity, a x becomes very small so that almost complete 
orientation of the spin parallel or antiparallel to the direction of prop¬ 
agation is obtained. In the unrelativistic limit, on the other hand, 
where q is very small, polarization perpendicular to the direction of 

_ 71 

propagation becomes possible with /?=0 and a= leading to 

<o=±i. 4 


Problem 197. Algebraic properties of a Dirac wave spinor 

Given a potential F(z). The wave spinor of a state, with spin in either 
positive or negative z direction, may not depend upon x and y (one¬ 
dimensional problem). As far as possible, the Clifford algebra shall be 
used without recourse to matrix representations. There will then remain 
four functions of z satisfying a set of coupled differential equations. 
They shall finally be expressed by the four component wave functions 
in standard representation. 
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Solution. The wave spinor may be written 

^(z,t)=e- iEtl *u(z) ' (197.1) 

where the spinor u(z) satisfies the one-dimensional Dirac equation 

du V(z) — E 

yij- z + yMz)u+™=0; Q(z) = - L ^~. (197.2) 

Since this equation is entirely built up within a sub-body of which the 
Clifford numbers 1, 73 , 74,7374 form the basis, it should be solved by 
a spinor of the form 

v(z) = A{z) + B(z) 73 + C(z) y 4 + D(z) y 3 y 4 . (197.3) 

Of course, if v solves the Dirac equation (197.2), so does any spinor 

u = vT (197.4) 

with r any constant Clifford number, including elements formed with 
y 1 and y 2 . On the other hand, v commutes with the spin operator 

ff z = ~ l 7i 7 2 (197.5) 

of which it yet is no eigenspinor. The extension (197.4), however, permits 
the solution of the Dirac equation to be made an eigenspinor of o z . 
We find 

o z u = o z vT = vo z r. 

So, if r is any eigenspinor of o z , 

oJ = ±r, (197.6) 

we arrive at 

o z u—±u. (197.7) 

The two eigenvalues +1 and — 1 are called helicities (cf. Problem 190). 
Now it can easily be seen that 

r+ = l-iy 1 y 2 = l+o z (197.8a) 

and 

r_ = l + i 7 i 7 2 = l-ff, (197.8b) 

are such eigenspinors with eigenvalues ±1 of o z : 

v z r± = ^(l ± ff z) = °'z±l = ±(1 ±o" z ) = +r ± . 

Our argument thus leads to 

u(z) = o(z)(lTi7 1 7 2 ) 


(197.9) 
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where v(z) still remains to be determined by setting it into the Dirac 
equation (197.2). A simple calculation along these lines then leads to 

(B' + QC + xA)+y 3 (A'-QD + xB) + y 4 (D' + QA + xC) 

+ y 3 y 4 (C'-QB+xD) = 0 (197.10) 

with the prime denoting differentiation. This expression is zero if, and 
only if, each of the four brackets vanishes. Thus we find the four func¬ 
tions A, B, C, D to satisfy a set of coupled differential equations. 

B' + QC+xA = 0; A'-QD + xB = 0; 

D' + QA + xC = 0; C-QB + xD = 0. (197.11) 

These equations become even simpler if combined into two pairs, 

(B-D)'+(x-Q)(A-C) = 0; 

{A-C)' + (x + Q){B-D) = 0 (197.12a) 

and 

(B+D)’ + (x + Q)(A + C) = 0; 

(A + C)' + (x — Q)(B + D) = 0, (197.12b) 

so that the first pair of equations, (197.12a), only connects the two 
functions 

Wl =i(J5-D); w 3 = i(A-C) (197.13a) 

with one another and the other pair, (197.12b), the two functions 

w 2 =-HA + C); w 4 = i(B + Z>). (197.13b) 

Putting these into v(z), Eq. (197.3), we finally find 

v{z) = (w 2 + w 4 y 3 )(l +y 4 ) + (w 3 + y 3 ) (1 -y 4 ). (197.14) 

Each of the two terms in (197.14) separately satisfies the Dirac equation 
(197.2) if Eqs. (197.12a, b) are satisfied. Multiplication on the right-hand 
side of each term with either r + or T_, Eqs. (197.8 a, b), makes it an 
eigenspinor of o z too. 

It remains to show how the four functions w„ are connected with 
the four component wave functions u „ of the standard representation. 
In this matrix description the Dirac equation (197.2) consists of the 
following component equations: 

— iu' 3 +(Q + x)u 1 =0, 
iu'^ + (Q + x)u 2 = 0, 
iu\+(x-Q)u 3 = 0, 

-iu' 2 +(x-Q)u 4 = 0. 


(197.15) 
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Comparing this set with (197.12a, b) we are led to identify 

u 1 = w 1 ; u 3 = iw 3 ; u 2 = iw 2 ; ' w 4 = w 4 (197.16) 
or 

A = — i(u 2 + u 3 ); 2? = m 4 + m 1 ; 

C=—i(u 2 — u 3 ); D = u 4 _ — u l . (197.17) 

For « 2 = «4 = 0, the helicity will be +1, for m 1 = m 3 =0, it will be —1. 

Problem 198. Current in algebraic formulation 

To determine the components of the electrical current for the eigen- 
spinor 

u(z) = (w 3 + Wj y 3 ) (1 - y 4 ) (1 - iy x y 2 ) (198.1) 

of the preceding problem. 

Solution. The components of the electrical four-current are defined by 

iecuy^u; u — u'y^ (198.2) 

where, in our example, 

m + = (1 - iy 1 y 2 ) (1 - y 4 ) (wf + wf y 3 ) (198.3) 

since the Clifford numbers iyiy 2 , 74>73 are hermitian operators. Thus 
we obtain 

= i e c(l - i yj y 2 )(l - y 4 ) (wf + wf y 3 ) y 4 y„(w 3 + y 3 ) (1 - y 4 ) (1 - i y ± y 2 ). 

(198.4) 

For the components and s 2 the Clifford number y„ may be shifted 
through two places towards the end of the expression, whereas y 4 may 
be shifted one place towards its front: 

s U2 = iec(l- iyj. y 2 )(y 4 - l)(w* - w* y 3 )(w 3 - w x y 3 )(l + y 4 )y 1 , 2 (l - iy x y 2 ). 
The operator 1 — * y x y 2 commutes with y 3 as well as with y 4 , so that 
s U 2 = i^c(y 4 — l){(|w 3 | 2 + IwJ 2 ) 

-«vv 3 + wfwi)y 3 }(l+y 4 )(l-iy 1 y 2 )y 1>2 (l-iy 1 y 2 ). 

The last three factors give either, for n= 1, 

(1 ~ i 7i y 2 ) (?i - i 7a) = 7i + i ?2 - i 72 “ 7i = 0 

or, for fi=2, 

(1 ~ i 7i 7 2 ) (72 + *'7i) = 7 2 - *7i + * 7i ~ 72 = 0. 
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Therefore, as was to be expected, no current components exist per¬ 
pendicular to the z direction. 

For s 3 we may write in a similar way, 

s 3 = iec(y 4 -1) (wf - wf y 3 ) (w 3 y 3 + w x ) (1 - y 4 ) (1 - i y x y 2 f. 

The square at the end of this expression gives 

(1 — * Ti y 2 ) 2 = 2(1 — i y 2 ) (198.5) 

so that we find 

s 3 = 2 iec{y 4 -1) {(wf w x - wf w 3 ) + (|w 3 | 2 - K| 2 )y 3 } (1 - y 4 ) (1 - iy x y 2 ). 

Shifting the front factor (y 4 — 1) one place towards the right, we get 

s 3 = liec {(wf w 3 - wf wj (1 - y 4 ) 

+(KI 2 - |w 3 | 2 )y 3 (l +y 4 )}(l -y 4 ) (1 - iyx y 2 ). 

Since 

(1 +yj (1 -yj « 0; (1 -y 4 ) 2 = 2(1 -y 4 ) (198.6) 

the second term in the curly bracket does not contribute and we arrive at 
s 3 = 4 i e c(wf w 3 -wfw 1 )(l-y 4 )(l-iy 1 y 2 ). (198.7) 

Finally, we get in a similar fashion 

s 4 = iec( 1 - i y x y 2 ) (1 - y 4 ) (wf + wf y 3 ) (w 3 + w x y 3 ) (1 - y 4 ) (1 - i y x y 2 ) 

= 2iec(l —y 4 ) {(|w 1 | 2 + |w 3 | 2 ) + (wfw 3 + wfw 1 )y 3 }(l-y 4 )(l-iy 1 y 2 ) 

= 4iecdwj| 2 + |w 3 1 2 ) (1 -y 4 ) (1 - iy x y 2 ). (198.8) 

The expressions for s 3 and s 4 are still Clifford numbers but of the 
same shape. They are to be compared with the normalization expression, 

mw = (1 — iy x y 2 ) (1 - y 4 ) (wf + wf y 3 )y 4 (w 3 + w x y 3 ) (1 - y 4 ) (1 - iy x y 2 ) 

which by the same procedure may be brought into the form 

uu = 4(|w x | 2 - |w 3 1 2 ) (1 - y 4 ) (1 - i y x y 2 ). (198.9) 

Gathering up the results, except for a common factor 

F = 4(l-y 4 )(l-iy 1 y 2 ), 

we just have simple c-number expressions for the current density in 
z direction, 

s 3 = iec(w?w 3 — w$w 1 )r, (198.10) 

for the charge density p following from s 4 — icp, 

p - e(|w 1 | 2 + |w 3 | 2 )r 


(198.11) 
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and for the normalization expression 

Mw = (KI 2 -|w 3 | 2 )r. ' (198.12) 


Using the standard components, u 1 = w 1 and u 3 = iw 3 , introduced in 
the preceding problem, these expression may as well be written 

s 3 = ec(ufu 3 + u%u 1 )r ; p = e(\u 1 \ 2 + \u 3 \ 2 )T; 

uu = (\u l \ 2 — \u 3 \ 2 )r. (198.13) 


It should be noted that in standard representation the operator JH 
becomes very simple. We have 


74 


1° 

0 

0 



I 2 

0 

0 

°\ 

0 

0 

0 

0 

; 1 — iyi72 = 1 +<*3 = 

0 

0 

0 

0 

0 

0 

2 

0 


0 

0 

2 

0 

\0 

0 

0 

2 ) 


\o 

0 

0 

0/ 


thence we find the product 


r= 16 


fo 0 0 o\ 
0 0 0 0 
0 0 10 
\o 0 0 0/ 


(198.14) 


a matrix which, in diagonal form, consists of only one element. 


Problem 199. Conduction current and polarization current 

a) The electrical current density (particle charge e), 

s v = iec\jiy v il/; s k =j k ; s 4 = icp (199.1) 

shall be shown to satisfy the equation of continuity, 

Y = 0 or div j + ~ — 0. (199.2) 

jfdx, dt 

b) The vector s v shall be decomposed, 

5v = s^ + s v p (199.3) 

so that the space part of 5^, the conduction current, is of the same form 
as the unrelativistic expression for j k . The remaining part, s k , is then 
called the polarization current. 



Problem 199. Conduction current and polarization current 


187 


Solution, a) In order to prove (199.1) we have to supplement the 
Dirac equation 

'Ly li {d»~ia ft )il/+xil/ = 0; = a * = Y c Avi (199.4a) 

by an analogous differential equation for ^ = ^ + y 4 . The operators 
D k = d k — ia k , D A = d 4 — ia 4 
have the complex conjugates 

D* = dk + ia k , D% = -(d 4 + ia 4 ), 

since x k and a k are real, but x 4 and a 4 imaginary. The conjugate 
equation of (199.4 a), 

£D*^ + y M + xiA + = 0 
_ »■ 
or, with ^ = i/ry 4 , 

- Z D * J k + Dt $ y 4 + x ^ = 0 

k 

may be written 

'£{d fl + ia tl )$y tl -x$ = 0. (199.4b) 

From (199.4 a, b) it then follows by elimination of the mass terms that 

Z {$ y* ( d n- 1a n) & ++*■ a n) $ } = ° • 

n 

Here the a „ terms cancel and the rest may be written 

n 

in agreement with the equation of continuity (199.2). 

b) The unrelativistic expression of the space part of the electrical 
current is, according to Problem 126, 

j k = j~('l'd k 'l'*-'l'*d k 'l' + 2i a k \j/* i//), (199.5) 

. e. mainly a bilinear combination of wave functions and their space 
erivatives. In order to give s v , Eq. (199.1), a similar form, we may 
here replace either i } according to (199.4a) or i j/ according to (199.4b) 
y their first derivatives: 

ig q _ icc 

s v = — Z (d„+* «„) $ v y v =-^ y v Z y$* ~ * 'I' • 

« „ * n 


f r’. 
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Symmetrizing by taking half the sum of these two expressions and 
putting ec/x = eh/m, we find 


_ iehy f dil/ 
2my\dx ll 


d\J/ ) 


(199.6) 


Using the commutation rules 

?^7v+yvy M = 2 ^ 


in the second and third terms, we may reshape this into 



or, splitting off the sum its diagonal term n—v. 




1 ieh 


2m [5x v 


^-^ — + 2i av il, l l , '[ + — Y; — (il/y ll y v il/). 


J 


2m “ dx^ 


(199.7) 


The first term of this decomposition exactly matches Eq. (199.5) and 
is therefore the conduction current s„ as defined above. The other term 
then is the so-called polarization current, 

(m8) 

NB. This decomposition has first been studied by W. Gordon, Z. Physik 50, 
630 (1928). The space part of sf may be written 


p _ phi n — 

s p = — curl(^ Sip )--— 
m 2 me ot 

where S k = ^a k are the components of the spin vector (written in 4 x 4 reducible 

matrices) and the a k are the matrices defined at the end of Problem 189. In a plane 
wave the polarization current vanishes. 


Problem 200. Splitting up of Dirac equations into two pairs 

Write the Dirac equation in hamiltonian form and split up the resulting 
four-component equation of standard representation into a pair of two 
component equations. Pauli matrices will occur in the latter. Show that 
for rest mass zero (e. g. for a neutrino) two two-component theories 
are possible. 
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Solution. The Dirac equation 


__ IV 

^ t y^D lt ^ + xtl/ = 0; D)t== 


A 4 = i<P; e<P = V; d 4 = - 8, 


can be written, distinguishing time and space derivatives, 


Z y n D n il/ + y 4 (-^d t + ^Ail/+xtJ/ = 0. 


n = 1 


Multiplication from the left by chy 4 renders 

hcY j y*y n Dn'l'-ihdt'l'+Vilt + mc 2 y 4 \l/ = 0 


or 


with 


h dif/ 
i dt 


= H 


/ 1C \ 

H = he Z y*y n (<9, - A„J + V + mc 2 y 4 


the hamiltonian. 

In standard representation we have 


y n 


r 0 -is. 


\is n 0 


74 = 


(1 (P 

k 0 -1 j 


( 200 . 1 ) 


( 200 . 2 ) 


(200.3) 


with s„ the three Pauli matrices and 1 and 0 standing, respectively, for 
the 2 x 2 matrices of unity and zero. Then, 


'0 s„ 


v» n 0 


(200.4) 


«n = * 74 7» 

so that the hamiltonian (200.2) splits up in the form 

I V + mc 2 ; -ftci'Z^^A 

H = 

\ — hci£ s n D„; V — mc 2 

\ n 

If here we introduce the two-component quantities ij/ a and ij/ b so that 


(200.5) 


/ 
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is the four-component Dirac spinor, the differential equation splits up 
into the wanted pair of two-component equations, viz. 


h dij/ a 


i dt 
h dij/ b 


i dt 


ihc($-b)i// b +(V + me 2 ) ij/ a , 


ihc(s-D ) i j/ a + (V—me 2 ) \]/ b 


( 200 . 6 ) 


or, for a stationary state of positive energy, E, 

- E—V — me 2 

(s-D) if/fj—i— —- ij/ a = 0 ; 

- E—V + mc 2 

(*-D)+ m -i -= o. 


(200.7) 


Neutrino theory: If m— 0, the two equations become identical so 
that 

'I'b — A i// a with X = +1 (200.8) 

are two possible solutions with \j/ a to be determined from 

E-V) 


As-D)—Xi 


he 


ik a = 0. 


(200.9) 


Since the two systems decouple, there emerge two independent two- 
component theories of particles of rest-mass zero. It can easily be seen 
that, in the force-free case, the parameter X becomes identical with the 
helicity quantum number. For this purpose we study a plane wave in 
z direction, 

i l/ a = Ct ikz 


with C a constant two-component spinor. The first term of (200.9) 
then becomes 

'l' a = ik(s i il/Je ikz 

and its second term 


so that we have 



s 3 C = XC. 


( 200 . 10 ) 


Therefore X is the eigenvalue of the spin component (in units of h/2) 
in the direction of propagation (“helicity”). With the Pauli matrix 

/I 0\ 
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Eq. (200.10) then is solved for X — 4-1 by 



whereas for the helicity X — — 



and ip — 



1 it is solved by 


and 



(200.11a) 


(200.11b) 


NB. Experience shows that neutrinos always have helicity h= — 1 so that 
only the second theory actually describes natural phenomena. 

Now, the operator 

y 5 =Vi) , 2)'3i'4 

in standard representation becomes 


so that 



If these operators act on any X— +1 solution of (200.9), i.e. on 



they lead to 

(l+y 5 )iA + =0; (1—y 5 )iK=2iK . (200.12a) 

Acting on any X = — 1 solution of (200.9), i. e. on 



they render 

(1 +7s) = 2; (l-y 5 )*_=0. (200.12b) 

It cannot be decided whether, due to some unknown principle, only is realized 
in nature, or whether the interaction operator producing neutrinos contains a 
factor l+y 5 , thus making creation of X= +1 neutrinos impossible. It should be 
noted, however, that 1 +y 5 is an operator without defined parity. 


Problem 201. Central forces in Dirac theory 

To use the splitting up of the Dirac equations in standard representa¬ 
tion into a pair of two-component equations (Problem 200) in order 
to construct eigenspinors of a central potential field V(r) which are 
simultaneously eigenspinors of the total angular momentum operators 
J 2 and J z . The calculations may be restricted to m } — +|. 
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Solution. 

equations 


According to (200.7) we may start from the differential 


v a , .E-V{r)-mc 2 

L Sndn'I'b-' - hc - . «A a = 0> 


n = 1 
3 


„ , ,E-Vfy)+mc 2 , „ 

L ^- 'frt = 0 


n = l 


( 201 . 1 ) 


where s„ (n— 1,2,3) denote the three Pauli matrices, and 



( 201 . 2 ) 


is the Dirac spinor, composed of the two-component spinors i p a and \j/ b . 

h 

The angular momentum operators, deriving from J = L + —a, have 

four-component standard representations which do not mix the first 
two components (i j/ a ) with the other two (t/^) since the four-component 
extension of the spin matrices, 


\ 0 


,0 


is diagonal in the Pauli matrices. If therefore i p a and tj/ b are two- 
component eigenspinors of J 2 and J z , so will t j/, Eq. (201.2), be. 

Now, in Problem 133, we have already constructed the two- 
component eigenspinors u jtl of J 2 and J z with quantum numbers 
j—l±j and Mj— + j, viz. 


m ( l/T+T y,. 0 ^ fj-iw f KT+irj-i.^ 

l/2i+T\-^y u J yTj 1-|/Ry h ,J 

t jM /j/iXo \ 9;+j(r) A//+i 1 j+i.o'\ 

IJ+i j/27+TVj/i+T r,_i/ v'20+i)\i//+ly J > 1 .i/ 


(201.3a) 

(201.3b) 


We shall try to solve our problem by combinations of these two spinors, 
taking either 

*=(“») 

or 

* = (201.4b) 

where the normalization of f(r) and g(r) is still left open and may be 
different in (201.4 a) and (201.4 b). 
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To follow this programme, according to (201.1), we need the ex¬ 
pressions 

'd • 

V 9 9 


I s n d n u l ’" = 

n = 1 

Using the well-known formulae 
±{d x ±id y )(F{r)Y Um ) = 


, l,II 


d x + id y ; -d z 


(201.5) 


(l + m + 2)(l + m + l) 


(2/ + 3)(2l + l) 

/(l + m)(l + m— 1) 
(2/ + l)(2/-l) 


f F'--F\Y, 
[ r 


l+l,m±l 

(201.6 a) 

{ F '+ IJ ~ F ) Y ‘- 


and 


/(l+m + l)(l-m+l) 
(2/ + 3)(2/ +1) 


F-F) 7, 


i + l ,m 


+ 


(21+1H21-1) r + T“ F J y '->- 


(201.6 b) 


we arrive after some cumbersome but elementary reshaping of the 
expressions 

i (YT+i a*(/, y,, „) - |/T (d„ - i a,)(/, r,. ,)\ 


Sm 1 


1/2T+I Vi//+T(a x +id y )(/ J y l;0 )+]/r5 2 (/ J y u ), 


and 


= i (V> sm y,, „) + i/T+T (a, - i a,) («, y,, 
1/57+1 vj/T(a x +> s y ) to y,, 0 ) - l/i+i a. to r,. > 


at the results 
Su l 



(201.7 a) 


for j=l+%, and 


1 1+1 ^ 
^ + — 9i\ 


1/2/—1 
1 


1 / 2 / 




yr^i y,_i,J 

' l/f+T rj-i.o' 

-('TiVlu 


(201.7 b) 


for j=l-j. 
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In order now to satisfy Eqs. (201.1), we first try the type of solution 
(201.4a): 


= o; Su'—i—u n = 0. (201.8) 

he he 


Putting u 1 and u 11 from (201.3 a, b) and Su 11 , Su 1 from (201.7 a, b) into 
( 201 . 8 ), we find (omitting the subscripts of / and g) 


and 


„ ii E—V—me 2 , 
Su —i - 7 - u 


Vv 


✓ + 


i+i 


g-i 


he 

E-V-mc 2 


he 


f 


-1 


r i .E-V + mc 2 „ 

Su — i --- u 

he 


)/20'+l) 




These expressions vanish if the radial functions f(r) and g(r) satisfy the 
coupled differential equations 


, j+ f E-V(r)-mc 2 

g +-— g-i - t - /=0 

r he 

„ j~l, E-V{r) + mc 2 
f -/-i- - - g = 0 


> 


j 


(201.9 a) 


The type of solution (201.4 b), on the other hand, with u l and u 11 
exchanged in ( 201 . 8 ) leads in the same way to formulae in which the 
role of the two equations ( 201 . 8 ) and thus the signs of the rest-mass 
terms are exchanged. Thus we arrive, not at (201.9 a) but at the set of 
differential equations 


, , j +f .E-V(r) + mc 2 

g +— g-i - t - /=0 

r he 

j-i E-V(r)-mc 2 n 

f - — f-i - : ^- -g =0 


(201.9b) 


The differential equations (201.9a) and (201.9b) have still to be 
solved for any given potential V{r), separately, thus providing the 
complete solution. By their coupling they determine the relative nor¬ 
malization of the two functions / and g. 
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It should be noted that, in contrast to the unrelativistic spin theory, 
contributions of different l values are mixed up in the four-component 
Dirac spinor so that l is no longer a good quantum number, but j and 
nij of course still are. 


Problem 202. Kepler problem in Dirac theory 


To specialize the solutions of the central-force problem to the potential 

Ze 2 


V{r) — 

and to determine the eigenvalues. 


( 202 . 1 ) 


Solution. In the preceding problem we have found two sets of solu¬ 
tions for the general central-force problem, the differential equations 
for whose radial parts had been written up in Eqs. (201.9 a) and (201.9 b). 
Let us first discuss the system (201.9a). With the abbreviation 




Ze 2 


he 137’ 


( 202 . 2 ) 


which, it should be borne in mind, generally is a very small number, 
and 

H mc 2 — E 1 mc 2 + E 

a he ’ n a 
or 


fi = 


/me 2 — E 


he 

he 


a = 


(202.3) 


m c 2 + E ]/(mc 2 — E)(mc 2 + E) 

the differential equations (201.9 a) may be written for potential (202.1): 


9'+ 


j +f 


.(9 P' 


g + \-a 


|/= 0 ; 


/' 


j~j 


1 . P 


f~i - + ~ 9 = 0. 


\9 a 


(202.4) 


These equations are to be solved. 


We start by discussing their behaviour for very large and very small values of r. 
For r-> 00 Eqs. (202.4) become 
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with normalizable solutions 


g = Ce~ rla -, f = —C — e~ rla . 

There is another set of type e +r/a which we need not discuss. For r->0, on the other 
hand, we expect regular solutions of the form 

g = Ar s ~*; f=Br s ~ 1 . 

Putting these in (202.4) we get 

(s— \)A +(/'+§) A —ip 5=0, 

(s-l)B-(j-$B-ipA=0. 

Vanishing of the determinant of this set of linear equations leads to 


s=Vo+W-W ■ 

Combining these results, it seems reasonable to put 
g = Cf~ 1 e~ r,a G{r); 

f = — — Cr s ~ 1 e~ rla F(r); 

P 


then, from (202.4), there follow the differential equations 

a pr 


c + ( *+U+i ) 1 


a° + 


|F = 0, 


F + 


's-O’+i) 1' 


a 


, f + (I + M g = 0 . 


(202.5) 


( 202 . 6 ) 


(202.7) 


Adding and substracting these equations, respectively, and putting 


we arrive at 


G + F = v(r); G — F — w(r) 


/ S +P n 

v -1- -v— —(k + q) —, 

r r 


W + 


with 




S ~P 2 ^ n. ^ v 

-w= -(k -q) — 

, r a) r 


P 


P=o F- ; q=~ /t + - ; k=; + 


Py 


Py 


From the first equation (202.9) we get 


( 202 . 8 ) 


(202.9) 


(202.10) 


1 1 

w = — : -{ri/-t-(s + p)n}; w'= — ——(rt/' + (s+p+l)t/}. (202.11) 


k + q 


k + q 
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This we put in the second equation (202.9) which thus becomes a second- 
order equation for only v, viz. 


rv" + 


( 


(2s +1) 



v — 


— (s + p)v = 0. 
a 


( 202 . 12 ) 


This is a Kummer’s equation; its solution, in arbitrary normalization 
and regular at the origin, is the confluent series 


v= 1 F 1 (s+p,2s + l;2— j. 


(202.13) 


From (202.11) we then derive w(r) using the general formula 


the result is 


Z dz + a ) i F i( fl ’ c ’ z ) = a i F i( a+1 ’ c » z )’ 


w= -i^'M s+p+1 ’ 2s+1;2 ^ 


(202.14) 


Putting the expressions (202.13) and (202.14) in (202.8) leads on 
to G and F and thence, using (202.6), we finally arrive at the radial 
functions 


0 = icr s - 1 e-^| 1 F 1 ^+p,2s + l;2^ 

/= — ^Cr s_1 e _r/a (s+p,2s+1; 2-^ 
+ ^ lFl ( S + P + 1 ’ 2s+1;2 ^)}- 


V (202.15) 


The two confluent series are asymptotically proportional to e +2r/fl , 
thus destroying normalizability unless their first parameters are zero 
or negative integer: 

s+p=—n r ; n r = 0,1,2,3,... (202.16) 


If s+p=0, in the second confluent series we still have s+p+l= + l; 
however, a factor s+p makes this part of Eqs. (202.15) vanish anyway 
in this particular case, so that (202.16) is the complete eigenvalue condi- 
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tion. Replacing in (202.16) p by (202.10) and taking p from (202.3), we 
may introduce the energy and write 




me 


mc 2 + E 


/mc 2 + E 
mc 2 — E 


■ (n r + s). 


This may be resolved for E : 


me 


1 + 


/? 2 


( n r + sY 


(202.17) 


thus providing us with the energy level formula wanted. 

We have so far not yet considered the second set of radial equations, 
(201.9 b), which follows by replacing p by — \/p in (202.4) and conse¬ 
quently, q by — q and p by — p so that the eigenvalue condition (202.16) 
is changed into s — p=—n r which, however, alters nothing whatsoever 
in the energy level formula. Each energy term therefore is degenerate 
with two solutions to it. 

If ft>l (Z>137) the exponent s, Eq. (202.5), will become imaginary for 
the ground state, so that the boundary condition at r =0 cannot be simply satisfied. 
For very large Z the potential hole may even become so deep that for the lowest 
bound state E<—mc 2 . According to (202.3), a then becomes imaginary and the 
solutions g and /, Eq. (202.6), no longer decrease exponentially at large values of r. 
This is a consequence of the electron wave penetrating into the domain of negative 
energies (Klein’s paradox), a phenomenon explained in some detail for a potential 
step in Problem 207 below (case c). 


Problem 203. Hydrogen atom fine structure 


For a hydrogen atom, the parameter ft of the preceding problem be¬ 
comes identical with Sommerfeld’s fine-structure constant, 

= e2 = 1 
<X ~hc~ 137' 

This parameter is small enough to justify power expansion of the results. 
This shall be performed, thus confirming the unrelativistic theory and 
adding its first relativistic correction. 

Solution. The expansion of s, Eq. (202.5), leads to 




+ 0(a 4 ). 


(203.1) 
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If this is inserted into the energy formula (202.17), the principal quantum 
number, 

n = n r +j+j, (203.2) 


may be introduced with advantage. We then have 


E = me 2 <1 + 


a 2 j(n- 


2 ./+ 1 , 


or 


Since 


E = me 2 <1 


a 2 / 

n 

3 

n*\ 

j+i 

4 


+ 0(a 6 ) 


(203.3) 


2 2 

mca = 


me 


we arrive at the level formula for hydrogen, in first relativistic approxi¬ 
mation: 


E = me 2 



(203.4) 


where the first term is the rest energy, the second term, for a 2 =0, the 
unrelativistic Balmer term (cf. Problem 67), and the square bracket pro¬ 
vides a first relativistic correction of the order of a 2 = 0,532 x 10“ 4 or 
about 2 oo percent of the binding energy. Since this correction depends 
upon j as well as upon n, each unrelativistic level will split up into 
several fine-structure components. 

Next let us expand the length parameter a, Eq. (202.3). This leads to 


a 


me 



+ 0(a 4 ). 


(203.5) 


Without the relativistic correction in the square bracket, this is the 
well-known Bohr radius of the n-th hydrogen orbital. Since the argu¬ 
ment 2 r/a occurs in the confluent series and e -r/fl as a factor, in the 
radial wave functions (202.15), the atomic size is determined by a in 
a form quite similar to that in unrelativistic theory (cf. the following 
problem). 

To perform the transition from the relativistic wave functions 
(202.15) to those of the unrelativistic Schrodinger theory we need the 
expansions of the parameters jx and q, Eqs. (202.3) and (202.10): 








(203.6) 


q = n 


(203.7) 
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The factor in front of the second confluent series in (202.15), in un- 
relativistic approximation, is 


s+p _ n r _ n r 

k+g ;+£+" n r +(2j + l)’ 


(203.8) 


i. e. of the order of magnitude 1 (except in the case n r —0 when it 
vanishes). The factor p, according to (203.6) being of the order a, there¬ 
fore makes / about two powers of 10 bigger than g. In unrelativistic 
approach and arbitrary normalization we entirely neglect g and conclude: 


g = 0, 


/= r'"V ; j.F.f—n., 2j+2-,2^ 


— ,F, -n r + l,2j+2;2- 

n r + +1 V a , 


(203.9) 


If in the function / we put j=l+j, it is indeed transformed into the 
Schrodinger wave function [cf. (67.12)] 


/schr = r , e-^ 1 F 1 (/+1 —n,2l + 2; 2yr) (203.9S) 

where y=l/a. This is readily seen as follows. With j=l+j, Eq. (203.2) 
renders for the principal quantum number n = n r +l +1 so that 
n r —n — l— l and 

/ = r l e~ yr ^ 1 F 1 {l+l—n,2l + 3 ;2yr) 

i jr i(^ + 2 -»>2f+3;2yr)|. 

Here we apply the general relation 


aiF^a+l.c+ljz) = (a—c) 1 F 1 (a,c+l;z) + c 1 F 1 {a,c;z) 


which permits with a = l+l —n, c = 2l+2, z = 2yr transformation of 
the curly bracket 

1 F 1 (a,c+l;z) + -^- ^(a+^c+l ;z) 
c — a 

into 

c 2/ + 2 

—- 1 F 1 (a,c;z) = -—^ 1 F l (l+l-n,2l+2;2yr) 


as required in Eq. (203.9 S). 
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The second solution needs separate treatment. With g replaced by 
— 1/ju, we now have / the small and g the big solution. We use, except 
for a normalization factor, the unrelativistic approach 

g = r>-it-”{ x F 1 {-n n 2j+2;2yr)- 1 F 1 (l-n r ,2j+2;2yr)}, 

/ = 0 

where we now have to put j = l—\: 

g = r l ~ 1 Q~ yr { 1 F 1 (-n r ,2/+l;2yr)- 1 F 1 (l-n r ,2/+l;2yr)}. 

To show that this is again the function (203.9 S), we apply the general 
formulae 

a{ l F l (a+l J c-l;z)- 1 F 1 (a i c-l;z)} = z — ^(a,c-1;z) 

and 

(c-l)^-iF 1 (fl,c-l;z) = a 1 F 1 (a+l,c;z) 
dz 

which indeed perform the desired transformation into 
g = r l e _> ’ r 1 F 1 (l —n r ,2l + 2; 2yr) 

except for a factor 2 y/(2 / +1). Here, according to (203.2), 1— n r =;'+§— n 
which, with j=/—again becomes l+i—n as in Eq. (203.9 S). 

Hitherto we have treated / as a convenient parameter without 
referring to its physical significance. In order to check the latter, let 
us calculate the expectation values of the operator 1 ? for the two types 
of solution. Using just the simple relation 

L 2 Y Um = h 2 l{M)Y Um 

we get for both solutions the expectation value 

J dr r 2 {0 ~i)0+i)l/l 2 +0+i)0+l)lfl f l 2 } 

<L 2 > = fc 2 -5---. (203.11) 

| drr 2 {\f\ 2 + \g\ 2 } 
o 

For the first solution we may neglect \g\ 2 , which is then of an order a 2 
smaller than |/| 2 ; then it follows that 

</?>=(/—i)(/+i) & 2 (203.12a) 

corresponding to j—j — l. For the second solution, inversely, |/| 2 may 
be neglected and we arrive at 

<L 2 >=(/'+i)(/'+!)* 2 



(203.12 b) 
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leading to j + j—l. These are exactly the substitutions used above. In 
other words, in unrelativistic approximation, when / and g are no longer 
mixed in the same wave spinor, / again becomes a good quantum number. 

Supplement. The eigenspinors are composed of 


and 


in either of the two forms 



'K = 




We have seen that for the first solution, ip a , g<f, for the other, ip b , f <g so that 
they approximately simplify to 


t a = 



and i/r, 


-ffl- 


Thus there remains the unrelativistic two-component spin theory in which now 
j=l + j for ij/ a and j=l—j for \jj b without any mixing of different /-values for the 
same j. 

We further know that the “big” function in ip a is 

f=r'~ i e~ rln 1 F 1 (j+%-n,2j+l;2yr) with ; = /+£ 


and in \jj b . 


0 = /J + ±e r/ "i-Fi(/+|-n, 27 -t- 3 ; 2 yr) with j=l-\. 


If, and only if, the first parameter of the confluent series is zero or a negative integer, 
there exists a normalizable solutioa Thus we arrive at the lowest possible states 
given in the following table. Their radial wave functions, either / or g, are identical 
with those of the unrelativistic theory treated in problem 67; their two-component 
character agrees with the unrelativistic spin theory, cf. Problem 133. 


Spectroscopic 

j Solution symbol for 

<fra tb 'I'a b 


1 

2 

M^l 

n^2 

nS i 

nP± 

3 

2 

n^2 

n^3 

nP$ 

nD i 

1 

2 

3 

n^4 

nD$ 

nF t 


The energy levels, according to (203.4), are, except for the residual energy, 

E nJ =-E° n -AE nJ 

with (in multiples of the atomic unit me A /h 2 = 21.2 eV) 
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the unrelativistic Balmer binding energy, and 

AE = 

n ’ J 2n*\j+± 4 

its relativistic correction. For n = 3 the energy values and their corrections are 
tabulated. The table shows that the splitting is larger the lower the level. That is 
the reason why the red Ha line (« = 3->n=2) appears to be roughly a doublet of 

(2.08-0.42) xlO" 6 x27.2eV 

or 0.365 cm -1 splitting. 


n 

E° n 

(2/a 2 )4£ nj -for 


10 6 x 4jB„jfor 




j=j j=i j =I 

j = I 

;_3 

J 2 

i_ 1 

J — 2 

1 

1 

2 

1 

4 

6.68 

— 

— 

2 

1 

8 

Jl. 1 _ 

64 ^4 

2.08 

0.42 

— 

3 

i 

18 

1 1 1 

3? 108 324 

0.74 

0.25 

0.08 


Problem 204. Radial Kepler solutions at positive kinetic energies 


To determine the radial wave functions and their asymptotic behaviour 
if the electron in the Coulomb field has positive kinetic energy, E —me 2 > 0, 
at infinite distances from the centre of attraction. 


Solution. Since mc 2 — E< 0, we replace the relations (202.3) of 
Problem 202 by the definitions 

, E — mc 2 k E + mc 2 

n k =— 7 - ; - = —7 - (204.1a) 

he ri he 

where k is now the wave number at infinity. This is equivalent with 

V(e — mc 2 )(E + mc 2 ) 


/E — mc 2 


k = 


E + mc 2 ' he 

The differential equations to be solved then run as follows, 


(204.1 b) 


g' +^^g + i(-rjk-^]f=0. 


f 


j~j 


0=0 

r \n r) 


(204.2) 


We solve these equations in full analogy to Problem 202 by putting 
g = —{w + v)r s ~ 1 e ikr ; f= — (w — v)r s ~ 1 e ikr 

2 2 tj 


(204.3) 
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with 

s = Y(j+±) 2 -p 2 . , (204.4) 

After a straightforward calculation, using the abbreviations 


P 



Q = 


l(i 

2 Vl 


+ rj 


and the variable 


z— —2 ikr 


we arrive at 


and 



[(2s + l)-z]^-(s-i0w=O 
dz 


v = 


1 

j+j+iP 


dw 

z — + (s — iQ)w 
dz 


(204.5) 

(204.6) 

(204.7) 

(204.8) 


The solution of the differential equation (204.7), regular at the origin, in 
arbitrary normalization, is 

w = C 1 F 1 (s —iQ,2s + l ;z). (204.9) 

From (204.8), using the formula 

{z£ + a} 1 F 1 (a,c,z)=a ^(a + l.cjr), 

we then find 

v — -C S ~ l ~ !fi(l +s-iQ,2s + l;z). (204.10) 

j+j+iP 


Eqs. (204.9) and (204.10) provide the complete solution of the radial 
problem in arbitrary normalization. 

For positive real values of r, the variable z, Eq. (204.6), is negative 
imaginary. We therefore may apply without further precaution the 
asymptotic formula 


1 F 1 (n,c;z)-^e‘ 


F(c) , F(c) , a _ c 
- z + —- e z z a c 


F(c-a) F(a) 


(204.11) 


thus getting 

CF(2s + l)e~ 2 


nQ f ins . ... iits 

e _ "F + I ® 109 2kr . g - 2 -<Qlog2ftr 


W —► 


(2fer) s 


F(l+s + iQ) F(s-i0 2/cr 
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and 


* Q 

C F(2s + l)e * 2 S-iQ 

/ 

--■?- + iQlog 2kr 

e 2 1 

(2krf j+h+iP 1 

^ iT(s+iQ) 2kr 


+ 


-—iQ log 2 kr 


m+s-iQ) 


* — 2 ikr \ 


Here, the second term in the w bracket and the first term in the v bracket 
are of an order l/kr smaller than the other terms, respectively, and may 
thus be neglected. Therefore, using (204.3), we arrive at the results 


rg-*C 1 e i(kr+Q l0 9 2kr > _|_ c 2 Q~^ kr+ Q lo ^ 2kr \ 
f —y Cj e i(kr+QI ° 9 2kr * — C 2 e ~ i{kr+Qloa2kr * 

with the complex amplitude constants 


it Q ires 

CT(2s + 1) e 2 e 2 

2(2 kf r(l+s+iQ)’ 

rcQ ires 

CT(2s + l)e~~ 2 ‘ s-iQ e 2 ' 

2(2k) s i+\+iP r(l+s-iQ)' 


(204.12) 


(204.13) 


The constants C 1 and C 2 can, of course, only differ by a phase factor since 
incoming and outgoing partial waves must have equal amplitudes. Indeed 
both the factors by which they differ from one another, 


S ~‘Q = e 2,S 
j+l+iP 


and 


r(l+s + iQ) = 2iC 

m + s-iQ) 


(204.14) 


are phase factors. For the second this is obvious; the first one yields 


s-iQ 


l j+i+ iP 


s 2 + Q 2 


(j+tr+p 2 


i 


because of 


Q 2 -P 2 = (i 2 and s 2 =(j+j) 2 - jS 2 . 
We therefore finally arrive at 


0HQI e‘*2i 




/=|C 1 |e' 2 


rjr- 


with 


(204.15) 


ns 




£ = kr+Q\og2kr 


(204.16) 
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NB. The result may be compared with the unrelativistic theory where tj < 1 
so that / > g. This gives 

/oCysin^fcr + eiog2fcr-|(s+l)-C-^ (204.17) 


where, according to (204.5) and (204.1 b), Q may be expressed by E and further by 
the velocity v at infinity. From the well-known relation 


E = mc 2 



one easily deduces 


<2 = 


Ze 2 
hv ’ 


i.e. Q becomes identical with x, Problem 110. From (204.1b) one further gathers 
that hk is the momentum of the electron, at infinity. The first two terms in the 
argument of (204.17) therefore agree with the classical expressions. The constant 
phase angles, in the same approximation, follow from 


s~*j+j=l +1 and P-*Q = x; 

they become 

^(s + l)+C + 5-^y(/ + 2) + argr(/ + 2 + ix)-arg(/+l-t-ix) 

- n + ^Z + argr(/ + l+ix), 

and as the wave function is defined except for a sign (i.e., for a phase %) we arrive 
finally at 

1 Til 

foe — sin{/cr + xlog2fcr — — — argr(Z+l +ix)} 

in complete agreement with the results of Problem 111, but for an attractive 
Coulomb potential. 


Problem 205. Angular momentum expansion of plane Dirac wave 

The angular momentum eigenspinors of Problem 190 shall be used to 
construct the plane wave, of helicity h= +1, in z direction: 








0 


0 

OO 

\jf = C 


e ikz = C 

r\ 

Z l/47t(2/+l) i'Y uo . (205.1) 

1 

\o) 


W 

1 = 0 
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Solution. We start by solving Eqs. (201.9 a, b) in the force-free case. 
Using the abbreviation r\, introduced for plane waves in Problem 190, 
we have with 


E — mc 2 E + mc 2 k 

= krj ; = , 

nc nc rj 

(205.2) 

instead of (201.9 a) 


j +f 

g' + g iktjf=0 ; 

r 

(205.3 a) 

,, j~i , . k n 

/ f i g= o. 

r rj 

(205.3 b) 

From (205.3 b) we get 


• k r, j-k r 

i g=f f 

ri r 

(205.4) 

and by differentiation 


k j — T j — 7 



Putting these expressions into (205.3 a), a second-order equation for / 
results: 

/"+-/'+ 
r 

with the solution 

(205.6) 




f-0 


(205.5) 


regular at the origin, in arbitrary normalization. Putting then (205.6) 
into (205.4), we find 


k 1 

i — 9 = T~ 
r\ kr 




with the prime denoting differentiation with respect to the argument kr. 
The general formula 

Z+l 

j'i(z) - ji(z)= -j i+ i(z) 

z 

then permits to write 


(205.7) 
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Thus the normalization of g is fixed relative to that of /. Eqs. (205.6) 
and (205.7) allow us to write the full four-component spinor according 
to (201.4a) for given j and m y = +|: 



(1 

/ 2j 

1 


1 

i 

*h|(N 

1 r? 

kr 

it] 

/ 2{j+l) jj+ ^ k ^ Yj+h0 


\i*l 

/ 2{j+l) jj+ ^ kr)Yj+h1 / 


(205.8) 


The second solution derived in Problem 201 is obtained by replacing 
rj by l/rj in (205.3 a, b) so that / is still given by (205.6), but in (205.7) the 
factor rj has to be put in the denominator instead of in the numerator. 
From (201.4 b) with an arbitrary normalization we get for the second 
solution, 


1 ^ j;+# r ) Y J+b i 


•A } 1 


kr 


1 j + 2 
2o+i y 
f j+j . 


2 j 


jj-±{kr) Yj- h0 


j 2 


—j M (kr) Y j- hl j 


(205.9) 


In order to construct a solution like (205.1), we have to write 


<A = I (Ajt'j + Bjty). (205.10) 

j 

In this expansion it is, of course, possible to change the dummy j in a 
different way in different sums. We shall do this by again using the 
orbital momentum quantum number l so that in all sums over 


jj-^kr) Yj_ hm 
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(with m=0 or 1) we shall put j=l+j, and in all sums over 

7j+# r ) Y J+i. m 

we shall put j=l—j. We then obtain from (205.8) and (205.9): 


«A=I 


Ji(kr) 


i=o ]/2l+\kr 






\ 


(iriAi-^]/! + B l+ ±yi+l) Y l<0 
(iriA^tyT+i- B l+i ]/T) Y ltl I 


(205.11) 


Here it is correct to sum over all 1^0. In the terms j—l+j, this follows 
directly from j^>\. On the other hand, for j=l—j the sums would start 
with 1=1. In the second and fourth line, however, the zeroth term 
vanishes because Y 0(1 =0. There remain j—l—\ terms in the first and 
third line with 1=0, but again these vanish due to the factor |/T. 

In order to make the sum (205.11) identical with (205.1) we need only 
put 

A l+i = ]/4nCi l ]/I+l, 1 
B l+i = ri]/4^Ci l ]/T+l) 


(205.12) 


as can be directly checked. 


Problem 206. Scattering by a central force potential 


A plane Dirac wave of positive helicity is scattered by a central-force 
potential. To determine the asymptotic behaviour of the scattered wave 
if the phases are taken from the solutions of the radial wave equations. 


Solution. In Problem 201 it has been shown that there are two sets 
of radial equations, viz. 


Set I: g)+ gj-ikqfj+iU (r) f,= 0, 

T f\ 


(206.1 a) 
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with [7(r)= V(r)/hc. It can easily be seen that, for U(r) decreasing more 
steeply than 1/r, the asymptotic solution may be written 

in 1 

g;(r) -* — sin a ,; fj(r) -* - cos a ■ (206.2a) 

r v 


with 

0j = kr—(j+j) — + aj. (206.3a) 


The two functions are mutually shifted by a phase angle rc/2 and their 
respective amplitudes, given in arbitrary normalization, are coupled in 
such a way that, as the unrelativistic limit (rj-*0) is approached, fj 
becomes the big and g } the small wave function. If is chosen to be real, 
gj is purely imaginary. The phase a 7 - is determined by integrating the set 
(206.1 a) with the boundary conditions g 7 (0)=0, fj( 0)=0. In the classical 
approach, j—l+j so that we get 


n 


Mr)-*-sinlkr-l- + a l+ ±); ^(r)-> 0 


at large r. 


Set II: g'j +^—gj-i -fj+i t/(r)/-=0, 
r g 

fj ~i-y fj -ikrigj + iU(r)g } =0 


with the asymptotic solution 


and 


i . f 1 

gj -*■ — sin T -; /->-cost.- 

r\r r 


*j=kr-(j+j)^+ Pj 


(206.1b) 


(206.2 b) 

(206.3 b) 


with other phase constants j Bj than in case I. Since (206.1b) differs from 
(206.1a) by rj being replaced by l/rj, in the classical limit there will gj 
become the big, and f } the small wave function. This leads to the iden¬ 
tification j—l—j in this approach: 

9j(r) -> ■i sin (kr -1 j + p t ; fj(r)~* 0. 
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We have further seen in Problem 201 that there exist two solutions 
\{j) and \j/f for each value of j belonging to spin in positive z direction, 
constructed from these two sets. They behave asymptotically as 


*}■ 


*y- 


/ 


i 

Tr 


It] 

\iri 

lL 

n 

i 


1 

tr 


V 


j+J 


2 j 


j~j 


2 j 


cos (jj Yj_x o 


cosoj Yj. hl 


\ 


/ j + J 
20 + 1 ) 
/ j + f 
2(7 + 1) 

/ j + i 

20 + 1 ) 


sin o'j 10+i.o 


sin ffy Tj+xi 


; + 


2Q+1) 
( j + ? 
2 j 

/ j~\ 
2 j 


sin t,- T/ + |,o 


sin t, 


cost,- 


cost,- Vi, 


/ 


The most general solution is 

>A = Z 04 ; +£;</'") 


(206.4) 


(206.5) 


which, by changing the summation subscript j into / + ^ everywhere so 
that spherical harmonics of the order l emerge in the sum, may be written 


1 £ 


l 


fe r ,= 0 J / 21+1 


/ 


\ 


|/T+T cos<r, + | + ^-j/T J5,_^sinT,_^Jy, >0 

-tfl A l+ ± cosa l+i + Z]//+T JsinT,_|J T i(1 
sintr^i + j/T+T J8,+$ cost i+ ^] T i(0 

\ [irj]/iTiA l _ i sin<T l _±-]/ r lB l+i cosT l+ ±~\Y lfl / 


(206.6) 
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This has the same structure as the plane wave (205.11,12) with which it 
becomes identical if a ; =0 and (ij — 0 for all j. Let us-write the plane wave 


with 


j 

A? + ± = \/4^Ci l 1/i+T ; J5° +i = r, A ? +i ; 


(206.7) 


(206.8) 


The boundary conditions of a scattering problem, for r-> oo, are then 
satisfied if, and only if, the difference 

= (206.9) 


contains no incoming spherical wave parts of the form e~ lkr /kr but only 
outgoing waves so that it may be identified with the scattered wave. 
This, according to (206.6), leads to four coefficient relations, viz. 

]/T+l A l+i e {j ~ a,+i) + ^\/T J9,_| Q-'P'-i =yT+lA? H e*+l-y7 B 

— |/T A l+i e^~ a,+i) +^]/I+l = —|/T Af + ^e 2 +~]/T+J Bf^, 

m (n _ a \ .n 

— ri]/T A^e-^-i + yJ+lBt^e 1 = -r\]/\ Af^ + ]/7+l B^e"' 2 , 

-ril/T+lA^e-^i-]/! B l+i /' rP,+i) = -r,yT+T A?^-]/! B? +i e 2 . 

(206.10) 

These equations are satisfied if, and only if, 

Aj = AJ e‘“ J ; Bj=1 3? e ipj . (206.11) 


The scattered wave then can be shown by straightforward calculation 
to behave asymptotically as 


/ [(/ + l)(e 2Ja,+ * —1) + /(e 2,/i, ~* — 1)] Y lt0 \ 
]/rc e ikr y 1 |//(I+l)(e 2 ^-i-e 2 ^H)y itl 

^ V U 2ikr i=o|/2T+I r,[l(c 2i ^-l) + (l+l)(c 2i ^-l)]Y h0 

\ri]/l(l+T)(e 2ia, -i-e 2ilil+ ±)Y ltl j 

(206.12) 
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Problem 207. Continuous potential step 

A plane wave of positive helicity h— +1 is falling perpendicularly from 
negative z upon a potential step described by 

V{z)=\V 0 (^ 1+tanh-^, (207.1) 

i.e. with the potential increasing from V=0 at z= — oo to V= + V 0 at 
z = + oo, within a layer around z =0 of a thickness of the order /. The 
coefficient of transmission of the step shall be investigated for the cases 
of different step heights, viz. 

Case a: V 0 <E—me 2 ,1 

Caseb: E — mc 2 <V 0 <E + mc 2 , > (207.2) 

Casec: E + mc 2 <V 0 . J 

The three cases are sketched in Fig. 72. 



c 


Fig. 72 a—c. Three potential steps of different heights. The energy domains in which 
the particle can move are indicated by hatching 
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Solution. This is a special case of Problem 197. For helicity h= +1, 
the component functions u 2 and u 4 vanish so that we are left with a set 
of only two differential equations, 


with 


du , 

i-~ + {yc + Q)u 1 =0, 
dz 

du * 

i-j- + {x-Q)u 3 =0 
dz 


V(z) — E me 

Q = —:-; x = 


he 


he 


(207.3) 


(207.4) 


Let us introduce, instead of u x and u 3 , their symmetric and antisymmetric 
combinations, 

(p s = U! + u 3 ; (p a = U!~u 3 , (207.5) 

then, instead of (207.3), we have the equations 

-X<P s = i<Pa + Q(Pa', K(pa=i(p's-Q<Ps (207.6) 

which permit a simpler elimination of one of the two functions than do 
the original equations (207.3). We find 

<p: + lQ 2 -x 2 + iQl<Ps = 0. (207.7) 

We have to solve this differential equation with fitting boundary condi¬ 
tions and afterwards to derive (p a from the second equation (207.6) in 
order to solve the problem completely. 

The differential equation (207.7) can be written with rational coef¬ 
ficient functions if we use the variable 

x = (l+e 2z/, ) _1 (207.8) 

instead of z with 


du 

dz 


2 du 

-^(i-x) —; 
l dx 


F(z)=F 0 ( 1 —x). 


(207.9) 


Further, we shall introduce an energy unit 2 hc/l and use the dimension¬ 
less abbreviations 


e = 


El 

2hc’ 


Imc 2 


£n = 


2 he ’ 


»o = 


IVo 

2 he' 


(207.10) 


Eq. (207.7) then is transformed into 


x(l — x) 


d 

dx 


x(l — x) 


d(p s 

dx 


+ {[®o( 1 - ;x )- fi ] 2 -eo + i t , o x ( 1 -'*)}^ = 0 - 


(207.11) 
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If we put 
with 


< p s =x v (i-xyf{x) 

v 2 = e 2 -(e-v 0 ) 2 ; p 2 = e 2 -e 2 


this reduces to the hypergeometrical equation 


x(l — x) /" + [(2 v +1) — (2 v + 2// + 2) x] /' 

-(p+v-iv o )(p + v-iv o + l)f=0 


(207.12) 

(207.13) 


(207.14) 


of which we need, as we shall immediately see, only the solution regular 
at x = 0, 

f(x) = 2 F 1 (p + v—iv 0 ,p + v+iv 0 + 1,2 v+1; x). (207.15) 


In order to see this, we next study the boundary conditions. According 
to (207.8) we have x = l for z = — oo, and x = 0 for z= + oo. Further, 
according to (207.10) and (207.13), we have 


l 


k 2 


E 2 -(me 2 ) 2 
(he) 2 



(207.16) 


hence p is always an imaginary parameter proportional to the particle 
momentum p — hk for F=0, i.e. on the far left. The hypergeometric 
series (207.15), in the neighbourhood of x= l, may be transformed 
according to the rule 


2 F 1 (a,b,c;x) 


r(c)r(c-a-b) 

r(c-a)r(c-b) 


2 F 1 (a,b,a + b—c+ 1; 1 — x) 


+ (l-x) c - fl ~ ft 


r(c)r(a+b-c) 

mr(b) 


2 F 1 (c — a,c — b,c — a — b + l;l — x) 


which, with (207.8) and (207.15), leads for z-» — oo, x^l to 


1-x)" 


F(2v+ 1)F( —2ju) 


+ (1 — x)~ 2fl 


r(v-p + iv 0 + l)r(v-p-iv 0 ) 
r(2v+ i)r(2fi) 


or, with 


r(v+p-iv 0 )r(v+p + iv 0 + 1)J 


,2 z/l 


1 — X = 


l +e 2z/i 


-*e 


2 z/l 



216 


The Relativistic Dirac Equation 


and (207.16), to 


(p s -*A e ikz + B e~ ikz ; * (207.17) 

r(2v+i)r(2/t) „ r{2v+i)r(-2fi) 


r(v+tx-iv 0 )r{v+n+iv 0 +l)’ 


B — 


r(v—fi—iv 0 )r(v—n+iv 0 + l) 

(207.18) 

where B differs from A just by the sign of /t. The function (p s therefore is, at 
large negative z, composed of an incoming wave with amplitude A and 
a reflected wave with amplitude B, conforming to the physical problem. 
Hence the special solution (207.15) satisfies the boundary condition at 
large negative values of z. The same composition of two waves holds for 
(p a if we apply the second equation (207.6) to the asymptotic function 
(207.17), 


(Pa-^A 


E 


-) e ikz + B 


(, 


E 


. — ikz 


\mc 




— ec\A\ 


\mc x. 

The electrical current density (cf. Problem 198, Eq. (198.13)) 
j z = ec(u ! tu 3 + u^u 1 ) = ^ec(\(p s \ 2 -\(p a \ 2 ) 
is then, except for interference terms, 

Jz J in Jtefl 

with the incident current 

jin — ? ec \A \ 2 |l - 

and the reflected current 
j"(i=?ec\B \ 2 jl 
where the energy formula 

E = j/(pc ) 2 + (mc 2 ) 2 

is to be remembered. 

Let us now pass on to a discussion of the behaviour of the wave 
function on the right-hand side of the potential step, near x=0 or for 
z-* + oo. It then follows from (207.12) and (207.15) directly that 


( E _ 

V 

\mc 1 


( E 

k 

J_ 

\mc 2 

r 

X 


= ec\B\ 


2 Pc(E—pc) 
(me 2 ) 2 

2 pc(E+pc) 


2\2 


(me ) 


(207.19) 

(207.20) 

(207.21) 

(207.22) 

(207.23) 


_ vz 

(Ps~*x v = e 


(207.24) 


where, according to (207.10) and (207.13) 


l 


2\2 


>'2 _ 


(E—Vo) 2 — ( mc) 
“ (he) 2 


(207.25) 
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Here we have to distinguish three cases according to Eq. (207.2). If 
E— V 0 >me 2 or V 0 -E>me 2 (cases a and c), k' 2 > 0 and k' is real. If, on 
the other hand, \E-V 0 \<mc 2 (case b), v will be real and k! imaginary. In 
the last case, with v>0, Eq. (207.24) describes total reflection of the 
incident wave so that the coefficient of reflection. 


R jretl/j ii 


E + pc 
E — pc ’ 


(207.26) 


must become = 1. 

This can easily be derived from A and B, Eq. (207.18), by using the 
identity F(z +1)=z F(z), 


Since 


B v+p+iv 0 r(v + p — iv 0 )r(v+p + iv 0 ) T( — 2p) 
A v—p + iv 0 r(v — p + iv 0 )r(v—p — iv 0 ) f(2p) 


(207.27) 


p = — i(j 


is always imaginary, the last of the three fractions in (207.27) never 
contributes to the absolute square \B/A\ 2 . If v is real (case b), the second 
factor also is the ratio of two conjugate numbers not contributing. 
There then remains 


B 2 v 2 +(v 0 — a) 2 2v 0 (e — a) E — pc 

A v 2 +(p 0 + <r) 2 2v 0 (e + a) E+pc’ 


so that (207.26) indeed yields R = 1. 

In cases a and c, on the other hand, v is imaginary so that a running wave 
exists on the far right, 

(p s =e ik ' z 

and according to (207.6), 


k' E—V, 


<Pa 


+ 


0 v *' 2 


E'-p'c 


.ik'z 


X 


me 


me 


where p' — hk' is the particle momentum for z-> + oc>, and E' = E—V 0 . 
The electrical current transmitted is then, according to (207.20), 


Jtrans=ieC<l - 


' E'-p'c N 


— ec 


p'c(E'-p'c) 


me 


2\2 


(me) 


This yields, with (207.22), a coefficient of transmission, 


1 

Jtrans//in . . ,5 

\A\ 2 


p'c(E'-p'c ) 
Pc(E — pc) ' 


(207.28) 


(207.29) 
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In now computing \A\ 2 from Eq. (207.18) we use, besides F(z + l)=zF(z), 
the general formula 


\n±iy)\ 2 = 


n 

ysinh7ry 


(y real); 


we then have, with 


p——io, v——io', 


o o + o' — Vr 


sinh 2no sinh27rer' 


\/\A\ 2 = 

o' a + (T' + v 0 sinh n(o + o' + v 0 ) sinh n(a + (r' — v 0 ) 
Combining (207.30) with (207.29), there occurs a factor 

p'c(E' — p'c) o o+o' — v 0 (E' — p'c)(pc+p'c—V 0 ) 
pc{E—pc ) o' o + o' + v 0 (E—pc)(pc+p' c+V 0 ) 


(207.30) 


which can easily be shown to be =1: if we replace F 0 by E—E', the 
expression may be written 


(£' - p' c){E' + p'c)~ (£' - p' c)(E-pc) 
(E — pc)(E + pc) — (E—pc)(E' — p'c) 


since E' 2 — (p'c) 2 = {mc 2 ) 2 = E 2 — (pc) 2 in the first terms of numerator 
and denominator. We therefore finally obtain the coefficient of trans¬ 
mission, 


sinh 2no sinh27t<r' 
sinh n(o + o' + v 0 ) sinh n(o + o' — v 0 ) 


(207.31) 


The denominator can be suitably reshaped so that the characteristic 
quantity v 0 , proportional to the product of breadth and height of the 
step and independent of the particle energy, is isolated from the momen¬ 
tum quantities o and o': 


sinh27r<r sinh27t<r' 

sinh 2 n(o + o') cosh 2 nv 0 — cosh 2 n(o + o') sinh 2 n v 0 


(207.32) 


In case a of Eq. (207.2), we still have o + o' — v 0 > 0 or V 0 <(p+p')c. 
This is the normal case which also occurs in unrelativistic theory. In case c, 
on the other hand, we find o + o’ — v o <0 and therefore T< 0. The wave 
then penetrates, for large positive z, into the domain of negative energies 
(cf. Fig. 72) where negative electrical current accompanies positive momen¬ 
tum. If tcvqP 1 or 


V 0 t> 


2nhc 


l 


the expression (207.32) becomes 


. , nip . nip 
T= —4 sinh-—sinh——e 
h h 


nlVp 

he 
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i.e. the penetrability of the potential step from positive to negative 
energies rapidly becomes very small with increasing “step size” V 0 1. Since, 
in case c, V 0 >mc 2 , the exponential in T contributes a factor smaller than 

nlmc 

^ ^ — 0 // A 

with X — h/mc the Compton wavelength. 

Literature. Klein, O.: Z. f. Physik 53, 157 (1929); Sauter, F.: Z. f. Physik 69, 
742; 73, 547 (1931). 

Problem 208. Plane wave at a potential jump 

A plane Dirac wave of arbitrary polarization falls obliquely on a potential 
jump smaller than its kinetic energy. The laws of reflection and refraction 
shall be derived, and the state of polarization of the transmitted wave 
calculated. 

Solution. Let the incident wave if/ be described by a wave vector k 
in the direction defined by polar angles S, <p, the reflected wave i {/' by k' 
in the direction S', <p', and the transmitted wave ij/" by k" in the direction 
S", q>". Let further z = 0 be the refracting surface and if/ and i//' be defined 
for z<0, 1 1/" for z>0 (see Fig. 73). 



Fig. 73. The three wave vectors at a potential jump 

On the surface z = 0 there must hold for all values of x and y the 
relation 

i/z+ i//' = if," (208.1) 

according to which the three k vectors have the same x and y components: 
k sin S cos (p = k sin S' cos <p' — k" sin $" cos q >"; 
k sin S sin (p = k sin S' sin q>' = k" sin S" sin q>". 
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These relations are satisfied if 


(p = (p' = (p"; ' (208.2) 

& = n-8; (208.3) 

k sin $ — k” sin . (208.4) 


Eq. (208.2) shows that the three k vectors are lying in the same meridional 
plane, which we may choose to be the x, z plane, so that the y components 
of the three vectors vanish along with <p — 0, ^>' = 0, <p" = 0. Eq. (208.3) 
is the law of reflection, and Eq. (208.4) the law of refraction, the index of 
refraction being n = k"/k. These two laws are very much the same as 
those holding for unrelativistic Schrodinger waves (Problem 45). 

Additional information arises for the polarization. Using q >=0 and 
9'= n —9, the three wave functions in standard representation run as 
follows: 


* 


e* ' 

Vn J+7T 


tj (A cosB sin-§-) 
\rj{A sin -§- + B cos-f-) / 


r 


vwwi 


p.ik" r 

i !/" = —=- 

]/V(i +ti" 2 ) 


I Csin-|- + Dcos-f-\ 
Ccos-f- — Dsin-f- 
r]{C sin -f- — D cos-f-) 
\rj{C cos-f- + D sin -f-)/ 

/ £cos^- +Fsin-x \ 
Fsin^ 1 — F cos^ 1 
t]"{E cos ^ - F sin %-) 
yi"{E sin ^- + F cos^ 1 ) / 


(208.5) 


Here, the first parts of the spinors, proportional to the constants A, C, and 
E, respectively, belong to waves with helicity +1, the parts with B, D, 
and F to helicity — 1. 

The boundary condition (208.1) applied to the amplitudes then 
leads to the following four-component relations: 

A+pB+pC+D = r(E + qF), 
pA — B + C — pD = r{qE — F), 

A-pB+pC-D = rX{E-qF), ( 208 - 6 ) 

pA + B + C+pD = rX(qE + F) 
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with the abbreviations 



9 

p = tan-; 

9" 

q = tan —; r = 

/I+ 77 2 cos ^ 1 77 " 

/ I+ 77" 2 cos-f- ’ 77 ’ 

(208.7) 

By combination we find from Eqs. (208.6) 



A+pC=^r[(l +A) E + {1 — A)qiF], 

M + C=M(l+A)gE-(l-A)F] 

(208.8 a) 

and 

B+pD=jr[- 

-(1-A)g£+(1 + A)F], 



pB + D=$r[(l-X)E + (l+X)qF\. 

(208.8 b) 


From the first pair of equations we then eliminate C and from the other 
pair D so that there remain relations connecting the amplitude coef¬ 
ficients E and F of the transmitted wave with A and B of the incident 
wave viz. 

(l-p J )X=ir[(l+A)(l-p 9 )£+(l-A)( P +«)F]; 
(l-p 2 )B=ir[-(l-A)(p+«)£+(l+A)(l-p 9 )F]. (208.9) 


The expectation value of the helicity (or, briefly, the polarization) of 
the incident wave is defined by 


A 2 — B 2 1-(B/A) 2 
k ~ A 2 + B 2 ~ 1+{B/A) 2 ' 

and that of the transmitted wave by 

JW E 2 — F 2 1 — {F/E) 2 
h ~ E 2 + F 2 ~ 1 + (F/E) 2 ’ 

From (208.9) we have 


(208.10) 


(208.11) 


— (l-A)(p + < ? ) + (l+A)(l--pq)(F/E) 
(l+X)(l-pq) + (l-X){p + q)(F/E) * 


(208.12) 


The expression can be much simplified by using the abbreviation 


1 —A p + q 77 — 17 " 5 + 9" 

u — ■ ■ -=-tan- 

1+A 1— pq 77 + 77 ' 2 

which allows us to write 


c m )- 

1 +u{F/E) 


(208.13) 


(208.14) 
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If, into this latter expression, h instead of B/A and h" instead of F/E are 
introduced according to (208.10) and (208.11), a-simple calculation 
finally leads to 


h" 


1 —u 2 
l + u 2 


2u 
1 +u : 


l/T^F. 


(208.15) 


If the incident wave is completely polarized in either of the two 
directions (h— ± 1) we find 


h" = + 


1 — u 

1 +'W 


2 


2 ’ 


i.e. a partial depolarization will occur at the potential jump which is, 
however, of second order only in the parameter u. An entirely unpolarized 
beam (h — 0), on the other hand, leads to 


the potential jump giving rise to at least partial polarization. The latter 
effect is of first order in u. Since u in reasonable arrangements generally 
turns out to be rather small (about 0.1), the partial polarization of an un¬ 
polarized beam will be of greater interest than the partial depolarization 
of a beam of well-defined helicity. It should further be remarked that u 
vanishes for perpendicular incidence, so that grazing incidence will 
favour the effect. 


Problem 209. Reflected intensity at a potential jump 

To calculate the reflection coefficient of the plane wave of mixed helicity 
investigated in the preceding problem, and to derive the law of continuity 
of the electrical current at the surface. 

Solution. The electrical current density 

j, = iec\l/' [ y A y l \l/ = ec\l/^a l il/ 

can be expressed by the spinor components t/^ in standard representation 
as follows: 

j x = ecffl iA* + ^3 + ^2 + «A* <Ai) > 

7 y = eci(-^f^ 4 + ^«A 3 -^^ 2 + ^4^i)» 

j z = e <#* •Ai “ •A* fa) ■ 

Since the exponential factors of \j/* arid i^ v in a plane wave cancel out, 
there only remain the spinor amplitudes which, using the Dirac wave 
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functions of Eq. (208.5), are all real according to our choice of q> = 0. 
Indeed, this leads to j y = 0 above. The two other components become for 
the incident wave 


2 ec 


S 


S 


S 


Jx 


v(i +r) 


A cos —I- B sin — ) rj I A sin —b B cos 


S' 


S 


S' 


s 


s' 


+ I A sin — — B cos — I rj I A cos- B sin — ) >; 


2 ec 


S 


S' 


S 


v{\+n 2 ) 


A cos — b B sin — ) t] I A cos- B sin 


S' 


S 


S 


S 


S' 


A sin — — B cos — 1 r/ ( A sin —b B cos — 


which may be simplified to 
2ecr\ 


(A 2 + B 2 ) sin 9; j 2 


2ecr\ 


(A 2 + B 2 ) cosS. (209.1) 


F(1 +t/ 2 ) ' ’ V(l+r, 2 ) 

By an analogous procedure we arrive at 


2 ecr\ 


Jx F (1 +r, 2 ) 

for the reflected 2 , and at 


(C 2 + D 2 ) sin S ; j' z = 


2ecr\ 


2 ecrj" 
V(i+rj" 2 ) 


(E 2 + F 2 ) sin S "; /' 


V{\W) 

2ect]” 

V(l+ri" 2 ) 


(C 2 + D 2 ) cosS (209.2) 


(E 2 + F 2 ) cos S" (209.3) 


for the transmitted wave. 

In order to calculate the three currents we first express the amplitude 
constants C, D, E, F by those, A and B, of the incident wave by solving 
the linear system (208.6) or (208.8 a, b). The result of this rather cumber¬ 
some but elementary computation is 


-aA+pB 

C ■ A ’ 

fiA + ccB 

(209.4) 

pA + oB 

E = -: 

2rX 

-oA+pB 

F = - 

2 rk 

(209.5) 


2 Interference terms of incident and reflected waves may be om i tted for the 
present purpose since §d 3 xe i0i ~ k )r —0. When dealing only with local dependence 
of densities, these interferences are of interest, cf. Problem 23. 



224 


The Relativistic Dirac Equation 


with the abbreviations 

a = 2(A 2 + l)p(l+g 2 )-4Ag(l+p 2 ); 

/? = (A 2 —1)(1—p 2 )(l+4 2 ); 

A = (A + l) 2 (l-p<jf) 2 + (A-l) 2 (p + g) 2 ; (209.6) 

pJ = (A+l)(J-ap)-(A-l)jS = 4A(A+l)(l-pg)(l-p 2 ); 

<xd = (A-l)(pd-a) + (A+l)/?p = 4A(A-l)(p + g)(l-p 2 ). 

From Eqs. (209.4) and (209.5) it further follows that 

A 2 -(C 2 + D 2 )=(oc 2 + p 2 ) (A 2 + B 2 ); ^ 

4 r 2 X 2 (E 2 + F 2 ) — (p 2 +o 2 )(A 2 + B 2 ). 

If the expressions (209.6) are put into (209.7) we find by elementary 
though lengthy calculation, 

d(p 2 +<r 2 ) = 16A 2 (l-p 2 ) 2 (209.8) 

and 

A 2 - (a 2 + /? 2 ) = A -4 A(1 -p 2 )(l - q 2 ) . (209.9) 


It is now easy to express the reflected and transmitted currents by 
the incident one. We find for the z components perpendicular to the 
potential jump surface, 


and 


C 2 + D 2 . a. 2 + (} 2 . 

A 2 + B 2h ~ A^ Jz 


(209.10) 


w q" l+q 2 cos 9" E 2 +F 2 . 
l + »/" 2 q cos 9 A 2 + B 2 ^ z 

q" 1+j; 2 cos 9" p 2 +<r 2 . 
q l+q" 2 cos$ 4r 2 A 2 


In the last formula we introduce the definitions (208.7) which render 


q" l+q 2 cos9" 1 1 -<j 2 

q 1 + q" 2 cos 9 r 2 1 — p 2 ’ 

hence 

l -<? 2 p 2 + < t 2 . 

1-p 2 ' 4 A jz ' 


j'z 


(209.11) 
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Eqs. (209.10) and (209.11) when combined with (209.8) and (209.9) then 
yield 



42(1—p 2 )(l—g 2 )| . „ 42(l-p 2 )(l- <! 2 ). 

-3-j'* : - 2 -'■ 


(209.12) 


with A defined in (209.6). From (209.12) there follows immediately the 
equation of continuity, 

L+L=j:. (209.13) 


The quantity 


R = 1 


4A(l-p 2 )(l-q 2 ) 

A 


(209.14) 


is the coefficient of reflection. At normal incidence (p = 0, g = 0) it simply 
becomes 


'A-l \ 2 
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Problem 210. Quantization of Schrodinger field 


The quantization of a force-free Schrodinger wave field into particles 
obeying either Bose or Fermi statistics shall be discussed using suitable 
expressions for energy, momentum and electric charge of the field. 

Solution. Let us start by treating the force-free Schrodinger equation 
as a classical wave field, i // being simply a scalar function of space coor¬ 
dinates and time. Then, in the usual normalization, we have the following 
integral expressions (cf. Problems 3 and 5): the total field energy is 





d 3 x\j/*V 2 ij/, 


the total momentum of’the field is 


( 210 . 1 ) 


P 



d 3 xiJ/*Vil /, 


and the total electric charge of the field is 


(210.2) 


Q = e$d 3 x^*\l/. (210.3) 

Here m and e are phenomenological constants not yet explained as 
particle properties since, so far, the field does not yet consist of particles. 

We further know that a Schrodinger field must satisfy two conjugate 
wave equations, 


h dip 

i dt 


h 2 


2m 


V 2 <A; 


h dij/* 
i dt 



(210.4) 


They may be solved by plane waves which we normalize within an arbit¬ 
rary periodicity cube of volume V ; the complete solution then may be 
written in the form 


&(r,t)=i r 1 £ c fc e ’ 


,£ ( kr-oit) 


(210.5) 
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with the law of dispersion following from (210.4), 

h 1 2 k 2 

hco = -. ( 210 . 6 ) 

2m 


If we put (210.5) in the expressions (210.1) to (210.3) and use the 
orthonormality relation of the plane waves, 

JVx e i{k ~ k)r =Sk,k' 

we get 

h 2 

W= — Yk 2 C % Ck ; P=Yhkc*c k ; Q — eY.c k c k . (210.7) 
2m k k k 


This classical theory now we shall quantize. The wave function i]/ 
shall be replaced by an operator \j/ which operates on Hilbert vectors % 
of particle numbers. The same then holds for the coefficients c k of the 
Fourier series (210.5). They have to be replaced by such operators c k 
and their hermitian conjugates 4 as to make the eigenvalues of c k c k 
integers, viz. 

either N k = 0,1,2,3,... in the Bose case (210 8) 

or jV k = 0,1 only in the Fermi case. 

If this is done, the three expressions (210.7), too, become operators with 


the eigenvalues 

W=T,N u E t ; 

k 

h 2 k 2 



E k = ; 

2m 

(210.9 a) 


k 

II 

a. 

(210.9 b) 


Q=eY,N k , 

k 


(210.9c) 


describing a system of particles without interactions of which N k are 
in the state k and have each the energy E k , the momentum p k and the 
charge e. 

Quantization leading to the required eigenvalues (210.8) is performed 
if the coefficients satisfy the following commutation rules 1,2 : 


or 


[c k ; 4'] - = c k 4' - 4' = S kk . in the Bose case 

[c k J 4 ] + = c k 4' + 4- c k = $kk' in the Fermi case. 


( 210 . 10 ) 


1 The commutator notation [a,b] = ab — ba used in this chapter differs by a 
factor i/h from the one used in chapter I. 

2 For the Bose case, it has been shown in Problem 31 that the eigenvalues 
(210.8) are the consequence of the commutation rule (210.10). The same method 
may be applied in the Fermi case. 
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From these relations the commutator of the wave functions can easily 
be constructed: 

[<r(r.l);*V,l)] ± 4lIhl4.] ± e i«r- 

' k k' 

e ik(r ~ r,) = S(r-r'). (210.11) 

' k 

This commutation relation apparently holds for both commutator signs. 


Problem 211. Scattering in Born approximation 

The quantized Schrodinger theory shall be applied to the elastic scattering 
of a particle in a central force potential, V(r). 

Solution. Let the force-free quantized field of the preceding problem 
be disturbed by the potential F(r); then the hamiltonian W of the field 
has to be supplemented by the perturbation energy, 

W’ = $d 3 x^V\l/. (211.1) 

If we stick to the first approximation, we may put the plane-wave de¬ 
composition (210.5) of the preceding problem into W' for if/ and i/^, 
thus getting 

= lc k <i 3 xF(r)e i( ‘-‘>e i( “'-” )( . (211.2) 

' k k' J 

The integrals in (211.2) are well known from the Born approximation 
(cf. Problem 105); with the abbreviation 

k-k=K (211.3) 

we again arrive at the expression (note that its dimension is erg cm 3 ) 

00 

<k'| V |k> = j* d 3 x V(r) e lKr =4n j* dr r 2 V(r)-—^ — (211.4) 

o 

and may briefly write 

W'=^Zci.c k <k>\V\k>c^‘ 

' k k' 


(211.5) 
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We now turn to describing the scattering process. If in the initial 
state there is just one particle in the state k 0 and all other one-particle 
states are empty, so that the initial Hilbert vector is 

xH0...1* o ...0 k/ •••>, (211.6a) 

and if the final state is defined by there being just one particle in the 
state k f , 

Z/= |0..0 ko ... l k/ ...>, (211.6b) 

then we need the matrix element 

<Xf\W'\Xi> (211.7) 

to determine the transition probability between these two states. 

Using the general rules 

c fc|0fc) = 0» c kUk) = |0k) 

we find 

c kXi~^kko lOfco) ’ 

i.e. all terms of the sum over k in Eq. (211.5) vanish when W' is applied 
to Xi except the term k = k 0 and here the operator c ko exactly annihilates 
the initial particle, thus generating the state vector of vacuum, |0>. If 
now c k , is applied, all sum terms will contribute, viz. 

w' I:u„> = 2 1 <*'1 v |k„> - «»'1:i,.>. 

' k' 

The matrix element (211.7) then again leaves only one term of this sum, 
in consequence of the orthogonality, 

^X/llfc') = Ofc/I Ifc ) — bkfk' > 

therefore 

<X/I w |Xi> = 2 (k,\ K|k 0 >e ,to '-““>'. (211.8) 

From the matrix element we now finally proceed to the differential 
cross section using the Golden Rule, 

(211.9) 

with 

"V p 2 dpdQ m 2 vi ^ 

( 2nh) 3 dE &n 2 h 3 


( 211 . 10 ) 
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where all the quantities refer to the final state. Putting (211.10) in (211.9) 
and using the matrix element formula (211.8), the (large but otherwise 
arbitrary) periodicity volume y cancels out and we arrive at the result, 

da ( m V . 

ST kip) KW>I 2 - < 21U1 > 

With the expression (211.4), this completely agrees with Born’s first 
approximation formula, cf. Problems 105 and 184. 


Problem 212. Quantization of classical radiation field 


A classical Maxwell field in vacuo, underlying the condition of periodicity 
within a cube 'f'—L 3 , shall be quantized into photons, using the classical 
expressions of field energy and momentum. 

Solution. The classical radiation field is described by a vector 
potential A satisfying the differential equations 

U 2 A= 0 and div/4=0 (212.1) 


in the usual gauge leading to transverse waves, The physical meaning 
of these equations can either be explained by coupling A with the field 
strengths, 

£=--A; jT = rot/4, (212.2) 

c 

or by the mechanical expressions of total field energy, 


1 f 1 

W=— d 3 x(g 2 + tf’ 2 )=— 

Sn J 871 

and of total field momentum, 

' d 5 x(S x &e)=— 


47rc 


d 3 x \—A 2 + (rotA) 2 >, (212.3) 


d 3 x(A x rot/4). (212.4) 


471C 2 


The differential equations (212.1) are solved by plane waves in the 
usual standard form, 


A = 


l4nc 2 

iu 


E «* a(9» ■+ fix "°) (212.5) 


with A = 1,2 denoting the two states of transverse polarization and u kA 
a unit vector. There hold three orthogonality relations, 


(« k rft)=0; (u k2 k)=0; {u kl u k2 )=0. 


( 212 . 6 ) 
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The normalization factor in front of the summation sign in (212.5) is 
arbitrary and merely conventional. The k vectors are restricted by the 
periodicity within the cube i^=L 3 to 




2n 

— n 

L 


(212.7) 


with integer components n t = 0, ±1, ± 2,... The frequency co is connected 
with k through the law of dispersion, 


co = kc . 


( 212 . 8 ) 


Since each term in the sum (212.5) consists of two complex conjugate 
members, the vector potential A is a real function of r and t, as necessary 
in the classical Maxwell theory. 

Putting (212.5) in the energy integral (212.3), we get 


W-- 


c y y f d 3 x 1 

coco' 

«a 

2rhkr 1 

2 ' 
c z 

X » 

i 

** 

O 


tix* Hk> 


"k'A'Wk^fc'XMk'A'HfcXKkJ 


>}• 


Multiplication of the two last brackets and integration leaves either 
k'= — k in the products of type qq and q*q*, or k' = k for the types qq* 
and q*q. The first bracket then becomes, when use is yet made of (212.6), 


co" 


(k'k) = 



if k'=-k, 
if k'=+k. 


Hence, there remains 


W=Y J co 2 (q kX qt x + qt Ji q kA ). (212.9) 

fc A 

For the momentum, Eq. (212.4), a similar calculation leads to 

P = Y J (oHq k x<lkx + <lkx(lk*)- ( 212 . 10 ) 

k A 

Now we are ready to proceed to quantizing the classical radiation 
field by replacing the amplitudes q kX and q kk by operators and their 
hermitian conjugates. Written in the form 


?kA~~Ot^fcA and qkx—Ckbkx 


(212.11) 
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with a real normalization factor C k , the expressions (212.9) and (212.10) 
turn into 


kX 

and (212.12) 

P = Y,<okCl(b ki blx+bLb k> ). 


With the operators b kX and b kX chosen to satisfy the commutation rules 


bkxbk'r~~bk’x'bkx—$kk'^xr > (212.13) 

and all other combinations commuting, the eigenvalues of the operators 
b k xb k x become integers, N kk , including zero, 


JV kA =0,l,2,3,... 


(212.14) 


and those of b kx b[ x become N kX + 1. (Cf. Problem 31). If we further put 


C* 



the operators (212.12) become 


and 


Pi 0) 

W= X -j- (b k x‘b{x + bt x‘b k a) 

kX Z 

p=Ehk(b kX bi 1 +bhb kl ) 

kX 


with eigenvalues 


W=Yho>(N kk +i); 

kX 


p = Yhk(N kX +i), 

kX 


(212.15) 


(212.16) 


(212.17) 


This permits interpretation of N kX as the number of photons in a state 
defined by k and 2, each of the photons having the energy ho) and the 
momentum in the wave propagation direction hk = ha)/c. 

There occurs a zero-point energy, i.e. an energy of the vacuum, 


h co 

Wo = Y, — . (212.18) 

kX Z 

In spite of its being infinitely large, it has no serious physical consequences 
and may be normalized away by using 


w-w 0 = Y. h <° N kx 


(212.19) 
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i.e. the difference of the actual state from vacuum. In the momentum the 
zero-point contribution vanishes anyway, because in the sum pairs of 
terms with opposite k vectors cancel each other out. 

The vector potential A then becomes an operator, creating or an¬ 
nihilating photons. It may be gathered from Eqs. (212.5), (212.11) and 
(212.15) that we shall write in quantum theory: 


^ = Z 

kX 


IInch 

rk 


{b kX e Hkr ~ (0t) + b kX e~ iikr ~ <ot) } u kX . (212.20) 


Problem 213. Emission probability of a photon 


The probability that an electron from an excited state in a central potential 
field F(r) will jump to a lower level and emit a photon shall be determined. 
Retardation effects may be neglected. 

Solution. The interaction of matter (the electron) with radiation is 
given by the classical Maxwell expression, 


H’ = ^d 3 x(Aj) 


(213.1) 


with A the vector potential and j the electrical current density of matter. 
The first has been translated into the theory of quantized fields in Problem 
212 3 , 


^ = Z 


kX 


f2nhc 

kY 




The current can be taken from the quantized Schrodinger field, 

h 2 


^ = T C n U „( r )’ 

n 

using the formula 


2m 


V 2 u n +Vu n = E„u n 


(213.2) 


(213.3) 


eh 


2 mi 




(with the electron charge — e), hence 

eh 


2 mi 


Z Z («* Vw„-w„V u*) cl c„. 


(213.4) 


n ri 


3 Omission of the time factors of (212.20) and (210.5) in (213.2) and (213.3) 
corresponds to the transition from the Schrodinger to the Heisenberg picture. 
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The functions u„(r) and u*-(r) are one-particle wave functions according 
to (213.3), the subscript n (or ri) being a comprehensive notation for a 
set of three quantum numbers. The c„ and cl- are the operators used in 
Problem 210 and may satisfy either of the commutation rules 


c„ci'±cl- c n = S nn -, 
c„c„'±c„'C„ = 0. 


(213.5) 


Spontaneous emission of a photon is a process in which the electron 
jumps from an initial state n t to a final state n f or, in the wording of 
quantized wave theory, an electron in the initial state n, is annihilated 
and an electron in the final state n f created instead. At the same time a 
photon in a state (k, X) is created. Such a process will be originated by a 
term with the operator product 


in the hamiltonian. If we put (213.2) and (213.4) in (213.1) such a term 
will indeed occur; we write it in the form 

(213.6a) 

with 

</|if'|i> =-j d>x U~ <’■(«* Vu.-u.yu;,) (213.6b) 


the matrix element of H' between initial and final state. The transition 
probability then follows from the Golden Rule (cf. Problem 183), 


P = ~p f \<f\ H '\i)\ 2 . 


(213.7) 


The density p f of final states in the energy scale is completely deter¬ 
mined by the photon: 


Pf 


k 2 dkdQ k r 

( 2n) 3 hcdk 


r 

Sn 3 hc 


k 2 dQ k 


(213.8) 


with dQ k the solid angle element into which the photon is emitted. 
There remains the evaluation of the integral in (213.6 b), 


I = $d 3 xe ikr {u* f Vu n -u„Vu* f ). 

Retardation may be neglected if the wavelength of the emitted light is 
large compared with the atomic integration domain, i. e., if in the integrand 
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e lkr = 1 is a good approximation. Of the two terms of the integral, the 
second then may be partially integrated, thus yielding 


I = 2^d 3 xu* f Vu„ t . 

From the Schrodinger equations for w„ t and u* f an identity may be 
derived (cf. Problem 187), 


2m 


( E i- E f)^ d3xu * f ru ’u 


and from the conservation of energy there follows 


E { — E f — hoj 

so that the matrix element (213.6 b) becomes 


c 


I2nhc 

~k¥~ 


co(f\u { k X) -r\i) 


with 


(213.9) 


</ 1 «L A) • r |i> = f d 3 x u* (u { k X) ■ r) u„ t . (213.10) 

By gathering the expressions (213.8) and (213.9) into (213.7), we then 
finally obtain 


= Yc (213.11a) 

or, if we introduce v = co/2 n instead of co, in the usual notation, 

c? 4n 2 v 3 

n.A = j- (213.11b) 

The remaining matrix element in this formula may still be decomposed 
into two factors according to 

</|<’- r |i> = II u , ., i/ (213.12) 

with the first factor depending only upon the direction and polarization 
of the photon emitted, and the second only upon atomic parameters. 


Problem 214. Angular distribution of radiation 

The final formulae of the preceding problem shall be used to investigate 
the angular distribution of photons emitted in a P-+S transition of one 
electron. 
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Solution. Let 0 and # be polar angles defining the direction of k. 
We then may define two polarization states, one with in the meridi¬ 
onal plane, the other with m* 2) perpendicular to it. The two unit vectors 
then have the components 


i4 1) = cos©cos#; u (1) = cos© sin#; t4 1>= — sin© (214.1a) 


and 


,( 2 ). 


-sin#; u (2) = cos#; i4 2) = 0. 


(214.1b) 


To construct the components of r if we first write the three components 
x, y, z of r in terms of spherical harmonics: 


x = r 


yOYi + ri.-i); 


y— —ir 



OVr-Ti.-i); 


z=r 


fay 

3 yi ’° 


(214.2) 


Of these three expressions we then form matrix elements between the 
two electrons states, 

\i} = v(r) Y l m {8,(p); \f} = u(r)Y 0y0 {S,(p). (214.3) 

It should be noted that Y 00 = (47i)~^ is a constant. Thence we get, 

1 


x if 


V* 


+^m. —l)» 


yif— ~r- ^ (^m, 1 “ 

V 6 


1 


z v = 


1/3 


0 


(214.4) 


with the abbreviation 


oo 

R= J drr 3 u*(r) v(r) = |/3 |r tf | 


(214.5) 


for the radial integral. 
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The probability of emission of a photon of polarization 1 in the 
solid angle element dQ k is, according to (213.11a) of the preceding 
problem, 


e 2 a> 3 dQ h 


k,X 


.( A ). 


he 3 In 


'if I 2 - 


(214.6) 


With (214.1a, b) for u ( k } and (214.4) for r if we find for the scalar product 
u ( k ] ■ r if in the case 1 = 1 



R 

for m — + 1: 

—— cos@e ‘®, 
l/6 


V 

R 

for m = 0: 

-— sin@, > 

l/3 

for m = — 1: 

V J 

R 

—— cos 0 e 10 


V* J 


and in the case 1 = 2 

D 

for m = +1: — i —— e~‘®, 

1/6 

for m = 0:0, > 

for m = —1: + i-^—e 10 . 

]/6 J 

Thus, if we write 


(214.7) 


(214.8) 


e 2 co 3 R 2 


k,X 


he 3 6n 


dQ k D kX {0,<P), 


(214.9) 


the directional factor D kX will be given by the expressions assembled 
in the accompanying table. In the case 1 = 2, all directions of photon 


Directional factors D k , 

for 

m 

1 = 1 

1 = 2 

+ 1 

\ cos 2 0 

1 

2 

0 

sin 2 ® 

0 

-1 

J cos 2 0 

1 

2 


emission have equal probabilities; only from the initial state m = 0 are 
no photons of this polarization emitted at all. The P state with m= 0, 
only decaying therefore under emission of a photon in polarization 
state 1=1, has an angular distribution as sin 2 0, the main direction 
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of emission for m — 0 thus falling in the equatorial plane 0 = 90°. For 
X= 1 and m= ±1, however, the distribution becomes proportional to 
cos 2 0 and the emission occurs preferably in the directions 0 = 0° 
and 0 = 180°. 


Problem 215. Transition probability 


What is the transition probability of an electron from a higher P to 
a lower S state by emission of a photon of any direction or polarization 
whatsoever? As an example, the mean lifetime of the 2 P state in a 
hydrogen atom shall be computed. 

Solution. In the preceding problem, the differential emission prob¬ 
ability for the photon going into the solid angle element dQ k in the 
direction 0,# was computed for m=+l, 0, -1 and both states of 
polarization. Gathering these formulae and performing summation over 
both polarization states, we obtain 

sin 2 0 for m = 0; (215.1a) 

^ flC O 7C 

Y, P kx = ^rr- ^dQ k i(l+cos 2 0) for m— ± 1. (215.1b) 

^ tlC OTC 2, 


Integration of these expressions over all directions of the photon then 
yields the same transition probability from P to S state for all three 
initial values of m, viz. 


e 2 a> 3 R 2 8n_4 e 2 a> 3 2 
he 3 6n 3 9 he 3 


(215.2) 


Since R has been defined in some detail in the preceding problem, 
we may now immediately turn to the example. From the 2 P state of 
a hydrogen atom transitions are possible only to the 1 S ground state. 
The eigenfunctions of the two states are 

|i> = Al(215.3a) 

and 

|/> = 2e-'Y 0> o (215.3 b) 

in atomic units (unit length: h 2 /me 2 ). It then follows from (214.5) that 


00 
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or, if we make the notation independent of units again, 


2 2 15 h 4 

3 9 mV 


(215.4) 


The light frequency co, in our example, follows from the hydrogen level 
formula 


(O = 


3 me 4 , 

8 V' 


(215.5) 


Putting R 2 from (215.4) and co from (215.5) in (215.2) and suitably 
arranging the factors, we arrive at the result 


P = 




me 4 

V 


(215.6) 


The reciprocal value of this transition probability is the mean life¬ 
time t of the 2 P state, since there are no other ways of decaying in this 
special case. Hence, 


The quantity 


/3\ 8 /^c\ 3 h 3 

\2/ \e 2 ) me 4 ' 

h 3 

—j- = 2.4187 x 10 -17 sec 
me 


(215.7) 


(215.8) 


is a suitable time unit for lifetimes of excited electron states. The factor 

- 4 = 137.0373 
e 

is the reciprocal fine-structure constant. The numerical value of the 
mean lifetime of the hydrogen 2 P state then becomes 

t = 1.5953 x 10~ 9 sec. 


Problem 216. Selection rules for dipole radiation 

It has been shown in Problem 213 that the transition probabilities 
between one-electron states in an atom depend upon the matrix elements 
of the electrical dipole moment, if the photon wavelength is large 
compared to atomic dimensions. Selection rules shall be derived from 
this fact. What can be concluded for the normal Zeeman effect? 
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Solution. The probability that a photon is emitted into a solid angle 
element dQ k in the direction k (polar angles 0, 0) in a state X of 
polarization is, according to (213.11b), 

P*,x = y c —p~ dC2 u K/l ■ r |i> |> (216.1) 

in dipole approximation. Here is a unit vector in the direction of 
polarization, viz. according to (214.1a, b), either with the components 

u$ c 1) = cos@cos<£; = cos 0 sin<P; u ( P — — sin© (216.2a) 
or 

t4 2) =-sin#; u (2) — cos#; u (2) = 0. (216.2 b) 

The two atomic states have wave functions 


10 = (pi(r) Y ltm (9, (p); </| = (p f (r) Yf, m (9, (p) 

so that the matrix element of r has the components 

<f\x±iy\i}= J drr 3 (pi(p f jdQY t f m .sin9e ±i(p Y ljm , 


0 

oo 


> (216.3) 


</UI0= | drr 3 (pi(p f § dQY?^ cosS Y lm . 
o 

We may now use the relations 

sin&e ±l,p Y t m = ± m +i Yj+ 1 , m ±i+-'4z, T,_ lm±1 , 

cosS Y Um — B l+ 1 m Y l+l m + B l m Y l _ l m 
with coefficients 


^l,r 


f(l+m)(l+m- 1) 
( 2 /+l)( 2 /-l) 5 


Bi, 


/ (l + m)(l — m) 
( 2 /+l)( 2 /-l) 


(216.4) 


(216.5) 


which permit angular integrations in (216.3), 

‘(/Ix + iylO = B-if + + l ^|',Z + l d m ',m±l 

d" -Al, + m^l’,l — 1 ^m',m ±1} ’ 

(/l z IO = By {Bi+i, m ^i',i+i "T Bi m <5j'j—i} 


(216.6a) 
(216.6 b) 


where the abbreviation R if stands for the radial part, 

00 

By = J drr 3 <jp £ (r) (p f (r). (216.7) 

o 

These matrix elements vanish if not l' = l±l, thus providing us 
with the first basic selection rule for dipole transitions. Further, it is 



242 


Radiation Theory 


seen that for m' = m± 1 only the matrix element of x±iy, and for 
m' = m of z, do not vanish. Any other changes of the quantum numbers l 
and m cannot occur in dipole transitions. 

Combining these selection rules with the polarization vectors 
(216.2 a, b), we may compute the matrix elements 


occurring in (216.1), for the two polarization states X=1 and X—2. 
The results are summarized in the accompanying table. 


m! 

X 

r=i+i 

1 = 1- 1 

m + 1 

1 

jcos© e 10 Rif A I+lm+1 

-icos 0c- i0 R if A^ m 

2 

— 2 e l<I> Rtf J ^l+l,m+l 

^- i0 R if A u _ m 

m 

1 

-sin 0R if B l + Um 

— sin 0 R if B lm 

2 

0 

0 

m— 1 

1 

2 

— jcos0e‘®/?,y/1, + 1 _ m + 1 
-&*R tf A l+u . m + 1 

icos eJ*R if A Um 

W 0 RifA,, m 


If the radiating atoms are not oriented in space, observation gives 
only intensity averages over all directions. The orientation, though, 
which is performed under Zeeman effect conditions gives more infor- 


m— +2 
+ 1 
0 

-1 

-2 



m= +1 
0 


4m = -7 Am=0 Am = +1 


Fig. 74. Zeeman transitions D-»P. There are three lines of different polarization 

according to Am= + 1,0, — 1 
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mation. The polar axis <9 = 0 then coincides with the direction of the 
magnetic field. If we observe light emission in field direction, therefore, 
the matrix elements for m' = m will vanish, so that only the lines 
m' = m + l and m' = m— 1 are observed. In any direction perpendicular 
to the field, on the other hand, we have cos0 = 0 so that m' = m+1 
lines appear in polarization state 2, but m' = m in state 1, only. 

As an example let us take the Zeeman transition from a D state 
(5 components) to a P state (3 components). If the frequency of the line 
emitted in absence of the magnetic field is co 0 , we then find three possible 
frequencies in the magnetic field (Fig. 74), viz. 

<o 1 = a> 0 + (o L for ml — m —1,1 ^ 

co n for m! — m, > with c o, — -—. 

, , ’ [ 2mc 

(»_! = o)q — (o l for m —m +1 J 

Observing in field direction (0 = 0), we find the middle line ( co 0 ) does 
not occur and there is a doublet of frequencies co 0 + co L and (o 0 ~-co L . 
In perpendicular observation all three lines occur, forming the full 
Zeeman triplet, though in different states of polarization. 


Problem 217. Intensities of Lyman lines 


To compare the intensities of emission of the two first Lyman lines of 
atomic hydrogen, Lya and Ly/i. 

Solution. We are concerned with the two transitions 

Lya: 2p-»ls and Ly fi: 3p-*ls. 

The emission probability, integrated over all directions and summed 
up over both polarizations, is 

(2171) 


the intensity of a spectral line (energy per second) is proportional to 
w-P so that for the two lines under consideration we have the intensity 
ratio 


( E X 

<1 s|r|2p> 2 

w 

<ls|r|3p> 


(217.2) 


Here the energy differences in atomic units are 



and F/j — 2 — 1 8 — 9 • 


(217.3) 


We still have to calculate the two matrix elements. 
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From Problem 67 we know the wave function of the final state to be 

|ls> = —J=e—(217.4a) 
\/n 

whereas for the initial state we have either in the Lya case 


|2p> =-— re~± r cos 5 (217.4 b) 

4|/2 h 

or in the Ly fi case 

| 3 p\_-—— — r 2 |e“^ r cos$. (217.4c) 

27l/27r \ 6 ) 

Here we have arbitrarily used the p states with m=0, a choice which 
does not restrict generality as long as no directional effects are discussed. 
Since the vector r has components 

x±iy= rsm$e ±l(p andz = rcos$, 


it is immediately seen that the matrix elements of x±iy vanish in 
consequence of the integration over <p. Therefore only </|z|i> remains 
to be computed. We obtain, 


<ls|z|2p> = 


1 


<£ 


and 


<ls|z|3p> = 


4tt|/2 J 

4 i 


■ 


dQ cos 2 9 drr*e Tr 


27 7i j/2 J 


dQ cos 2 5 




— r 2 )e . 


Elementary evaluation leads to 

1 256 


1 27 


<1 s|z|2p> <ls|z|3p> = — • —. (217.5) 

|/2 243 j/2 64 


Thus, Eq. (217.2) with (217.3) and (217.5) yields the final result 
I„ /27\ 4 /256 64\ 2 


or 


Ip \32J \243 21) 

IJIp = 3.18. 


= 0.510x6.23 


(217.6) 


Literature. Radial matrix elements for other pairs of hydrogen states are given 
by Bethe, H. A., Salpeter, E. E., in: Encyclopedia of Physics, vol. 35 (1956), cf. 
their section 63, and especially table 13. 
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Problem 218. Compton effect 


The scattering of a photon by a free electron at rest shall be investigated 
in the unrelativistic frame. 

Solution. In the presence of a radiation field, the electric current 
density of an electron field is described by 4 

t 2 

j= *)- — ^V=/+/'- (218.1) 

2mi me 


The interaction energy of the two fields if/ and A is 

W = ^d 3 x j-A — W' + W". 
If for if/ the quantized Schrodinger field, 

t £ c * Qiqr 
\fr 7 

and for A the quantized radiation field 


^=i 

It A 


/2nhc 

~Tk 


< X) (b kl e ik ' + bt x c- ikr ) 


(218.2) 


(218.3) 


(218.4) 


are put in (218.2), it can easily be seen that W” (arising from j") will 
contribute to scattering in first-order, whereas W' (arising from j') does 
so only in second-order approximation. We shall therefore in what 
follows confine our attention to the term 


W" 


me 


d 3 xA 2 if/*if/. 


(218.5) 


This interaction term can easily be understood from the viewpoint of the 

classical picture in which the electric field strength S = - A of the incident 

c 

light wave plucks at the electron according to its equation of motion, 

£ • £ 
mr= — e$ = — A\ hence r = — A. 

c me 

£ 

This originates an induced current density j" = pr = — p A, if p denotes the 


4 In the radiation problems previously dealt with, the last supplement term in 
(218.1) would not have contributed in first order. 
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charge density, and the interaction between the current and the radiation field is, 
according to Maxwell’s theory, 



If here we set p=—e^il/, Eq. (218.5) results. 

The Compton scattering process is, in first order, described by a 
hamiltonian term with the operator combination 

cJ-cXjA, (218.6) 

if a photon in the state (k, X) and an electron of momentum hq of the 
initial state are both annihilated and replaced by the newly created 
photon in the state ( k',X ') and electron of momentum hq'. 

If we pick out of (218.5) the factor of the operator product (218.6), 
we have the matrix element, 

<f\W"\i>=- d 3 x 2nhl Z- («l A) -»#V (fc+ *~ fc '~*' )r - (218.7) 

J -r 2 ]/kk' 


The integral in (218.7) vanishes unless 

k + q = k+q', (218.8) 


i. e. unless the law of momentum conservation holds for the process. 
If it holds, (218.7) becomes 


<f\W"\i) = 


2ne 2 h (uj^-uj^) 
mcr \/kk 


(218.9) 


For determining the cross section we apply the Golden Rule, 

dG(k'.X')=~ yiv|</l»”|(>| j (218.10) 

where the final density of states follows from 


k' 2 dk'dQ'r 

Pf ~ Sn 3 dE f 


(218.11) 


and the final energy is 


h 2 


E f = hck' + q' 2 — he < k! + — 

1 2m ^ lx 


(k'-k-q) 2 


(218.12) 


with x — mc/h. 

Let us now deal with polarization. In Fig. 75 the directions k and 
k' of the photon before and after the collision are lying in the plane 
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of drawing. The vectors and u£ J both lie in this plane, u ( k 2) and uft 
(not drawn) are perpendicular to it. The scalar products in (218.9) 
can then be read directly from the figure: 

(*k 1, -«r ) ) = cos#; (u^-u^V) = 0; (218.13a) 

(«<?>• u<‘>) = 0; (■«>•■«>)= 1. (218.13b) 



Fig. 75. Compton effect. Definition of polarization vectors in the initial state (fc) 
and final state (fc') of the photon. Vectors and iij t 9 in the k, k' plane, vectors uj [ 2) 
and ii^ 2) (not drawn) perpendicular to it 


These relations show that there can only be transitions with both 
polarization vectors, before and after the collision, lying in the k,k' 
plane, or with both perpendicular to it. In the first case the transition 
probability becomes proportional to cos 2 #, in the second case it is 
independent of the scattering angle. If the incident light is unpolarized 
we have to average over A and to sum up over the final states X thus 
getting 

]T(u k l) -ii k 2,) ) 2 = ^(l+cos 2 #). (218.14) 

A' 

For the further discussion, let us suppose the electron to be at rest 
in the initial state, 

9 = 0. (218.15) 

Then the law of energy conservation reads, according to (218.12), 

fcc{fc' + ^(*'-fc) 2 j = ftc/c. ( 218 . 16 ) 

This is a quadratic equation for the determination of k' because 
(k'-k) 2 = k’ 2 + k 2 -2kk' cosS. 

Its solution is 


k' = fecos#-x + ]/x 2 + 2x/c(l -cos9)-k 2 sin 2 #. (218.17) 
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To evaluate p f , Eq. (218.11), we derive from (218.16) 


therefore, 


k' 2 

Pf 87 i 3 hc 1 ^ 

1 +—(k—kcos9) 


(218.18) 


and the differential scattering cross section, according to (218.10), 
(218.9), (218.14) and (218.18) becomes 


, .*■- (21819) 

l+-(k'-kcos3) 

X 


where k' still may be replaced by the full expression (218.17). 

So far, these are all rigorous unrelativistic formulae. They can, of 
course, be used only as long as the electron does not receive a kinetic 
energy comparable with me 2 : 

E kia = hc(k — k')-4mc 2 or k — k'<^x. 

It is therefore reasonable to expand (218.17) and (218.19) in powers 
of k/x: 

k! k k 2 

_ = =___(l_cos3) + --- 

XXX 


da = \ {l - 2 - (1 - cos 3)1 (1 + cos 2 3)dQ'. (218.20) 


2 \mc 2 


The second-order contribution from W’, Eq. (218.2) vanishes for q= 0. In 
the relativistic treatment, the Dirac expression (199.1) for the current density is 
generally used which only in second order can originate Compton transitions. The 
expression, however, may be split up according to Problem 199, so that the 
relativistic treatment may be performed in complete analogy to the unrelativistic 
method of the present Problem. 

The total cross section then follows by elementary integration of 
(218.20) over all directions and may be written 


87t/e 2 Y 1 

3 l me 2 ) . _ k 

x 7 1+2- 


(218.21) 
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It is well known from classical electrodynamics that the so-called 
Thomson cross section, 

2 

I =6.652x10“ 25 cm 2 , (218.22) 

represents the long-wavelength limit to our problem. The additional 
factor in (218.21), lowering the cross section with increasing photon 
energy ( k/x = hoo/mc 2 ), is a first quantum theoretical correction, suf¬ 
ficient as long as k/x<^\, or as long as the wavelength is still large 
compared with the Compton wavelength 1 /x = h/mc. (For hco = mc 2 
= 0.51 MeV or k — x, the wavelength is X — lnh/mc) 

NB 1. The second-order contribution from W', Eq. (218.2) vanishes for q— 0. 
In the relativistic treatment, usually the current density expression (199.1) is used, 
which can only in second order originate Compton transitions. If this expression 
is split up according to Problem 199, we may formulate the relativistic treatment 
in complete analogy to the unrelativistic one of the present problem. 

NB 2. At higher photon energies the electron field has to be treated by the 
Dirac theory. The result then is the Klein-Nishina formula instead of (218.21). That 
our approximation can be used in rather a wide domain of energies may be seen 
from the following figures. For k/x=0.2, Eq. (218.21) gives er/<r 0 = 0.714 whereas the 
rigorous Klein-Nishina formula leads to 0.737. At k/x = 1 the two values are 
cr/<x 0 = 0.333 from (218.21) and 0.431 (Kl.-N.). The real values of cross sections 
decrease much more slowly with increasing energy than those of our approxima¬ 
tion, e.g. at k/x= 1000 we find <j/<t o = 0.0050 instead of the exact value 0.0215. 


8 7r / e 2 
°0 -y I 2 

3 \mc 


Problem 219. Bremsstrahlung 

In an unrelativistic treatment, the production of an x ray photon by an 
electron passing a heavy nucleus may be dealt with as a second-order 
process in which the nucleus is simply described by its electrostatic field 
and its mass is supposed to be infinitely large. The bremsstrahlung 
spectrum shall be calculated in this approximation. 

Solution. Reproduced in Fig. 76 are the two simplest possible graphs 
of this process. In the initial state there is the nucleus at rest and an 
electron of momentum hq, in the final state the infinitely heavy nucleus 
is still at rest, the electron has a smaller momentum hq' and a photon 
( k,X ) has been created. This creation process, together with simple 
Rutherford scattering of the electron at the nucleus, gives rise to the 
two vertices in one or the other order of succession. In consequence of the 
infinite mass of the nucleus, not energy but momentum may be trans- 
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ferred to it (M—oo, p finite, p 2 /2M=0, f = 0) so that between the 
initial and final states of the other particles energy conservation will 
still hold, but conservation of momentum will not. 



Fig. 76 a and b. Lowest Feynman graphs for bremsstrahlung in unrelativistic 
approach. Double line nucleus, single line electron, wavy line photon 


The perturbation energy consists of two terms, 


viz. 


H' = H 1 +H 2 



(219.1) 

(219.2) 


the Coulomb interaction of the nucleus (charge Ze) and electron (charge 
density p—— and 


1 /• 

H 1 = -\Px(A-jy, j = - 

c J 2mi 


(219.3) 


the radiation interaction. The field operators are 
A = *> 


and 


* 


1 


]/r 


/2nhc 

<\b ki e ,k '+l 

(219.4) 

kr 

V e‘ ,vr ; 

V<l< = 

(219.5) 


Putting (219.4) and (219.5) in (219.2) and (219.3) and performing the 
space integrations, we arrive at 


Hi = 


Ze 2 . 4 u 

~ £ C “ C 'STTi* 


(219.6) 
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and 

H 2 = 


eh 
2 me 


z z 

It,A n,v 


2nhc 


U kX •(^+«v)4 C v{ fe fc A <5fc, 9m~ 9v+ A ^k, «v- «„} ’ 

(219.7) 


For graph a in Fig. 76, we have to look up the factors of c q c* q in H t 
and of c cLbl x in H 2 to obtain the matrix elements 

^ a 

Att 7 P^“ 1 

<«JHi If) = -• 7 - a ( 219 - 8a ) 

r If-f.l 2 

and 


(q',kX\H 2 \q a y 


eh 
2 me 


/2nhc 

Tr 


u kA (q a + q'). 


(219.8 b) 


No law of conservation holds at the first vertex but, at the second, 
conservation of momentum yields 

k + q'=q a (219.9a) 

so that, with u kX perpendicular to k, 

» k x(<la+q') = 2u kx q'. (219.10a) 

For the graph b in Fig. 76 we want the factors of c q c qb b kx in H 2 and of 
c qb c\. in H lt viz. 


<q„,kX\H 2 \q> = 


eh 
2 me 


/2nhc 

kr 


u k ,(q + q„) (219.11a) 


and 


<q'\H 1 \q b y = 


4nZe 2 


1 


r \q'~q b \ 2 ' 

In this case, momentum conservation holds at the first vertex, 


(219.11b) 


k~q+q b = 0 

and therefore 

u k x(q + q b ) = 2u kx q. 
The energy of the initial state, 

h 2 q 2 


E t = 


2m 


must be equal to the energy of the final state, 

h 2 q' 2 


E r 


2m 


+ hek. 


(219.9 b) 
(219.10b) 

(219.12) 


(219.13) 
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hence 


me 


q 2 = q +2xk; x — —. 

n 


Using (219.9 a, b) we find for the two intermediate states 

^ h 2 <£ & 


E h 


2m = ^ (4 ' + fc)2; 

h 2 a 2 h 2 

- b + tick = — {(q — k) 2 + 2xk\. 
2m 2m 1 J 


(219.14) 


(219.15) 

(219.16) 


With these abbreviations we now may write the second-order matrix 
element in the form 




(f\H 2 \a} (a\Hi \i} </l#iifr> (b\H 2 \i} 

Ei -E a Ei-E b 


which, collecting the matrix elements from (219.8a,b) and (219.11a, b) 
and the expressions for q a and q b , may be written in more detail 




AnZe 2 

r 


eh y2nhc 1 j (u kX -g') (« fcA -<?) | 

mef rk \q-q' — k\ 2 — 


(219.17) 


To find the cross section, we must apply the Golden Rule and 
therefore need the final state density p f . This is a little difficult to de¬ 
termine because, in consequence of non-conservation of momentum, 
the two final particles are emitted in independent directions. For one 
particle (1) we know that 


Pi 


/i 3 d£ 1 


P\ V 
- TjdOi- 

Vi h 3 


The other particle (2), for which p 2 must be a similar expression, is 
bound to lie within an interval dE 2 whose width and position are 
already determined by energy conservation when the interval for the 
first particle is given. Hence, 

Pf — Pi Pi dE 2 

or, in our special case, if 1 is the unrelativistic electron (q') and 2 the 
photon ( k ), so that 

2 2 1 

— = mhq — = — h 2 k 2 \ dE 2 = hcdk, 

t>i v 2 c 
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we have 


P/ = 


mhq' 

Sn 3 h 3 


rdQ' ■ 


h 2 k 2 

Sn 3 h 3 c 


y dQ k -hcdk. 


(219.18) 


From the general formula 


da = — • ~P f \<f\H\i)\ 2 , 

Vi n 


giving the differential cross section of the electron being scattered into 
dQ' and the photon of polarization A falling in the interval dk and 
within the solid-angle element dQ k , we then find by inserting (219.17) 
and (219.18): 



2„4 


Z 1 e 


n 


(fk 

9 


1 

I q-q'-k\* 



+ 


u k x q 

Ei-E b 


dQ k dQ!dk. 

(219.19) 


There remains the problem of determining the photon energy 
spectrum, whatever the directions of both particles or the polarization 
of the photon emitted. This means integration over the directions 
and summation over A. The integration procedures in such problems 
are often rather laborious. In the present case, however, they become 
very simple, as shall now be shown. 



X 


Fig. 77. Notations for bremsstrahlung 


In Fig. 77 the three momenta have been drawn in a coordinate 
system. They are not coplanar, i.e. if the xz plane is chosen so that q 
and k fall in this plane, q 1 will have a y component. The components 
of the three momenta thus become 

q = q( 0,0,1); 

fc = /c(sin$, 0,cos$); 

q' = <j'(sin -9' cos (p', sin S' sin cp', cos S') 
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and of the two polarization vectors 

<*■ 

“si = (~~ cos S, 0, sin 5); « k2 = (0,1,0). 

For further evaluation of the cross section, we now make the tyi- 
pically unrelativistic approximation to neglect the photon momentum 
compared to that of the electron, since from (219.14) it may be con¬ 
cluded that k<^q and k<q' because x is large. This allows us to simplify 
the energy denominators in (219.19). Making use of Eqs. (219.12), 
(219.15) and (219.16), we get 

E i -E a = ^tf-4 1 -2q'-k~k 1 )- 

2m 

h 2 

Ei-E b = ~-{-2xk+2q-k-k 2 ). 

2m 

In both expressions the two last terms then may be neglected, and 2 xk 
replaced by q 2 — q' z according to (219.14) so that 

E,-E. = ^-(9 2 -«' 2 )= -(£,-£„)■ (219.20) 


The two energy denominators in (219.19) thus becoming opposite and 
equal, we may simply subtract the two numerators for either A=1 or 


X = 2: 


u ki' 9' — u ki - 9 — q'( — cos S sin S' cos q>' + sin S cos 9') — q sin S; 
u k 2 '9' ~ u k 2 '9 = 4 sin S' sin q>'. 


(219.21) 


To perform summation over X we then square and add these two ex¬ 
pressions. 

Finally, the Rutherford denominator in (219.19) may be written in 
the same approximation 

{q-q - k ) 4 ca(q- q ') 4 = (q 2 + q' 2 -2qq' cos S ') 2 . (219.22) 


Assembling all these factors, it is seen at once that the angles S and <p' 
occur in the sum of the squares of (219.21) only, so that integration 
over these angles can be performed separately in these terms by a 
straightforward elementary calculation: 

2k 

dp'jhlfyXiUu-q'-Uu-q) 2 = ^-(q 2 + q' 2 -2qq'cosS'). (219.23) 
0 
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Fortunately we find here the same bracket in the numerator of the 
cross section that according to (219.22) occurs twice in its denominator. 
Gathering up all these factors, we then arrive at 

+ 1 

2 /VV 16 q' dk f d cos S' 
do{k) \ftc/ 3 q k J q 2 + q’ 2 — 2qq'cosS’ 

- i 

where da{k) stands for the partial cross section of a photon created 
in the energy interval dk, whatever else may have happened. The in¬ 
tegral permits elementary evaluation, 

+ i 

f d cos &’ 1 a + g' 

J q 2 + q ,2 -2qq' cos9' = ^ ° 8 9^’ 

- i 

leaving us finally with the result 


16 ,/ e 2 

^, = 7 z \Vc 


1 , q + q'\dk 

h r- 


(219.24) 


Using (219.14), the momenta may be eliminated from this formula 
and q' be expressed by the energies E of the incident electron, and 
E k = hck of the outgoing photon: 


, 9 + 9 , (9 + 9) , 

log-; = log -■ ■ - = log 

q-q f q 2 ~q 2 


(l^+]/E=T k y 



Fig. 78. Bremsstrahlung intensity distribution in unrelativistic theory. The log¬ 
arithmic divergence at £*=0 does not occur if screening of the Coulomb field 

is taken into account 
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This bremsstrahlung spectrum has been shown in Fig. 78. It shows a 
remarkable singularity for the production of photons of very small 
energy, the so-called infrared divergence. 

Literature. For relativistic treatment and for screening problems cf. Heitler, W.: 
Quantum Theory of Radiation, 3rd ed., Oxford 1954, pp. 242—256. 
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Coordinate systems 

We start with rectangular coordinates x, y, z and list the transformation 
formulae for some frequently occurring curvilinear coordinate systems. 
We add the formulae of transformation for the distance from the co¬ 
ordinate centre, 

r = ]/x 2 + y 2 + z 2 

and of the Laplacian, 

2 s 2 d 2 d 2 

v 2 =-1-1—. 

dx 2 dy 2 dz 2 

a) Spherical polar coordinates. Let the z axis be the polar axis and 
denote by S the angle between the vector r and this axis, and by cp the 
azimuth angle about this axis (cf. Fig. 33 on p. 145, vol. I). 

x = r sin#cos<jo; y = r sin# sin </>; z = r cos#; 

. d 2 u 2 du 1 f 1 d ( . du\ 1 d 2 u) 

b) Circular cylindrical coordinates. Let the z axis be the common 
axis of circular cylinders of radii p = constans. The angle (p again shall 
be the azimuth angle about the z axis, and p, q>, z be chosen as coordinates. 

x = pcos(p; y — psin(p; z — z; r — ]/p 2 + z 2 ; 

. d 2 u 1 du 1 d 2 u d 2 u 
V 2 m = —y + -— + — 

dp p dp p dq> dz 

c) Parabolic coordinates. Let the z axis be the common axis of ro¬ 
tation for two sets of paraboloids £ = constans and rj = constans, all 
having their foci in the coordinate centre (z = 0) and opened the one 
towards the positive, the other towards the negative z axis. Again q> 
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shall be the azimuth angle about the z axis. There are two customary 
choices then of the coordinates rj, q>. 

First system. x = |/^cos<p; y = ]/&} sin<p; z=j(^ — rj); 

£ = r+z; tj = r-z; p = ]/Oj; 

4 \ d ( du\ d ( du\ t; + tj d 2 u] 

+ d£/ + driY dr/) + 4£t? d(p 2 \' 

Second system. x = £ricos(p; y=£rjsin(p; z=j(^ 2 — ij 2 ); 

r=?(£ 2 + r] 2 ); £ 2 = r + z; rj 2 = r-z', p = £rj; 

. 1 f 1 d ( du\ 1 d ( du\ /I 1 \ d 2 u 

d) Ellipsoidal coordinates. Two points lying on the z axis at z=±c 
shall be chosen as common foci to a set of prolate ellipsoids of rotation 
described by £ = constans. There exists a set of two-sheet hyperboloids 
of rotation orthogonally intersecting them and having the same foci, 
?/ —constans. Again q> shall be the azimuth angle about the z axis. Let 
r l and r 2 be the distances from the two foci z= — c and z= +c, respect¬ 
ively. 

x = cj/(£ 2 -l)(l-V) cos cp; y = cj/(<^ 2 -1)(1-^ 2 ) sin<p; z = c£rj; 

ri=c(£ + ri); r 2 = c(f-rj)-, £ = J-(rj +r 2 ); rj = ^-(r t -r 2 ); 

2c 2c 

r=c]/{ 2 +>, 2 — 1; p = cl/K 2 -l)(l-i/ 2 ). 

Domains of values: 1 <£<oo; — !<»/< + 1; 0<(p<2n. 


V 2 w = 


1 

c\e~r\ 2 ) 





V (l-r, 2 K4 2 -X) a<p 2 J 


r function 

The r function is a generalization of the factorial, the latter being 
defined only for positive integers by 

n! = 1 -2-3 ... n (1) 

and having the special property 

(n+l)! = (n+l)n!. 


(2) 
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It can equally well be defined by the Euler integral, 

GO 

n! — f dte~‘t" (3) 

o 

which supplements the value 0 ! = 1 which would otherwise be meaningless. 

The generalizations of (2) and (3) for any complex number z = x + iy 
are 


r(z + l) = zT(z); 

F(n+ l) = n! 

(4) 

00 

T(z) = \dte~ t t z ~ 1 

(if Rez>0). 

(5) 


o 


This function is meromorphic and has poles along the negative real 


axis at z = —n(n = 0,1,2,...) with residues (— \) n /n\. 

Special values. 

r(l) = 0!= 1; r(n) = (n — 1)!; (6) 

n4)“l/S; nl)=ffl!=i l/j; (7) 

, , (2n+1)! r- 

r(n+|) = (n + 2 )! = ~ in y T ~ ]/n. (8) 

Relations between functions of different arguments. 

nz)m-z) = ^; (9) 

sin7tz 

r(2z) = -^—2 2z - l r{z)r{z+\). (io) 


Infinite series or product expansions. To compute the complex 
number 


r(x + iy) = £e i ’’ 


(11a) 


we may use the expansions 


Z = r(x) n 1 + 


n = 0 


(x + ny 


and 


rj = yl-c+ £ I- 

i n=i\n y 


(I — —tan -1 ' 


x + n—1. 


(lib) 


(11c) 
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with 


00 

C = jdte~Tog| = 0.577215..'. 
o 


the Euler constant. For x= 1 we get 


(lid) 


e=\r{i+iy )\ 2 = 


ny 


sinh7ry 


( 12 ) 


Asymptotic behaviour. For |z|^>l and |argz| <7t (i.e. excluding the 
negative real axis with its poles) we may use Stirling's formula 


1 


1 


logF(z) = I z — — )log z — z + — log27r + 0 


or 


F(z) 

The formula is often used for 



,z(logz — 1) 


z !=r( z +i)= z r( z )~i^e ! "”»‘-»li + -i- + -i 

f 12z 288; 


■ + 


(13) 

(14) 

(15) 


The last series is semiconvergent. Putting it — 1, we get the following 
comparison: 


n 

n\ 

j/27t«e n(loan - 1) 

0 

1 

0 

1 

1 

0.925 

2 

2 

1.920 

3 

6 

5.836 

4 

24 

23.506 

5 

120 

118.01 


Bessel functions 


The differential equation 



,1 f v \ 

(1) 


u" + -u' + 1 - - w = 0 


z V z 2 / 

is solved by 

u = AJ v (z) + BN v (z) 

(2) 

or by 

u = C 1 Hl 1 \z) + C 2 Hl 2) (z). 

(3) 
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The function J v is called Bessel function (in the proper sense), the 
function N v Neumann function. If v is not an integer, the definition 

Nfz) = -7— — (cos n v Jfz) - J_ v (z)) (4) 

sinTtv 

may be used, otherwise (i.e. for v = n with n = 0, ± 1, ±2 ,...), 


J_ M (z) = (-l)"J n (z) 


(5) 


is no longer linearly independent of J n . The function N n (z) still may 
then be defined by its asymptotics (see below). 

The Bessel function J v can be defined by its power series 


f{z) = 



(-D n M 2 " 

n!r(v + n + l) \2/ : 


( 6 ) 


converging in the whole z plane cut along the negative real axis, since 
z=0 is a branch point. 

The functions if^ 1) and H\ 2) are called Hankel functions of the first 
and second kind. They are defined by 

H^(z) = Jfz) + i 1 V v (z); H?\z) = Jfz) - i Nfz). (7) 


The fundamental system (2) of solutions has real values for real z; its 
Wronskian is 2j(nz). The Wronskian of (3) is —4i/(nz). If v is not 
integer, J v and J_ v form a third fundamental system of solutions with 
the Wronskian — 2 sin tc v/(tc z). 

Recurrence relations. For each one of the four types of functions 
defined by (2) and (3) there hold the relations, 

2 v 

m v _!+w v+ i=— u v ; m v _ 1 -m v+1 =2m' v (8a) 

z 

or 

v 2v 

m v +i = — u v -u' v ; u v+ 1 = — m v -m v _ 1 . (8b) 

z z 

Asymptotic behaviour. With the abbreviation 

C = *-y(v+i) (9a) 


for |z|>l + iv| and |argz| <7c, i.e. for large values of |z| in the z plane 
cut along the negative real axis, there hold the asymptotic formulae 



(9b) 
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Functions of the type z“^H* 1,2) (z) for real z describe outgoing and 
incoming spherical waves, respectively. 

Modified Bessel functions. The functions 

Ifx) = i~ v J v (ix) (10) 

and 

«„(*) = (11a) 

or, if v is not an integer, 

K v (x) = —-— [/_ v (x) - / v (x)] (11 b) 

2smv7i 


have real values for real positive x. The last function is of special interest 
because of its asymptotic behaviour for large x: 


K v (x) 



( 12 ) 


More formulae for K 0 and are given in Problem 185. — In Problem 99 the 
differential equation 

u"—g 2 x~"u = 0 (13a) 

has been solved by 

u=]/x Kj^(j-x~ x \ with X = Y ~y~ • (13b) 


In some optical diffraction problems the function 


Ai(x) = 



(14a) 


plays a role. It is called the Airy function. Its analytic continuation to 
negative x values yields 

Ai(-x)=il/i{J i (|xi)+./- i (!xh}- (14b) 

In this book, the Airy function has been used in Problem 40 where it is shown in 
Fig. 28. It might also be used with advantage in Problem 117 where, however, 
regress to the functions J v and /„ with v= +j has been preferred. 

Spherical Bessel functions. The index values v = l+j with integer 
1=0,1,2,... play an important role, because they occur in factorizing 
the solutions of the wave equation in spherical polar coordinates. It is 
usual to introduce the four standard types 1 


1 In the literature the functions here denoted by j t etc are often denoted by /, etc 

1 „ \ * 

with ji = —ji. This has the advantage that h\ 1,2) (z) = — h\ l,2) {z) then become 

Z Z 

outgoing and incoming spherical waves. 
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Ji(z) 


«,(z) 



2 



^1+ j( z )» 

N J+ x(z)=(-iy +i 





h\ l \z) = ;,(z) + in,(z); h\ 2 \z)=j l (z)-in l (z). 

They are solutions of the differential equation 

7 (/+i) 2N 


m" + 1 - 


I M = 0 


(15) 

(16) 

(17) 

(18) 


and have very simple asymptotics: 

;'/(z)-*sin ^z ~ »iU)“* - cos (z -y 

h, (1) ->i _a+1) e iz ; h\ 2 \z)-*i l + 1 e~ lz . 

The most important Wronskians are 

jin'i-nJi = 1; /ij 1) /ij 2) '-/ij 2) /ij 1), = — 2i. 

For |z|<^l+^ we have 


7)00 


2 ' /! , + i. ,, (20! 

(27+T)T z • " l(z)= -?M z ' 


(19) 


( 20 ) 


( 21 ) 


Recurrence relations. For each one of the four types of functions 
defined by (15)—(17) there hold the relations 


2 / + 1 


u i +1 — 


u i — Ui _ i; u l+1 


1 +1 




( 22 ) 


The first of these relations may also be used for constructing functions 
with negative l. 

The spherical Bessel functions are elementary functions. The simplest 
of them are assembled in the following survey. 


jo = sinz; 
sinz 

h =-cosz; 

z 


h = - 1 sinz 


Wfi = - 


cosz; 

cosz 


3 

— cosz; 
z 


n, = - 


n, = 


z 

'3 


sinz; 


— 1 cosz 


3 . 

— sinz 
z 
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and 


h ( Q ] = — ie iz ; 

*'" = (-7- 1 ) 6 " 

' I "’ = (- 7-7 + i >‘- 


/i ( 0 2) = ie" 


h? 


- 1 e- iz ; 



e 


— iz 


Legendre functions 


The differential equation 

(1 — z 2 )u” — 2zw' + v(v + l)w = 0 (1) 

is of the hypergeometric type with the singularities at z = ± 1 and oo. 
The complete solution can be written 

u v = A 2 F 1 ( -v, v + 1,1; 





/v V 1 3 

i F i ( 2 + 2^ + Y ’ V + ¥ ’ 



( 2 ) 


where the factor of A is called a Legendre function of the first kind, 
P v (z ), and the factor of B is (save of a normalization factor) a Legendre 
function of the second kind, Q v (z). 

If v is an integer, 1 = 0,1,2,..., the function of the first kind becomes 
a polynomial. For z — x with real x and |x|<l or x=cos$, Legendre 
polynomials have a simple geometrical meaning being connected with 
spherical harmonics according to 


iftcosfl) = 



(3) 


Properties of Legendre polynomials. The polynomials form an 
orthogonal set: 

+1 

| dxPfx)P r (x) = (4) 

-1 

The first polynomials are 

P 0 (x)=l; P l (x) = x; P 2 (x)=fx 2 — 

n _ 5 3 3. . p _3_5 v 4 15 -.2 . 3 

Ps\. x ) — ? x “I X . "4W~T x ~ 4 X +8- 


(5) 
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They are either even or odd functions of x, according to whether the 
index / is even or odd, so that 

i?(-x) = (- iyj}(x). (6) 


Polynomials of higher order than l — 1 may be derived from the re¬ 
currence relation 


(J+l)/} +1 (x) + lf?_ 1 (x) = (2/-l-l)xi?(x). 
The derivatives are connected with the polynomials by 
{l-x 2 )P' l = l{P l _ 1 -xP l )=(l+l)(xP l -P l + 1 ) 
whence there follows 

(2i+i )i?=p; +1 -p;_ 1 . 

At x = ± 1 we have 

rj(± i)=(± i) ! ; 

the n’th derivative at x = +1 becomes 

(Tiy+w (/ + »)! 
dx n 2"n! (l — n)\ 


(7) 

(8 a) 
(8b) 
(9a) 

(9b) 


The definition of the polynomials by (2) may be written, with 
x = cos S, 


P,(cos9)= 2 F 1 (/+!, -I, 1; 


sin 2 " — 


i(f+D, 

2 


-v- ■ -/ . 2 ^ , V* • A 

= 1 - . Sin 2 — + -—-Sin 4 


If 1 and 


l! 2 

3 

sin — 
2 


2 !' 


( 10 ) 


of the order of 1 j]/\, this series simplifies to the 


Bessel series so that we get 




Pf cos 9) ~ J 0 ( (2 1 + 1) sin — I, 


(ID 


with an error of the order of l/l 2 . The zeros of P t are still given rather 
accurately even up to large angles 5. For the example /=10 the ap¬ 
proximation has been represented in Fig. 55 (p. 275 of vol. I). 

For geometrical relations, cf. spherical harmonics. 

Legendre functions of the first kind. Expansions. If v is not an integer, 
the expansion (10) is no longer finite so that P v (x) becomes a transcen- 
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dental with singularities at x= ±1. It may then be expanded into a 
series of Legendre polynomials. 


m = 


sin n v 
n 


00 


£ 


( — l)"(2w +1) 

(v —n)(v + n+1) 


P n (x). 


( 12 ) 


This is a special case of the general type of expansion 

oo 

/(*) = X ( 2 n+l)f„P H (x) 

n = 0 

with coefficients 

fn = i{dxf{x)P n (x) 


(13a) 


(13b) 


which is always possible since the Legendre polynomials form a complete 
orthogonal set. 

The following examples of such expansions (with |x|<l) are often 
useful: 


e ixy 



£ (2/ + 1 )i l j,(y)P,(x); 

i =o 


sin(y[/2(l-x)) 

y]/H 1-x) 


00 


I (21+l)jf(y)P l (x). 
1 = 0 


(14) 

(15) 


The series (14) and (15) are generally used with y = kr and x — cos 3 so 
that y|/2(l —x) = 2 kr sin —. They hold for all real values of y. Another 
important example may even be used to define the Legendre polynomials: 


1 


= £ fPnix) if|y|<l. 


|/l — 2 xy + y 2 n= o 
Legendre functions of the second kind. The expansion 

1 00 

-= X (2n + l)e„(z)P„(x) 

n = 0 


(16) 


(16a) 


where z is any complex number, except real values between — 1 and +1, 
leads to 


+ i 


If dxP„(x) 

e ” (z) = i -■ 


(16b) 


z —X 
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The functions Q n (z) are called Legendre functions of the second kind. 
From the symmetry of (16 a) in z and x, it follows at once that they 
satisfy the differential equation (1) of the polynomials P n (x). They have, 
however, branch points at z = ±1 with logarithmic singularities. The 
simplest of these functions are 

Qo(z) = i log ; Q y (z) = (z) Q 0 (z )-1; 

2 z — 1 

3 (17) 

Q 2 (z) = Pi&Qoiz) ~ 2 Z ' 

The higher £)„’s may be determined from the recurrence relation (7) 
which holds for the Q’s as well as for the P’s. Their general form is 

Q n (z) = P n (z)Q 0 {z)-W n _ l (z) (18) 

with W n - ! a polynomial of degree n — 1, either even or odd, according 
to whether the index n is even or odd. 


Spherical harmonics 


In factorizing the solutions of the wave equation in spherical polar 
coordinates defined by 


x = rsin#cos<p; y = rsin#sin<jj>; z = r cos# (1) 


with z the polar axis, the angular part of the solution satisfies the differ¬ 
ential equation 


1 8 ( du\ 

-( sin 5 — ) 

sin# 89 \ 89) 


1 8 2 u 

+ sin 2 # 8(p 2 


+ /(/ + 1)m=0, 


(2) 


where the separation parameter l is integer, 1=0,1,2,... By further 
factorization, 

u=0(9)e imv (3 a) 

with m = 0, +1, ±2,... we get 


1 d 
sin# d9 




(3 b) 


t — — = cos # 
r 


or, using 
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as variable, 


2 .d 2 © r, d ® 


i(i+i) 


m 


1 -t 2 


0 = 0 . 


(3 c) 


This differential equation is a slight generalization of the one of the 
Legendre polynomial P,(t) into which it passes over for m = 0, but it 
remains of hypergeometric type for m + 0. Its only regular solution, 
in arbitrary normalization, may be written 


= (!-*) 


m Jm 
2\2 U 


PM 


dt n 


(3d) 


for m> 0, and turns out to be the same function. Since the poly¬ 
nomial P, cannot be differentiated more than l times without vanishing, 
there exist 21+1 regular solutions with integer \m\<l for every value 
of l. 

We still have a free hand concerning normalization. We adopt its 
most customary form, which best reflects the geometrical meaning of 
these solutions regular on the entire surface of the unit sphere, 


with 


or 


]/ln 

§ dQ \Yi,J 2 = l 
JdSsin3|^r(3)l 2 = l- 

o 

Eq. (3 d) then has to be normalized according to 


2/+1 (l—m)\ = d m P l (t) 

(i -n 


2 (/ + m)! ' ' dt m 

for m> 0. To include negative values of m, we define 


(4) 

(5) 

( 6 ) 

(7) 


= l) m &>?($). ( 8 ) 

In this standard form the spherical harmonics Y l m up to 1=3 are 
tabulated on p. 174 of vol. I. For m = 0 we have the useful relations 




and Y l 0 = 



(9) 


Recurrence relations. There exist several important relations, con¬ 
necting spherical harmonics with such of neighbouring values of l 
and m, viz. 
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sin5 e l<p Y t m — ai m Y l+ i >m +i — a t - 1,- m -1 Y,_ i, m + 1 ; 
sin Se~ i<p Y ljm = + 

cos3 Yj m = fe />m Y l + + 1>m Yj- i >m 

with the abbreviations 


(10a) 

(10b) 

(ID 


a l,m ~ 


/(f + tti + l)(/ + ftt + 2) 

(2/+l)(2/ + 3) 


Km = 


l(l + m+l)(l — m + 1) 
(2/+l)(2/ + 3) 


( 12 ) 


By repeated application of the relations (10) and (11) higher powers 
of sin 9 and cos 5 may be multiplied by Y Um so that indices differing 
by more than +1 from l and m may appear on the right-hand side. 

Derivatives. If the operators 


and 



+ ■ i 5 8 i 

) ±l(p <sinSr -h cos3—- + —— 

dr 89 sin$ 



r—= cos Sr- sin 5-— (13) 

dz 8r 8S 


are applied to a spherical harmonic, the following results are obtained: 

/ 8 . 8 \ 

H ^ +i—J Y Um = +la tj ±m Y J + 1>m±1 +(/+ l)a,_ Y l _ l m±1 ; 


T ~8z Y l,m ~ ~^ l ’ m ^ l+ i.m + (l+ l)^i-l,m Yi- 1 ,« 


(14) 


where a l m and b Um are defined by (12). 

In the theory of angular momentum, the three hermitian operators 
L x ,L y ,L z with 








(15) 


etc. cyclic, play a large role. In spherical polar coordinates we may 
write 


L+ = L x ±iL v = ie ±i<p \ +i— + cotS — 


8S 


and 


dtp, 


(16a) 


Lz ~ l d V 


(16 b) 
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Applied to a spherical harmonic, L + and L_ turn out to be shift opera¬ 


tors which raise or lower the index m by 1: 

L+ Y Um = -]//(/ + l)-m(m + l) Y I>m+1 ; (17a) 

L- Y i, m = -J//(Z+ l)-m(m-l) (17b) 

On the other hand, Y, m is an eigenfunction of L z : 

L z Y Um = rnY Um . (18) 

The same holds for the second-order operator 

L 2 = Ll + L 2 y +L 2 z =±(L + L„+L_L + ) + L 2 z , (19) 

viz. 

L 2 Y l m — /(/+1) Y t m . (20) 

There further hold the relations 

t_L + y,,. = [i((+l)-m(m+l)] y,,.; (21a) 

L+L- Y l m = [1(1+1)—m(m — l)] y, m . (21b) 


The operators L, here defined are identical with the angular momentum com¬ 
ponent operators used in the text of this book, except for a factor h. 

Orthogonality and expansion. The spherical harmonics satisfy the 
orthonormality relations 

jdQYt„.Y l , m = S ll .5 mm .. (22) 

They form a complete set of functions in the sense that any regular 
function on the surface of the unit sphere may be expanded into a series 

00 +1 

m,<p)= I I A„y,,„(8,<>>) (23a) 

1 = 0 m=~l 

with coefficients 

= jdQ (23b) 

A few important expansions are the following ones. 

1. Expansion of the Legendre polynomial P,(cosy) where y is the 
angle between the directions to the points ($,<p) and (9', (p') on the unit 
sphere: 

471 

P ' (cosrt = T7XT I rU9',9’)r,.M<p). (24) 

11 + 1 m = -i 

This formula is equivalent to a transformation by rotating the polar 
axis through an angle y. It mixes only spherical harmonics of the same 
order l. It is also called the addition theorem. 
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2. Plane wave. If the plane wave propagates along the polar axis, 
only Legendre polynomials occur: 

1 00 

e ikz = e ikrcos3 = — Y l/47r(2/+1) i l j t (kr) 7, Q (S). (25) 

kr i=0 


This formula has been proved in extenso in Problem 81. Incidentally, 
it leads by inversion to an integral representation of the spherical 
Bessel functions: +1 

Ji(z) = r'y j dte M P,(t). (26) 

- 1 

If the plane wave runs in the direction of a vector k with polar angles 
0, the expansion may be generalized to 

4 n 00 

e“ ' = -j- I i‘j,(kr) Yf,J0,0)Y lim (9,<p). (27) 

kr , =0 

3. Spherical wave, to be used as Green’s function of the wave 
equation. If r and r' are vectors the directions of which are defined by 
polar angles S, cp and S', (p', and y is the angle between them, then 


jifclr — r'l j 


with 


- y 

47r|»— r'| rr' 


121+1 

4n 


rfar 1 ) Yj >0 (cosy) 


r,(r,r') 


~rji{kr)h\ 1) (kr') for r<r', 
k 

—jiikr^h^ikr) for r>r'. 
k 


(28 a) 


(28 b) 


In the limit k~* 0 this yields the well-known formula 


fl 


\r~r'\ 


=< 


~ E P/cosy) for r<r'. 


1 ® /r' v 


- E 

l r i = o \ r 


Pj(cosy) for r>r '. 


(29) 


The hypergeometric series 

The differential equation 
z(l — z)v" + {(c — 2X) — (a + b +1 — 2A — 2 n)z} v' 
fA(A—c+1) n(fx—a—b—c) 


+ ■ 


1 —z 


[(A+/j){X+n—a—b)+ab~\>v = 0 (1) 
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has regular singularities only at z = 0,l,oo. Putting 

p(z) = z A (l — z) M «(z) ' (2) 

it can be brought into the standard form 

z(l —z)w" + [c —(a + b + l)z]u' —ab «=0 (3) 


which is called the hypergeometric or Gaussian differential equation. 
For all values of its three parameters a,b,c, except c=—n with 
n= 0 , 1 , 2 ,..., it has a solution which is regular and does not vanish at 
z = 0 which, when normalized according to u(0) = 1, is called the hyper¬ 
geometric series 2 Fi {a,b,c;z). Solving the differential equation (3) by 
series expansion at the origin we find 2 


or 


abz a(a+l)b{b + l) z 2 

2 FMb,c;z) = 1 + TTT + c(c + 1) ' Tl 

a(a + l)(a + 2)b(b + l)(b + 2) z 3 
+ c(c + l)(c + 2) 3! + ”' 


(4a) 


2 F 1 (a,b,c; z) 


F{c) « r(a + n)r(b + n) 
r(a)r(b) „% r(c + n)nl 


(4b) 


This function is invariant with respect to exchanging the parameters 
a and b. If a=—n or b=—n(n — 0,1,2,...) it becomes a polynomial 
of degree n, called a Jacobi polynomial according to the definition 


J„ip,q; z) = 2 F!(-n,p + n,q; z). 

These polynomials form an orthogonal set according to 

i 

Jdzz ,_1 (l — z) p ~ q J m J n —0 for m^n. 
o 

The hypergeometric series does not exist for c= — n; in that case 
however the limiting process 

2 F 1 (a,b,c; z) 


lim 

c-* — n 


F(c) 


r{a + n+l)r(b + n+l) z n + l 
F(a)r(b) (n+1)! 


2 Fi(a + n+l,6 + n+l,n+2;z) 


leads to a solution of the differential equation (3). 


2 The notation^ was introduced by Pochhammer who generalized the 
hypergeometric series to n F m with n+m parameters of which products of n appear in 
the numerator and of m in the denominator of the series in the same way as 2, 
resp. 1 in Eq. (4 a). In our context we need onlyjFi and the confluent series^. 
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If none of the three parameters a,b,c are either zero or negative 
integers, the series (4a,b) converges absolutely for |z|<l. Its analytic 
continuation beyond this circle can be made unique by a branch cut 
extending from z = 1 to z = oo. 

The following formulae may serve for its continuation beyond 
\z\<l: 

r(c)r(c-a-b) 

2 F x (a,b,c;z) = — - — 2 F 1 (a,b,a+b-c + 1; 1 -z) (6) 


+ 


F(c-a)F(c-b) 
r(c)r(a + b-c ) /4 v _ a _ b 


mm 


(1— z) c a b 2 Fi(c — a,c — b,c — a — 6 + 1; 1 — z) 


and 

F(c)F(b-a) ( 1\ 

2 Fi (a,b,c;z) = ■ --(-z) a 2 FA a,a-c + l,a-b + l;-) (7) 

r(b)r(c-a) \ z) 


r(c)r(a-b) „ ( 

- A(-z)~ b 2 F l (b,b-c + l,b-a+l;- • 


1 

z, 


r(a)r(c — b) 

The last formula determines the asymptotic behaviour of 2 F 1 for z->oo: 


2 F 1 (a,6,c; z) 


r(c)r(b-a) / . F(c)F(a-b) / 


r(b) F(c—a) 


(-z)-° + 


F(a)F(c-b) 


(-z)~ b . (8) 


The general solution of the hypergeometric differential equation 
for |z| < 1 is 


u = C l2 F 1 (a,b,c;z) + C 2 z l ^F^a + l-c.b + l-c^-cjz). (9) 


Only for integer c = 0, +1, ±2,... the two special solutions used in 
(9) become identical, as is easily seen by applying Eq. (5). The second 
solution then has a logarithmic singularity at z = 0. 

In the following, the most important formulae for the practical use 
of the hypergeometric series have been collected. 


2 Fi(a,b,c;z) 


a{c—b) 

c(a—b) 


^(a+l.b.c+ljz) 


-z --^(a.b+Tc+^z) 

dp—a) 


—- 2 F t (a, b, c +1; z) + — 2 F t (a +1, b, c +1; z), 
c c 
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C — 1 

z 2 F l {a,b,c; z) = -- [ 2 F x (a -1, b, c - 1; z) - 2 F X (a, b - 1, c - 1; z)] 

a — b 


c — 1 
a —1 
c — a 


[ 2 jFi(fl-l.^c-l;z)- 2 F 1 (a-l,i»-l,c-l;z)] 


c—b 


2 Fi {a-l,b,c;z) + - 2 Fi (a, b -1, c; z) + 1 F 1 (a, b, c; z), 

a—b b—a 

c— 1 a—c 

(1 -z) 2 Fi(a,b,c;z) =-- 2 F 1 (a-l,b-l,c-l;z) + - - 2 F t {a -l,b,c;z). 

a- 1 a —1 

Derivatives: 

d ab 

— 2^1 (a,b,c;z) = — 2 Fi(a+ l,b + l,c + 1 ; z), 
dz c 

z(l z)-^— 2 Fi(a,b,c % , z) = — C - ^ 2 F t (a - 1,b,c; z) + — 2 F 1 (a,6-1,c; z) 

az a—b b — a 

b(c —b) —a(c —a) 

+--- 2 Fi(a,b,c; z). 

a — b 


The confluent series 


If, in the hypergeometric differential equation, we perform the limiting 
process b-> oo, z=x/b, we get Kummer’s differential equation, 


d 2 u 

X d ? 


+ (c-x) 


du 

dx 


— au= 0. 


( 1 ) 


The singularity at z = 1 has been shifted to x = oo, so that in the complex 
x plane there is a regular singularity still at x=0 but an irregular 
singularity at x = oo caused by the confluence of the two singularities 
at z— 1 and z — oo. Hence the name of the solution. 

The general solution of (1) is 


u = C 11 F 1 (a,c;x) + C 2 x 1 — c+1, 2 — c; x) (2) 


with the so-called confluent series 1 F 1 being defined by 

a z a{a +1) z 2 a(a+l)(a + 2) z 3 

i^i (a, c ; z)— I H— — + ——— — + rr + 

c 1! c(c +1) 2! c(c + l)(c+2) 3! 


or 


iF^c; z) 


F(c) ® T(a + n) z" 
F(a) ho r(c + n) nl ' 


(3 a) 

(3 b) 
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This series converges absolutely in the whole z plane. To make it unique, 
a branch cut has to be made from z — 0 to z=oo which, in the standard 
notation used in this book, runs along the positive imaginary axis. 

Only for c= — n, n = 0,1,2,... is the series (3a,b) not defined, but 
in this case 


lim 

c n 


iF x ( a , c; z) 
r(c) 


i T(n + n +1) 


(n+1)! 


1 F 1 (a+n+ 1, n + 2;z) 


( 4 ) 


is a solution of (1) (with z instead of x). 

The asymptotic behaviour of the confluent series for |z|->oo is 
given by 

r(c) r(c) 

+ (5) 

This formula does not hold for a=—n,n — 0,1,2,... where, according 
to (3), the function ^(-n, c; z) becomes a polynomial of degree n. Of 
special interest among these are the Laguerre polynomials 


U m) (z) = 


(n + m)! 
nlml 


— m +1 


z) 


( 6 ) 


and the Hermite polynomials (cf. Problem 30) 

(2 nV 

H 2 „(z) = (-l)"^ 1 F 1 (-n,i;z 2 ), 

> (7) 

(2n+lY 

H 2n +i(z) = {-l) n ——— : 2z 1 F 1 (-n,|;z 2 ). 

Finally, we again list some important formulae for the confluent 
series: 


iFifocjz) = — iF 1 (a+l,c + l;z) + ?—^ 1 F 1 (a,c+l;z) 
c c 

= e z 1 F 1 (c-a,c; -z); 

d 

z-^Ma,c;z) = aliF^a + ^cjzJ-iF^^cjz)}; 
az 


T~ iFi(a, c; z) = - i F 1 (fl+l,c +1; z). 
az c 
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Some functions defined by integrals 

Error integral and related functions. The error integral is defined by 

00 

erfcz= Jdte~* 2 ; 

z 

as an alternative also the definition 

erfz = |dte"' 2 = z 1 F 1 (i|; -z 2 ) 
o 

is often used. Both integrals are connected by the complete integral 

00 

erfcz + erfz= §dtQ~ t2 =j]/n. 
o 

There holds the power expansion 


erfz=z — 


z 3 z 5 
173 + 2!~5 


the function erfcz can for real positive argument z> 1 be represented 
by the semiconvergent series 


erfcz 


n= 0 


2z 2 2 "n!~ 2z 


-z- f j 3 

1 — r —x + 


2z 2 4 z 4 


From the identity 

00 

F(z,P)= jdte~ p,2 =f{~^erfc(\/pz) 

z 

there follows by differentiation, 

00 

- Jdtt 2 e _/J<2 =-|j8"^erfc([/Jz) 

z 

so that, with /} = 1, we get the reduction formula 


Z 

— e Pz 


2 fi 


00 

j 


dtt 2 e f2 = —erfcz+ —e z ' 
2 2 


In this manner, by repeated differentiations, all integrals of the form 

J dtt 2n e~ t2 


z 
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may be finally reduced to the error function. For z = 0, this leads to 
the special formula for the complete integrals. 


00 

J 


A<>"e-‘*= 1)1 


2 2 "(n — 1)! ' 


With t 2 = x, this may be written as an Euler integral so that 


\dtt 2n e- t2 =^r{n+±). 


Exponential integral. This function is defined by 


Eiz = 


dt 


and is of special interest for negative real values z= —x where we write 


Ei(x) = — Ei( — x) 


dt 


There holds the power series 


1 


E,(x)=-C+log-- + x-^ + ^ 


where 


00 

^dte~ ( logy 


= 0.577215 


is the Euler constant. For x>l, there holds the semiconvergent series 


ErOc): 


1! 2! 

-^ 

X X z 


The exponential integral can be generalized to 


E »(*)= [ ^7 e '• 


These integrals may, by partial integration, be reduced to E^x) according 
to 

E„(x) = [x"“ 1 e“ x - E„_ x (x)] . 
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Airy function 40, 41,117, A 
Alkali atom, dielectric susceptibility 
159 

-, inelastic scattering 166 

Amaldi correction for Thomas-Fermi 
atoms 173 

Amplitude structure 26, 27 
Angular distribution of dipole 
radiation emitted 214 

-of photoelectrons 186 

Angular momentum see also 
orbital momentum 4 

-, commutation relations 50, 51 

-, commutators with tensor 

53, 54 

-components for a spinning top 

46 

-expansion of plane waves 81, 

136,205 

-of scattering amplitude 82 

-and Laplacian 49 

-operator 42 

-operator components in 

spherical polar coordinates 48 

-operators determined by 

infinitesimal rotation 47 

-originating magnetic moment 

127 

-in relativistic theory 201 

-replaced by complex variable 113 

-for two particles on a circle 148 

Anharmonic oscillator 35, 69, 70 
Anomalous scattering 85,112 

-of protons by protons 165 

Anticommutation properties of Dirac 
matrices 189 

-of Pauli matrices 131 


Antisymmetrized product 152 

Atomic radius 173 

Axial vector see Pseudovector 

Background integral 113 
Backward scattering amplitude 21,22 
Band structure of energy spectrum 
28, 29 

Barrier 19, 21, 22, 23 
Bessel functions, formulae A 
Bethe-Peierls formula 90 
Binding energy 90 
Bloch’s theorem 28 
Bohr magneton 127 
Bom approximation 94,96,97,98, 
102,105,106,107,183,184, 211 
Bom integral, divergence 105,108 
Bom-Oppenheimer approximation 
44,161,163 

Bose quantization 210, 213 
Bound state determined by low- 
energy scattering 90,147 
Breit-Wigner formula 114 
Bremsstrahlung 219 
Brillouin zones 29 

Calogero’s equation 97,100 

-, linearized approximation 

98, 99,101,102 
Canonical equations 10 
Capacity of a potential hole 25, 63, 
68,106 

Central forces in momentum space 
76, 77, 91 

Central-force field, relativistic electron 
201 

-, spin electron 133 
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Centre-of-mass motion, separation 
from internal motion 150 

-, three-atomic molecule 149 

Charge conjugation 194 
Charge density 1 
Circle with two particles 148 
Circular cylindrical coordinates A 

— oscillator 42 

Classical dynamics for space averages 
3, 4,5 

— interaction integral 44,155,156, 
163 

— turning point 40,117—124 
Clifford algebra 192, 194,197 

— numbers 191,192 
Closed-shell configuration 61 
Collision parameter 185 
Collision parameter integral for 

scattering amplitude 104 
Commutation relations 7, 8 

-of spin components 129 

-of wave operators 210 

Commutator with hamiltonian 10 
Compound state 113,114 
Compton effect, unrelativistic cross 
section formula 218 
Conduction current in relativistic 
theory 199 

Conduction electrons in a metal 167, 
168 

Confluent series 30,42, 65, 67, 69, 70, 
110, 111, 202, 203, 204 

-, formulae A 

Conservation of charge 1 

— of energy 5 

— of probability 1 
Continuity equation 1, 21 
Continuous spectrum 26, 219 
Convergence of spherical harmonics 

series 83,103 
Coordinate formulae A 
Coulomb excitation 185 

— scattering, anomalous scattering 
112 

-, extended charge 108,112 

-, partial-wave expansion 111 

-, phases in WKB approximation 

123 

-, point charge 110,111 

Coupling parameter, power expansion 
102,105 

Cross section see also scattering cross 
section 


Cross section for bremsstrahlung 219 

-for Compton scattering 218 

-and transition probability 183 

Crystal lattice see periodic potential 
Current see electric current 
Current density of probability 1,16, 
17, 80,126 

Curvilinear coordinates 13, 46 


Degeneracy of eigenvalues 42, 66 

— of gases 167 

Delta function, Fourier integral 14 
Density of final states 183,186, 211, 
213 

— of mass 1 

— of momentum 1 

— of probability 1,16,17,126 

— of states in a Fermi gas 167 
Depolarization of plane Dirac wave 

by a potential jump 208 
Derivatives of an operator 8,10,11 
Deuterium, spectroscopic discovery 150 
Deuteron, bound state and scattering 
length 147 

—, central-force models 72, 75 
—, hard-core potential 91,92 
—, tensor interaction 144,145 
Diamagnetism 128,160 
Dielectric susceptibility 159 
Differential cross section of scattering 
80 

Diffusion equation 16 
Dipole-dipole interaction 161,162 
Dipole, magnetic 127 
Dipole radiation 213, 214, 215 

-, selection rules 216 

Dipole transitions 43, 79, 213—216 
Dirac equation, charge conjugation 

-, iteration 189 

-, Lorentz invariance 191 

-, one-dimensional problems 

197, 207 

-, parity transformation 193 

-split-up in two 200 

-, standard form 189 # 

— hamiltonian 189, 200 

— perturbation method 181,182,183 
Dispersion law of relativistic material 

waves 189 

Dispersion of light 187 
Dissociation energy 44, 69, 70,163 
Doublet, spin functions 146,147. 194 
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Effective range 88, 89 
Eigenfunctions of harmonic oscillator 
(table) 30 

— of hydrogen atom (table) 67 
Eigenspinors of total angular 

momentum 133,137,142, 201 
Eigenvalue condition 18, 25 
Eigenvalues of energy see energy levels 

— of Mathieu equation 148 
Eigenvectors of spin operators 130 
Eikonal 115 

Elastic scattering see scattering 
Electric current density 1,213 

-in Dirac theory 198,199, 

207, 209 

Electrical quadrupole see quadrupole 
Electron gas of atomic electrons see 
Thomas-Fermi atom 

-of conduction electrons in a 

metal 167,168 

-in a white dwarf 171 

Electron spin resonance 138 
Ellipsoidal coordinates 44, A 
Elliptic integrals 170 
Emission of a photon 213, 214 
Energy bands 28, 29 
Energy conservation 5 

— flux vector 5 

Energy levels of anharmonic oscillator 
35 

-of Coulomb potential 67, 203 

-of gravitation field over earth’s 

surface 40,119 

-of harmonic oscillator 30 

-of Hulthen potential 68 

-of hydrogen atom, relativistic 

theory 203 

-of Posehl-Teller holes 38, 39 

-of rectangular hole 18 

-of rectangular hole with 

division wall 19 

-of spherical well 62 

-of symmetrical top 46 

-of two-atomic molecules 

69, 70, 71 

Energy, total, of an atom in Thomas- 
Fermi approximation 174 

— of vacuum 212 
Equation of continuity 1,21 
Equilibrium distance in neutral 

hydrogen molecule 163 
Error integral A 
Eulerian angles 46, 55 


Exchange integral 44 
Exchange integral in excited helium 
155,156 

-in lithium ground state 158 

-in neutral hydrogen molecule 

163 

-in many-body problems 153 

Excitation degeneracy 162 
Expectation value 3,4,7,9,12 

-of spin in plane Dirac waves 

196 

-, time derivative 9 

-of angular momentum 4, 58 

Exponential integral (formulae) A 

— potential 75 
-, scattering 107 

Fermi energy 167,168 

— gas 167 

— quantization 210, 213 
Field emission 169,170 
Final state density 183,186 
Fine structure of hydrogen atom, 

relativistic theory 203 

-, unrelativistic theory 136 

Floquet’s theorem 28 
Form factor 108 

Forward scattering amplitude 21, 22 
Four-current see electric current 
Fourier integral 14,15,17 

— transform 14, 34, 76,184 
-of potential 77 

Free fall in quantum theory 40,119 
Fresnel’s reflection formulae 45 

Gamma function, formulae A 
Gauge transformation 125,126 
Generators of the rotational group 52 
g-factor of electron 136 
Golden Rule 182,183, 211, 213 
Good quantum number 133 
Green’s function in three dimensions, 
partial wave expansion 94 

-for partial waves 94, 96 

Group velocity 16,17 

Hamiltonian depending upon time 11 

— of spin-orbit coupling 136 
Hankel functions 63, 82, 83,117,185 
-, formulae A 

Hard-core potential for deuteron 
91,92 
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Hard sphere, scattering 84,109 
Harmonic oscillator in Hilbert-space 
31, 33 

-in matrix notation 33 

-in momentum space 34 

-, Schrddinger theory 30 

-, table of lowest eigenfunctions 

30 

-, WKB approximation 118 

— vibrations of a linear molecule 
149 

Heisenberg representation 10 
Heisenberg’s uncertainty rule 17, 40 
Heitler-London approximation 163 
Helidty 137 

—, expectation value 196, 208 

— of neutrino 200 

— operator in Dirac theory 190 

— in one-dimensional Dirac problems 
197 

— of a plane Dirac wave 190,195 

— of a plane Dirac wave, states of 
mixed helicity 195,196 

Helium, excited states 155,156 
—, ground state 154 
Hermite polynomials 30, 32, A 
Hermitian conjugate 6, 31 

— operator 6, 7, 59 
High-energy scattering 104 
Hilbert space 6,10,12, 31, 33, 50 
-, its construction for angular 

momentum 56 

-, its construction for an 

harmonic oscillator 31 

-of spin operators 129,139 

Homogeneous electrical field, motion 
of electrons 41 
Hulthen potential 68 
Hydrogen atom 67 

-, lifetimes of excited states 215 

-, relativistic theory 202, 203 

-, spectral line intensities 217 

-as a two-body problem 150 

Hydrogen eigenfunctions (table) 67 

-in momentum space 78 

Hydrogen molecule, ionized 44 

-, neutral, ground state 163 

-, scattering of slow neutrons 

147 

Hydrogen star 171 
Hypergeometric series 37, 38, 39,46, 
64, 68, 207 
-, formulae A 


Image force, effect upon field emission 
170 

Index of refraction for light waves 
187 

-for particle waves 45,115 

Induced dipole moment 187 
Inelastic scattering 166 
Infinitesimal rotation 47 
Inhomogeneous differential equation 
94 

Integral equation for momentum-space 
wave function 14,77 

-for radial part of wave function 

94 

Intensities of spectral lines 213, 217 
Intermolecular potentials 104 
Intrinsic magnetic moment of electron 
136,138 

Ionization energies of helium and 
two-electron ions 154,155 
Ionization in stellar matter 171 
Irreducible representation of a matrix 
system 189 

Isotope shift in electron binding 73 

Kepler problem in momentum space 
78 

-, relativistic radial solutions at 

positive energies 204 

-, — theory for bound states 202 

-, unrelativistic radial solutions at 

positive energies 111 

-, — theory for bound states 67 

-, WKB approximation 120 

Kernel, symmetrization 94 
Kinetic energy density 5 

-operator 13, 46, 49 

Klein-Gordon equation 189 
Klein-Nishina formula 218 
Klein’s paradox 202, 207 
Kratzer’s molecular potential 69 
K shell binding energies 154 

-screening constants 178 

Kummer’s differential equation see 
confluent series 

Laguerre polynomials A 
Lande factor 135 
Larmor frequency 138 
Legendre functions and polynomials 
A 

Lennard-Jones potential 104 
Level density 26 
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Lifetime of an excited state 215 
Line intensity 213, 217 
Line shape 182 
Lithium ground state 157,158 
Logarithmic derivative 20, 22, 23, 
82—86, 89, 92,101 

— phase 69,110, 111,112 
Loren tz covariants 192 

— invariance of Dirac equation 191 

— transformation, infinitesimal 192 
low-energy scattering 83, 88, 89 

-and bound state 90,147 

-by Poschl-Teller potential 93 

Lyman lines of hydrogen 217 

Magnetic dipole see also magnetic 
moment 127 

— field in Schrodlinger equation 125 

— fields originating spin resonance 
138 

— moment of deuteron 145 

-of electron 136,138 

-originated by angular 

momentum 127 

-of spin state, expectation value 

135 

— properties of a Fermi gas 168 
-of neon 160 

— quantum number 127 

— resonance, spin flip 188 
Magnetization 128 
Magneton of Bohr 127 
Mass density 1 
Mathieu equation 148 
Matrix of an operator 6, 33 
Measurement of an observable 12 
Metal, paramagnetic susceptibility 

168 

Metric used in four-space 189 
Mixture of S and D state 143,144, 
145 

Modified Bessel functions, formulae 
A 

Molecular potentials 44, 69, 70 
Molecule of hydrogen see hydrogen 
molecule 

— as a symmetrical top 46 

—, three-atomic, modes of vibration 
149 

—, two-atomic 69, 70, 71 
Momentum density 1 

— operator 3, 7, 8,10 

— space 14,15, 34, 76, 77 


Momentum density, Born scattering 
184 

Momentum, total, of Schrodinger field 
1, 3, 210 

Morse potential 70, 71 
Multiplication table of spin algebra 131 
Muonic atom 74 

Negative-power potential, scattering 
length 99,100 

Neon, diamagnetic susceptibility 160 
Neumann functions, formulae A 

— series 94,105 
Neutrino theory 200 
Normal Zeeman effect 127, 216 
Normalization 1,14,15 

— volume 183 

Nuclear radius, effect on electron 
binding energy 73 

Observable, repeated measurement 12 
Opacity 19, 21, 22, 86 
Opaque wall 19, 20, 21, 27, 86 
Operator of magnetic moment 135 
Operators acting on particle numbers 
210 

Optical theorem 104 
Orbital momentum, expectation value 
in relativistic theory 203 

-in spin states 133 

Orthogonal system 2 
Orthogonality of spherical harmonics 
57 

Ortho-helium 155,156 
Ortho-hydrogen, spin functions 147 
Overlap integral 44,156,158,163 
Oscillator see harmonic, anharmonic, 
circular, spherical oscillator 
Oscillator strength 187 

Parabolic coordinates 110, A 
Para-hydrogen, spin functions 147 
Paramagnetic resonance 180 
Paramagnetism 128,168 
Par-helium 155,156 
Parity 18,19, 20, 22, 25, 26,143 
Parity mixing operators 200 
Parity transformation of Dirac 
equation 193 
Partial cross section 84, 87 
Partial wave 81, 82, 205 

-expansion for Coulomb 

scattering 111 
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Partial wave expansion of plane wave 
81 

-of scattering amplitude 

82, 83 

-of three-dimensional 

Green’s function 94 
Particle resonance 113,114 
Particle number operator 210 
Pauli algebra 131 

— matrices 52,129,130,189 

— principle 152,167 
Periodic perturbation, photoeffect 

186 

-of a two-level system 180 

— potential 28, 29 
Periodicity cube 15, 210 
Permutation of particles 152,153 
Perturbation see also periodic 

perturbation 

— by a light wave 186 

— method of Dirac 181—183 
Perturbation theory for anharmonic 

oscillators 35 

-of atom-atom interaction 161, 

162 

-of dielectric susceptibility 159 

-for isotope shift 73 

-of magnetic susceptibilities 128 

-for muonic atom 74 

-for three-dimensional Stark 

effect 79 

-for two-dimensional Stark effect 

43 

-of a two-level system 179,180 

Phase angle, behaviour at resonance 
27 

Phase average 58 
Phase function 104, 124 
Phase shift 82, 84, 85, 86, 87, 93 

-, determination by successive 

steps 96,97 

-determined from integral 

equation 94 

-in exponential potential 

107 

-in WKB approximation 

121,122 

-in Yukawa potential 106 

Phase velocity 16 
Photoeffect 186 
Photon emission probability 213 
Photon number in quantized radiation 
field 212 


Plane Dirac wave 190 

-, angular momentum 

expansion* 205 

-, incident on potential jump 

208 

Plane wave, expansion into partial 
waves 81,136, 205 

-, oblique incidence 45 

-, one-dimensional 16 

-of spin particles, relativistic 

190 

-of spin particles, unrelativistic 

137 

Poisson equation 156,172,173,174 
Polarizability of an atom 159 
Polarization current 199 
Polarization of dipole radiation emitted 
214, 216 

— of plane Dirac wave by a potential 
jump 208 

Poly trope 171 

Poschl-Teller potentials 38, 39,93 
Potential energy density 5 

— step 37 

-in Dirac theory 207 

— wall see barrier 

— well 18,25,62 

Pressure of electron gas 167,171 
Principal quantum number 67 
Probability conservation 1 

— of photon emission 213 
Proton-proton scattering 165 
Pseudoscalar in Dirac theory 192,193 
Pseudovector in Dirac theory 192, 

193 

Quadrupole moment 61 

-ofdeuteron 145 

-of a spin electron state in a 

central field 134 

— tensor 54, 61 

Quantization of radiation field 212 

— of Schrodinger field 210 
Quartet, spin functions 146,147 
Quasipotential 104,124 
Quaternions 131 

Radial momentum operator 59 

— WKB functions 116 
Radiation condition of Sommerfeld 

80 

—, dipole emission 213, 214 

— field, quantization 212 
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Radiative transition, probability 215 
Real state 26 
Rectangular barrier 23 

— hole 25, 63 

-, scattering 89,101 

Reduced mass 72, 75,150 
Reflected intensity 21, 22,23, 37, 39, 
45, 207, 209 

Reflection of Dirac particles at a 
potential step 207, 209 

— law 45, 208 

Refraction index see index of refraction 

— law 45, 208 

Regge pole and trajectory 113,114 
Resonance absorption 182 

— denominator 182,186,187 

— field strength 138 

— level 27 

— in periodic perturbation 180,182 

— scattering 84, 86 
Riccati equation 115 

Rigid body in quantum mechanics 46 

— rotator 43, 79 

Ritz approximation for helium states 
154,156 

-for neutral hydrogen molecule 

163 

-for solution of Thomas-Fermi 

differential equation 177 

— variational method 44, 72, 74, 75 
Rotational group 46, 52 
Rotations of two-atomic molecules 

69, 70, 71 
Rotator 43, 79 
Running wave 16 
Rutherford scattering 108,110 
-of equal particles 164 

Sabatier transform 124 
Scalar in Dirac theory 192 
Scattered wave, interference with 
incoming plane wave 80 
Scattering amplitude 80, 82,105 

-, collision parameter integral 104 

-, convergence of partial wave 

expansion 83,103 

-, partial wave expansion 82, 83 

Scattering, application of the Golden 
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-, negative-power potential 99, 

100 
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Schrodinger field, quantization 210 

— representation 10 
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Shadow effect 109 
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Slater determinant 152,153,158 
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Spin-dependent central force 140,147 

— tensor force 143 
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— flip in magnetic fields 188 

— one particles 52 

— and orbital momentum, coupling 
for one electron 133 
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— in one-dimensional Dirac problem, 
algebraic properties 197 

— in unrelativistic theory 132 
Square well see also potential well and 

rectangular hole 

-of finite depth 25, 63, 89 
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Time reversal 16 
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Vector in Dirac theory 192 
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Vertex 219 
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X rays, continuous spectrum 219 
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